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Abstract. In this paper, we associate each intuitionistic fuzzy topology on a set X with two preorders on the
set of all intutionistic fuzzy points P¢(I*) on X. Also we introduce the concept of two types of preorders on
Pt(I*) namely C-preorders and K-preorders, and shows how these preorders related with the intuitionistic fuzzy
topological properties on X.
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1. INTRODUCTION

Fuzzy sets and Intuitionistic fuzzy sets are very convenient postulations to elaborate the un-
certainty in real world problems. Fuzzy sets have been accepted as a fruitful area of research
in mathematics, as well as a tool for the assessment of different objects and processes in nature
and society. As an augmentation of classical set theory, in 1965 Zadeh L. A. introduced fuzzy
sets[8] and the first extension L-fuzzy sets, were bought by Goguen in 1967[5]. Another ex-
tension is the rough sets, which were defined by Z. Pawlak in 1981[12, 13] and Atanassov K
initiated the notion of intuitionistic fuzzy sets(IFSs) in 1983[6, 7], and later in 1986, Chang C.
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L. launched the idea of fuzzy topology gratifying the similar concept of the axioms of topol-
ogy. The theory of intuitionistic fuzzy topology(IFT) were introduced by D. Coker in 1997
[3, 4]. Now a days fuzzy sets and related theory widely uses in biological, social, linguistic,
psychological and economic fields.

The correspondence between topologies and preorder have been described by several mathe-
maticians like Ore. O. and Steiner A. K.[1]. In his works Steiner studied the anti-isomorphism
between lattice of principal topologies and lattice of preorder relations on a set. Ore.O, as-
sociated closure operator and preorder on a set X through his work. Mathematicians Susan J
Andima and Thron W. J. associated open sets and preorder on a set X and showed that a lot
of topological properties like lower sepration axioms are order induced and also derived some
new properties proposed by order properties [11]. As a generalisation of above study Madha-
van Namboothiri N. M.[9] associated, to each fuzzy topology on a set X with two preoreder
relations on P¢(LX) and investigated the natural correspondance between order properties with
some fuzzy topological properties. Some studies connecting the correspondence between pre-
orders on a set X and generalised fuzzy topologies on that set have done by Dhanya P. M.[10].
The above studies reveals the deep connection between order structures on a set X and the

topological structures on the same set.

2. PRELIMINARIES

In 1965, Zadeh introduced fuzzy set as a well defined collection of ordered pairs (x, i), where
p corresponds to the membership value of x which always belongs to the interval [0,1]. The
value of membership shows the strength of belongingness of each element. As a generalisation
to this, in 1986 K Atanassov bought the notion of intuitionistic fuzzy set, which says that, each
element in the set allocate a membership value and a non-membership value both belongs in
the interval [0, 1] such that their sum will also be in the interval [0, 1]. That means each element
is connected to two functions, say membership value ¢ and non-membership value v =1—pu,
this shows there is no space for uncertainty. Chang C. L.[2] grafted the concept of fuzzy set into
general topology. He extended the concept of general topology into fuzzy set by considering
topology 7 as a subset of I, for any set X with 0,1 € 7 and is closed under arbitrary unions and

finite intersections.
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Intuitionistic fuzzy topology is the generalisation of fuzzy topology. It is considered as the
collection of intuitionistic fuzzy subsets of X in which 0 and 1 are members and is closed under
arbitrary join and finite meets. The members of topology are called intuitionistic fuzzy open sets
and complement of its members are called intuitionistic fuzzy closed sets. Using this concepts
of intuitionistic open sets and intuitionistic closed sets we can construct the fuzzy interior of a
set A as the join of all open sets contained in A and fuzzy closure of A as the meet of all closed
sets containing A.
In this paper we deal with point closure topology and kernel topology on the set of intuitionistic

fuzzy points. We can consider the intuitionistic fuzzy point as, for x € X, [,I’ € [0,1] and

I+1'<1
[ ifx=t
.ux(l_l/) (t) = .
' 0 otherwise.
' ifx=t
Vi (1) =

1 otherwise.

Note that (1, V) /x—{x} =0/x_{x}- Through out this paper the set of all intuitionistic fuzzy points
is denoted by Pt([0,1]%). Shortly Pt(I¥). Let A be an intuitionistic fuzzy set, say A = (U, V4).
Then A(x) = (1a(x),va(x)) = (1,1'). If (1,I') # (0,1) then x; y <A . Now consider x(; ¢y and
G be any intuitionistic fuzzy open set containing x(j o), then x;;y < G and hence GAA #
(0,1) =0. Thus x(; ) < A. That is A(x) = (1,0). Thus if we select the neighbourhood structure
as structure of open sets + membership relation between points and sets with membership
relation as ordinary inclusion, then all closed sets must be crisp. Thus this membership relation
does not evaluate the fuzzyness of the sets. Hence we need another type of membership relation
and hence to define neighbourhood structure. So in this paper we consider the relation as for
any pointx ;y € Pt (I¥) and A € IX we say that x(1,1ry quasi-coincidence with A or x(; 1 is quasi-
coincident with A denoted by x(; 1y § A if pa(x) +1 > 1 and v (x) +1" < 1. Thus x; ) § A if and
only if I £ va(x) or I’ 2 ua(x). In general A is quasi-coincides with B if there exists x € X such
that s (x) £ vp(x) or va(x) Z up(x). More over a quasi - coincident neighbourhood of x; ;) in

an intuitionistic fuzzy topological space (IX,8) is an element U of § such that X 4 U.
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Through out the paper, preorder relations has a prominent role. A reflexive and transitive
binary relation is called a preorder relation and if a preorder which is antisymmetric is called as

a partial order.

3. TOPOLOGY AND CORRESPONDING PREORDERS

Let (7X,8) be an intuitionistic fuzzy topological space. Define two relations Rs and S5 on
Pt(IX) by X111y Rs Y(mqy 1f and only if every quasi - neighbourhood of y,, ,,v) quasi - coincides
with x(; ) and x 1y Ss Y () If and only if every open set containing y(,, ,y contains x ).
It is interesting to see that Rg and S5 are preorders on Pt(IX) and we denote these preorders
respectively by p;(6) and p2(8). Now we can view p; and p; as functions from the set of all
intuitionistic fuzzy topologies on X to the set of all preorders on Pt(IX) and it can easly verified
that these functions are order reversing in the sense that, if 6; and &, are two intuitionistic fuzzy
topologies on X with §; C &, then p;(5;) C p1(61) and p2(8) € p2(8;). Also note that in
an intuitionistic fuzzy topological space (IX,3), the closure of X,y for any x 1y € Pt (I¥) is
Xant = V{ymm € Pt(IX) : (X115 Yomymy) € P1(8)} and the kernel of x(; ;) for any x; ) €
Pr(I*) is {11} = VY nmt) © Opmamy X)) € P2(8)}. More over we can observe that if two
intuitionistic fuzzy topologies on X have the same image under p;, then they have same point
closures and if two intuitionistic fuzzy topologies on X have the same image under p,, then they
have same kernels. Thus for a given preorder R on Pt(IX), it make sense to write {X@r)} and

{Xu.r)} even though no topology is specified.

Definition 3.1. For any preorder R on Pt(I*) and for any Xy € Pt (IX), the closure of X0
with respect to R is denoted by {W}R and is defined as {W}R =V{Ymm'y : (K@) Y(mm')) €
R}. Similarly the kernel of x; ;) with respect to R is denoted by {x; ) M and is defined as
{xXan W= VY ) = Vmm), X)) € RY. The smallest intuitionistic fuzzy topology on X
such that for all x; ;) € Pt(1%), ESTI) M are closed is called the point closure intuitionistic
fuzzy topology of R and is denoted by p(R) and the smallest intuitionistic fuzzy topology on X
such that for all x; ;1 € Pt (%), {xw)} are open is called the kernel intuitionistic fuzzy topology

of R and is denoted by V(R).
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From above definition it is clear that, for any preorder R in Pt(IX), {({x(u/)}R)’ Xy €
Pt(IX)} U {1}is a subbase for the point closure topology (R) and SETI) MR X1y € pt ()}

is a base for the kernel topology V(R).

Remark 3.1. Let (IX, 7) be an intuitionistic fuzzy topological space.

Then for any X1, Y(mm') € PI(IX), if Y(m,m') < {W}, then (X(l,l’)vy(m,m’)) € p1(7).

Proof. Let y(, 'y < {X(1;)} then there is a collection {y, 1) € Pt (I*),i € A} with
(X()+ V(o)) € P1(7) for each i € A and m < Viepk; and m’ > Ajepk;. Now let U be a quasi-
neighbourhood of y(,, ) implies m £ vy (y) or m’ % py (y). If ki < vy (y),Vi € A then Vicpk; <
vy (y) and hence m < vy (y). If k; > uy (y)Vi € A then Ajeak; > uy(y) and hence m’ > uy (y).
That is, since m £ vy (y) or m’ 2 py(y), there is an i € A such that k; € vy (y) or there is an
i € Asuch that k] # uy(y). Thatis U € O(Y(k,.k;))- Therefore Ug x(; ). That is for every quasi-

neighbourhood of y,, ,v) quasi-coincides with x; ;). Therefore (x(; 1), Y(nm)) € P1(7). O

Remark 3.2. Let (IX, 7) be an intuitionistic fuzzy topological space.

Then for any x; 1), Y(mm) € Pt(1%), Ymm'y < X1y} implies that (y(, my, X)) € P2(7T).

Proof. Lety () < {X(;)}, then there is a collection {y, 1) € Pt(1%),i € A} with
(V(kir) X)) € P2(T) Vi € A and m < Viepk; and m’ > Ajepk;. Then every T -open set U
containing x; 7y contains y(khk;),Vi € A. Hence U contains y(k,-,k;)>Vi € A. Hence U contains
VieaY(ki,k;). Thus every T -open set containing x; ;) contains y(,, ) and hence (Y, ), %)) €

1

p2(7). O

Theorem 3.2. Let (IX,T) be an intuitionistic fuzzy topological space with pi(t) = R, then

u(R) C T and py(u(R)) = R

Proof. Given pi(7) = R, then clearly for any x( ;y € Pt(IX), {x 7} = {xz7}*. then for
any x( ;€ Pr(IX), {Xu)} = VAY0mm) : (K1) Yommy) € R}, is closed with respect to 7. By
the definition, fi(R) is the smallest topology in which {X; ;7 }* are closed. Hence u(R) C .

Since p; is order reversing we have

p1((R)) 2 pi(t) =R
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Also, (x(l,l’)7y(m,m/)) € P1 ([J, (R)) implies thaty(mm/) < {X(“/)}“(R) and hence Y(mm') < {X(U/)}R.
Therefore y(,, ) < {X )} " implies that (x(; 1), Ymm)) € P1(7) = R. Thus p;(4(R)) C R and
hence p;(U(R)) =R. O

Theorem 3.3. Let (IX,T) be an intuitionistic fuzzy topological space with p,(t) = R, then T C
V(R) and p2(vV(R)) = R.

Proof. For any U € 7, we have U =V {{x()}" : x4y < U}=V {{x )} : x4, < U}
Thus U € v(R) and hence T C v(R).

Now 7 C v(R), implies that p,(V(R)) C p2(7) = R.

Let (x(;11)> Y(um')) € R and U be an open set with respect to V(R) containing y(,, -
Since {{ X1 MR Xy € pt(IX)} is a base for the kernel topology V(R), there is an Z(n') €
pt(IX) such that Yy < {z/(nE}R <U . Here y( m < {z/(n;}R implies that (¥, u')» Z(nw)) €
R. Thus (x(hl’)?Z(mn’)) € R and hence x; ;) < @}R < U. Thus every open set containing
Y(mm') With respect to V(R) contains x; ;. Hence we get (X ), Ymm)) € P2((R)) . Thus
R C p>(v(R)). Hence p2(V(R)) =R. O

Theorem 3.4. Let (IX,.7) be an intuitionistic fuzzy topological space. Then there exists an

ordinary topology T on X such that 7 = {(xa,1 — xa),A € T} if and only if p1(T) = p2(T).

Proof. Suppose that there is an ordinary topology 7 on X such that 7 = { (4,1 —xa),A € 7}.
Note that if U € 7 then U = (ya,1 —24), A € 7. Thus U € Q(x(; ) if and only if x ) < U.
Also U £ (Yimmy)'sU € 7 if and only if y(,, ) < U.

Thus (xX(1,11y, Yomm)) € P1(F) <= every quasi-neighbourhood of y(,, ) is quasi-coincides
with x; 1y <= every quasi-neighbourhood U of y(,, ,s) has the property that uy (y) £ U or
vuy(y) 2 | <= every quasi-neighbourhood U of Y(mmn) has the property that x; ;) <U <=
every .7 - open set containing y(,, ,y) contains x )y <= (X ) Ymm)) € P2(7). Hence
p1(T) = pa( 7).

Conversely suppose that pi(7) = p2(7). LetU € 7 and x(; 1) € pt(1X). Then xqy <U
implies that (x(; 1y, %)) € p2(7) = p1(7). Hence it is clear that for all if  # 0, x(,, ,yy < U,
form >1and m' <I'. Thus forall x € X, U(x) =1orU(x) =0. Thus U =( 4,1 — x4),A C
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X. Let t={ACX: (xa,1 —xa) € 7}. Then 7 is an ordinary topology on X, and .7 =
{(ta, 1= ), A € 7} =

Remark 3.3. Above theorem reveals that the pair of preorders associated to an intuitionistic
fuzzy topology we defined in this section is the generalisation of preorder associated to an

ordinary topology given by Andima S. J. [11].

Example 3.1. Let X = {a, b} and A be the diagonal relation on Pt(IX) and R be the preorder
on Pt(IX) given by R = AU {(a0.40.6):0(0.4,0.6)) }- Then for a; j € Pt(I%), (i, j) # (0.4, 0.6),
{@i )} = agj) and ({ag;}*) = a(j V by Also {@ga06}® = a0.406) v b(0.40.6) and
hence ({W}R)/ = a(0.6,04) V b(0.6,0.4) Similarly for b j € Pt(I X)), {b (ij) } = b jy and
({W}R)’ = b Vag ). Since W(R) is the smallest intuitionistic fuzzy topology on X such
that a; jy with (i, j) # (0.4, 0.6) and 0 <i+j <1, apeo4)Vb.604) bij withi, j €1 and
0 < i+ j<1areopenitis clear that i(R) = IX.

Now {aG ¥R =ag . fori,j €1, 0<i+j <1, {by YR =byj fori,jelL 0<i+j<1
with (i, j) # (0.4, 0.6) and {bm) W= a(0.40.6) V b(0.4,0.6)- Thus it is trivial that v(R) = 28
Also note that
p1(L(R)) = {(ag )i <iand j >0, iij,j € ,0<i+i’<1,0<j+ ) <1}U
{(byose), lp)l<kamuh>y KK L€l 0<k+k <1,0<I+0' <1} and
P2(V(R)) ={(agiagn) i< jand i > j, i,i,j,j €1,0<i+i <1,0< j+j <1}U
(b b)) k<1 and ¥ >1 kK LI €L, 0<k+K <1,0<I+I' <1}

Remark 3.4. From Example3.1, it is clear that for an arbitrary preorder R on Pt(IX), R need
not be comparable with p; (i (R)) or p2(i(R)). Also it reveals that if R is an arbitrary preorder

on Pt(IX) and T is an intuitionistic fuzzy topology on X the condition u(R) C T C v(R) not

implies p;(T) =R or p2(T) =R.

Definition 3.5. Let X be any set and a preorder R on Pt(IX) is said to be a K-preorder if for
each x 1), Y(um') € Pt(I%), (X(@1)> Y(mm'y) € Rimplies (x(p, pry> Ymmy) € R for all p <1,
p'=lp#0.
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Theorem 3.6. Let R be a preorder on Pt(IX). Then there is an intuitionistic fuzzy topology T

on X such that p>(t) = R if and only if R is a K-preorder:

Proof. Let R be a preorder on Pt(IX) such that there is an intuitionistic fuzzy topology T
on X with p2(7) = R. Then for x(; ), Y(mm) € Pt(IX), (X(11)» Yimm)) € R = every T-open set
containing y(,, ,/) contains x; ;y and hence every 7-open set containing y(,, ,y) contains x, 1,
forall p <I,p" >1',p#0. Thatis (x(, > Yomm)) € Rforall p <I1,p" >1',p#0. Thus Ris a
K-preorder on Pt(IX).

Conversely suppose that R is a K-preorder on Pt(I*). Then for x( ),y € Pr(I%),
X()> Yima)) € P2(V(R)) = X1y < {Vmm) }*s (X(ppr)sY(mam)) € R for some p > 1,p’ <
I',p # 0. Since R is a K-preorder (xX(; ), Y(nn)) € R. Thus we have pr(V(R)) € R. Now
let (x( ), Y(mm)) € R. Let G be a v(R)-open set containing y,, ). Then we can write
G= \/{{@ MW Z(q.q) < G}. Since (x(; 1), Y(mm)) € R, itis clear that x( 1y < {m} <G.
Thus every V(R)-open set containing y(,, ,y) contains x ;1. Hence (x 1y, ¥(mm)) € P2(V(R)).

Thus R C po(v(R)). Hence pa(V(R)) =R. O

Definition 3.7. Let X be any set. A preorder R on Pt(IX) is said to be C-preorder if

for each x(; 1y, Y onmy € Pt (1Y), X1y, Y(ppy) € R forall p <m, p' >m', p# 0 whenever

(X(1ys Yom)) ER.

Theorem 3.8. Let R be a preoder on Pt(IX). Then there is an intuitionistic fuzzy topolgy T on

X such that p1(t) = R if and only if R is a C-preorder.

Proof. Let R be a preorder on Pt(IX) such that there is an intuitionistic fuzzy topology
T on X with pi(t) = R. Then for all x( ), y(mm) € PHIX), (X1 Yimm)) € R = every
quasi-neighbourhood of y,, ,») with respect to 7 quasi-coincides with x ;. As every quasi-
neighbourhood of y(, ), p <m, p' > m',p # 0 is a quasi-neighbourhood of y,, ), every
quasi-neighbourhood of y(,, ;) with respect to T quasi-coincides with x; 1.
Thus (x(,1), Y(p, p)) € Rforall p <m, p’ >m', p #0. Thus R is a C-preorder .
Conversely suppose that R is a C-preorder on Pr(I1%). Let x(; 1),y (mm) € Pt(I*) with (x( ),
Ymm')) € P1(U(R)). Then every quasi-neighbourhood of yj,, ) with respect to ((R) quasi-
coincides with x; ;). Let G = {W}R then G’ € u(R). Thus if y(,, ) £ G then m £ ug(y) or
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m' % vG(y). Thatis G’ is a quasi-neighbourhood of y(,, ) with respect to 1(R). Thus G’ quasi-
coincides with x; ;1. That is vg(x) £ 1" or ux) # 1. Thatis G' £ (x ). As G = {x(u/)}R,
x(1,ry < G and hence G’ < (x(; ))’, which is a contradiction. Thus y,, ) < G = {x(l’l/)}R. Hence
(X115 Y(p,p)) € R for some p > m,p" <m',p#0 . Since R is a C-preorder (x(; 1), Y(mm)) € R.
Thus p;(1(R)) € R. Now for x(; 1y, ¥(mm) € Pt(IX) assume that (X(1,)sY(mmy) € R. Then
Ymm') < {x(ljl/)}R . let U be a quasi-neighbourhood of y(,,, ,yy with respect to u(R). If x(; 1y <U’,
then {x(u/)}R < U’ and hence y(,, ,yy < U’, which is a contradiction. Thus x; ;) £ U’. That
is I £ vy or ' # uy. That is, every quasi-neighbourhood of Y(mm) With respect to L(R)
quasi-coincides with x( ;. Hence (x( 1y, Y(mm)) € P1(K(R)). Thus R C p;(u(R)). Hence
p1(L(R)) =R. O

Remark 3.5. If R is a K-preorder on Pt(1X), then for any X111 Y (mm') € Pt (%)
(X@rys Yip,p)) € R for all p > m,p" <m',p # 0, whenever (x( 1y, Y(mn)) € R. Similarly if
R is a C-preorder on Pt(IX) then for any X(1,01)5Y (mmt) € Pt(I%) | (X(p,p)sY(mm)) € R for all
p=>1p <U',p#0, whenever (x(; 1), Y(mm')) € R.

Remark 3.6. If R is both a C-preorder and a K-preorder on Pt(IX), then it is equivalent to
a preorder on X, as R has the property that for any x ), Y(mm) € Pt(1%), X1y Ymm)) €R
implies that (X(php/) ,y(q’q/)) € R for all X(p.p') s Y(q.q) € PI(IX)

Proposition 3.1. Let H be the collection of all K-preorders on Pt(IX), then v is order

reversing on H.

Proof. Let R; and R belong to H with Ry C Ry and G € V(R2). If y () < {x@)}Rl then
(Ymm')»X(2,ry) € R1 and hence (¥ (), X(1,r)) € Ra, since Ry C Ry and consequently y(,, ) <
{xun Y. Thus {x; ) }® < {x )} for all x ;) € Pt(IX) and hence G = V{{x( ;) }*2
Xy < G} > V{{x Y 1 x ) < G} > G. Therefore G € v(R;) and hence V(R;) C u(Ry)

U

Remark 3.7. Let M be the collection of all C-preorders on Pt(IX) then u is neither order

preserving nor order reversing.

Following example illustrates this.
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Example 3.2. Let X = (—o)U{a,b} where —w = {0,—1,—2, -3, ......... } and a and b are two
points not in (—@). Let us define an ordering S on (=) x [1,0] by, S = {(x( 1), Ymm',)) : X,y €
—o, x<y, 0<I+I'<1,0<m+m <1,0<1<1, 0<l' <1}, where < is the usual ordering
on (—). Define R=SU{(a(p, »),q(44)) 0<p+p <1,0<qg+q¢g <1, 0<p<l1, 0<g<
13U{(agpp),bige)) 0<p+p' <1,0<g+q <1, 0<p<1, 0<g<13U{(b(pp),h14.4))
0<p+p' <1,0<qg+¢ <1, 0<p<l1, 0<qg<1}UAandR* :RU{(a(pﬂ),(—n)(r’r/)) :
n€w,0<p+p <1,0<r+/<1,0<p<1, 0<r<1}U{(bigq) (—n)() in € 0,0<
qg+q <1,0<r4+7<1,0<qg<1, 0<r<1}U{((=n)(ppy), (1) () :n € ©,0 < p+p' <
1L0<r+7 <1,0<p<1, 0<r<1}, where A is the diagonal relation on Pt(IX). Note
that R and R* are C-preorders on Pt(IX). Then there exists two intuitionistic fuzzy topologies
7| and Ty on X such that pi(t1) = R and p;(1) = R*. Now {m}“(m = (Xgpy: 1 = Xip})
and {%}”(R*) = (X{pyu(-0): 1 = Xpyu(—w))- Thus b o) is closed with respect to jL(R) but
not closed with respect to L(R*). Let A = {M}”(R*) = (Xpyu(—w) | = Xp1u(-w))- Then
A is closed in [L(R*). Note that A" = a(, o). Now for any n € @, {W}R = By, where,
By =V{(-=m)yy: —me (o), (—n) < (-m),0<s+5" <1, 0<s <1} = (xa,, | —2xa,)
where A, = {—m € (—®) : —n < —m}. Therefore ({(—n—M}R)’ =CVa ) Vb, where
C= (xp,, 1= xp,)s -Dn={-me (=) : —m < —n}. Also since {ag o)} = ap0) Vb )
implies that ({ag, ;1Y) = (X(—0) 1 = X(—w)) and ({bg ) }*) = X(—o)uia) 1 = X(—o0)u{a})-
Thus it is clear that A’ cannot be expressed as a join of finite meets of the family {({)Tl/)}R)’ :
x€X,0 <[+l <1}U{1}. Therefore A is not closed with respect to L(R) and hence U(R) and

W(R*) are not comparable.

Theorem 3.9. Let R be a preorder on Pt(IX) such that for x,y € X if. (x (1,):Y(mm')) € R then
(X(p.p)5Vq.q)) € R for all p,q € 1 —{0} [ that is, R is both C-preoder and K-preorder ]. Then
K(R) = V(R) if and only if for all x( iy € Pt(1%), {Xum}' is the join of finite number of point

closures.

Proof. Assume that (R) = V(R). For ay ) € Pt(I X, if {a 11} =0, then it is the join of
an empty collection of point closures. Suppose that a; ;) € Pt(I*) and {a Ll } #0. Since

{ag )} is closed in p(R) = V(R), {a )} is the meet of finite join of point closures. That
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is {a )} = MFa: @ € o/}, where o is an index set and for each o € <7, Fy is a fi-
nite join of point closures. From the property of R it is clear that a(; g) < {a/(”\/) } and hence
apwy Z {agp} forall k € I—{0}. Now ay ) £ {a;)} implies that there is a f; € o/
such that ag ) £ Fp,. Let Fg = Vi I{W} Then b, ) < Fp, implies that there is a sub-

collection {iy,i2,73,......} of {1,2,3,....... } such that by, ) < b, iy Vb )V Vb
iy 122%y m iy

where b(;, ) < {xij(lp,l#)} for j=1,2,....m. Now b, ) < {Xi;q, 1)} implies that b, i1y <
I T Jj I I

Vb, ) where (xij(l_ 1ybu )) € R for all k. Then by the property of
) . 1]7 lj ljk7 l]k

Uk

R (xij(lifl,(j)’vkb(li )) € R and hence (x,-j(,ile(j),b(lifll(j)) € R. Thus (xij( )7b(m,m’)) € R for

. Il
j=1,2,3,....... m.jk Tjallcke g = ijfor some j € {1,2,3,....... m} . Then b(m’,;/) j§ {W} < Fp,
and (xq(lq,lfl)’b(mvm,)) €R. If (bynm),ai)) € R, then (xqaq,zg[)’a(k’k’)) € R and hence a ) <
{m} < Fp, a contradiction. Thus b(,, vy < b1 ) < {a/(l?) }'. Since by, ) is arbitrary we
have Fg, < {a; )} Alsoitis clear that {a; )} < F,. Thus Fg = {ag»}'.

Conversely suppose that for all x ;) € Pt(1%), {X(,r)} is the join of finite number of point
closures. Then {x{; y}"is closed in {(R) and hence {x(; )} is open in pt(R). Thus v(R) C p(R).
Now R* = {(x,y) : (x(1,0),¥(1,0)) € R)} is a preorder in X. Then there is an ordinary topology
T on X such that p(T) = R* [11]. Let t = {(xa,1 —xa) : A € T}. Then by theorem 3.4
p1(t) = pa(7). Hence from Theorem 3.2 and Theorem 3.3 p;(1(R)) = R = p2(vV(R)) and

1(R) C V(R). Thus v(R) = u(R). O
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