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]_55 - FACTORIZATION OF SYMMETRIC COMPLETE BIPARTITE
MULTI-DIGRAPH
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Abstract. P, -factorization of a complete bipartite graph for p, an integer was studied by Wang [1].
Further, Beiling [2] extended the work of Wang[1], and studied the Py -factorization of complete bipar-
tite multigraphs. For even value of k in Py -factorization the spectrum problem is completely solved [1,
2, 3]. However for odd value of k i.e. P3, Ps, P; and Py, the path factorization have been studied by a
number of researchers [4, 5, 6, 7]. Again ]_3)3 -factorization of complete bipartite multigraphs and sym-
metric complete bipartite multi-digraphs was studied by Wang and Beiling [8]. In the present paper, we
study ﬁ5-fact0rization of symmetric complete bipartite multi-digraphs and show that the necessary and

—
sufficient conditions for the existence of P5 -factorization of symmetric complete bipartite multi-digraphs
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1. INTRODUCTION

Let ]_55 be the directed path on five vertices and K, , be the symmetric complete
bipartite di-graph with partite sets Vi and V5, where |Vi| = m and |V3| = n. Further
MK, is K in which every edge is taken A times. A spanning subgraph E of AK7, ,,
is called a ]%—factor if each such factor is isomorphic to F’5 - It AK7, ,, is expressed as an
edge disjoint sum of ﬁg,—factors, then this sum is called a 55— factorization of AK, .

H
In this paper the necessary and sufficient conditions for the existence of a Ps-factorization

of the symmetric complete bipartite multi-digraph AK}, , are studied.

2. MATHEMATICAL ANALYSIS

Theorem 2.1: Let m and n be positive integers. Then AK}, , has ?’g,—factorization if
and only if
(1) 3m > 2n,
@)
(3) m +n = (mod5) and
(4)

To prove this theorem the following number theoretic result is used.

3n > 2m,
5Amn/[2(m + n)|is an integer.

Lemma 2.1: Letg, h, p and ¢ be any positive integers. If ged (p,q) = 1, then ged
(p-¢;p + 9.9) = ged(p, g). Similarly, if ged (gp, hg) = 1 then ged (gp + hq, pg) = 1.

The following existence theorems (theorem 2.2 and 2.3) will also be used in the proof of
theorem 2.1.

— —
Theorem 2.2: If AK7, |, has Ps-factorization, then AK, ., has Ps-factorization for every

positive integer s.

Proof: Let K(s,s) is 1-factorable [9], and {H;, Hs, ..., H;} be a one factorization of it.
For each ¢« with 1 <4 < s, replace every edge of H; with a AK}, , to get a spanning
sub graph G; of MK}, ., such that the Gs {1 < i < s} are pair wise edge disjoint, and
there sum is AK[,, .

-
hence, AK* is also Ps-factorable.

sm,sn

— —
Since MK}, ,, is Ps-factorable, therefore G; is also Ps-factorable, and

— —
Theorem 2.3: If AK7, , has a Ps-factorization, then AsK7 has Ps-factorization for

sm,sn
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every positive integer s.
Proof: Let us construct a Eg,—factorization of AK, ,, repeatedly s times. Then obviously,
we have a ]%—factorization of AsK¢,, on-
Now we will prove the main result (theorem 2.1). There are three cases to consider:
Case (I) 3m = 2n: Using conditions (4) of theorem 2.1 with theorem 2.2 and theorem
2.3 we see that AK}, , has a f’g)—factorization.

N
Case (II) 3n = 2m: Obviously, AK}, , has a Ps-factorization.
Case III(3m > 2n and 3n > 2m): Let

__ 3n—2m __ 3m—2n __ m+n
- 5 ’ b= 5 ? t= 5

5 mn

a and r = Sy

Then from condition (1)-(4) in theorem 2.1, a,b,t and r will be integers, with 0 < a <m

and 0j b j n. We get m = 2a + 3b, n = 3a + 2b, r = 3(a + b))\ + z, where z = 2(,(\1%&)'

Here,
. % .
t= the number of copies of P5 in any factor,
%
r = the number of Py - factors in the factorization,
— —
a = the number of copies of Ps with its endpoints in Y in a particular Ps - factor(type
M),
. % . . . . . . %
= the number of copies of P5 with its endpoints in X in a particular Ps - factor(type
W),
—
¢ = the total number of copies of P5 in the whole factorization.
Let ged (2a,3b) = d and therefore 2a = dp, 3b = dq for some p,q. Where ged (p, q) = 1,
— __Adpg
then z = m

These equalities imply the following equalities:

d = 26pt29)z . 2(p+a)(3p+29)z
Apg Apq ’
_ (Bp+29)(9p+49)z . _ (p+0)(9pt+4g)z
n = 3 , T = ,
pq Pq
3p+2 2q(3p+2
q = PBP29)z o g — 29Bpt29)z
Apgq 3Apq

Now we established the following lemma (2.2). The aim of this lemma is to discuss the
ﬁ

details of spectrum of Ps-factorization in different cases, one of which is further discussed

in lemma (2.3).

Lemma 2.2:
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Case (1): If ged (p,4) = 1 and ged (¢,9) = 1, then there exist a positive integer s such
that,

m =6(p+q)(3p +2¢)s/A, n = (9p + 4¢)(3p + 2q)s/ A,

a=3p(3p+2q)s/A, b=3q(4p+ 3q)s/A and r = 3(p + q)(Ip + 4q)s.

Case (2): If ged (p,4) = 1 and ged (¢,9) = 3. Let ¢ = 3¢, then there exist a positive
integer s such that

m = 6(p+3q)(p+ 2q1)s/A, n =3(3p +4q:1)(p + 2q1)s/ A,
a=3p(p+2q1)s/N\,b="6q(p+2q1)s/) and r = 3(p+ 3¢1)(3p + 4q1)s.

Case (3): If ged (p,4) = 1 and ged (¢,9) = 9. Let ¢ = 9¢q, then there exist a positive
integer s such that

m =2(p+9g2)(p + 6g2)s/A, n = 3(p + 4¢2)(p + 642)s/ A,

a=p(p+6¢)s/\, b=06qg(p+6¢)s/\and r = 18(p + 4¢2)(p + 9¢2)s.

Case (4): If ged (p,4) = 2 and ged (¢,9) = 1. Let p = 2p;, then there exist a positive
integer s such that

m = 6(2p1 + q)(3p1 + q)s/A, n = 2(9p1 + 2¢)(3p1 + ¢)s/ A,

a=6p1(3p1 +q)s/A, b =2q(3p1 + q)s/A and r = 3(2p1 + q)(Ip1 + 29)s.

Case (5): If ged (p,4) = 2 and ged (¢,9) = 3. Let p = 2py, ¢ = 3q1, then there exist a
positive integer s such that

m = 6(2p1 + 3q1)(p1 + q1)s/A, n = 6(3p1 + 2¢1)(p1 + q1)s/ A,

a=06p1(p1+ q1)s/A, b=06q(p1 +q1)s/X and r = 18(2p1 + 3¢1)(3p1 + 2¢1)s.

Case (6): If ged (p,4) = 2, and ged(q,9) = 9. Let p = 2p1, ¢ = 9¢o, then there exist a
positive integer s such that

m = 2(2p1 +9q2)(p1 + 3q2)s/A, 1 = 6(p1 + 2q2) (p1 + 3q2)s/A,

a=2p1(p1 +3¢2)s/ A\, b= 6¢2(p1 + 3¢2)s/ A and r = 3(2p1 + 9¢2) (p1 + 3¢2)s.

Case (7): If ged (p,4) = 4 and ged(q,9) = 1. Let p = 4p,, then there exist a positive
integer s such that

m = 3(4pz + q)(6p2 + q)s/A, n = 2(9p2 + q)(6p2 + q)s/ A,

a = 6py(6py + q)s/lambda, b = q(6py + q)s/\ and r = 12(4py + ¢)(9p2 + ¢)s.

Case (8): If ged (p,4) = 4, ged (¢,9) = 3. Let p = 4ps, ¢ = 3q1, then there exist a positive
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integer s such that
m = 3(4p2 + 3q1)(2p2 + q1)s/A, n = 6(3p2 + ¢1)(2p2 + q1)s/ A,
a = 6pa(2p2 + q1)s/ N, b =3q1(2p2 + q1)s/ X and r = 3(4pa2 + 3¢1) (3p2 + ¢1)s.
Case (9): If ged (p,4) = 4 and ged (¢,9) = 9. Let p = 4py, ¢ = 9¢q, then there exist a
positive integer s such that
m = (4p2 + 9¢2)(2p2 + 3¢2)s/ A, n = 6(p2 + ¢2)(2p2 + 3¢2)s/ A,
a = 2ps(2p2 + 3q2)s/ A, b = 3q2(2p2 + 3q2)s/ A and r = 3(4dpy + 9g2) (P2 + q2)s.
Proof: Here we are giving the proof of case (1). If ged (p,q) = 1, ged (p,4) = 1 and
ged (¢,9) = 1, then ged (9p + 4q, 3) = ged(3p + 2¢,3) = 1 and ged (9p,4) = ged(3p,2) =
gcd(9p + 4q,2) = 1 hold. Hence, ged(9p + 4q, pq) = ged(3p + 2q, pq) = 1 (lemma 2.1).

(9p+4q)(3p+29)=

Since n = g

is an integer, hence we observe that 3= (call it s) will be an
integer. Then the equalities in (1) hold.

The proofs of other equalities of lemma (2.2) in different cases are similar to (1). Now we
will establish the value of m and n for ]%—factorization. We observe that cases (1) and
(9), (2) and (8), (3) and (7), and (4) and (6) are symmetrical. Therefore, we are giving
the direct construction of case ( 1) only, others will be similar. Here we are taking s = 1.
Lemma 2.3: For any positive integer p and ¢ let m = 6(p + q)(3p + 2¢)/), and
n = (9 +4q)(3p +2¢)/\. Then K}, , has ]_3)5 -factorization.

Proof: Let a = 3p(3p + 2¢) /X, and b = 2¢(3p + 2¢)/\. It implies r = 3(p+q)(Ip+4q) =
r1.12( say). With ry = 3(p+ ¢) and r, = (9p + 4q). Also mg =m/r = 2(3p + 2¢)/X and
no =n/re = (3p + 2q)/ .

Let X,Y be two partite sets of AK};, ,, such that

X={r;;;1<i<r,1<j<me},

Y ={yij;1<i<ry,1<j<ng}

Where first subscript of z;;’s and y; ;’s taken addition modulo r; and 7. The second
subscript of z; ;’s and y; ;’s taken addition modulo mg and ny.

For constructing a 15)5 -factor of K, ., we need t = (m+n)/5 = (3p+2¢)*/X number of
vertex disjoint copies of 135. In these copies, there are a = 3p(3p + 2¢) /A number of type
M, ;5—factor and b = 2¢(3p + 2¢) /A number of type W 135—factor. Here type M denotes
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135—factor with its end points in Y, and type W denotes ;5—factor with its end points in
X.

Type M copies of 1;5;

Now for each 1 < i < 3p, let

E; = {@i1 j1 G20y Y31 +utor1jri-1)+u - 1 < J < (3p+2¢)/A,0 < u,v < 1}

Type W copies of ;5;

Again for each 1 <17 < ¢, let

E3py :{x3p+3(i71)+U+v,j+(3p+2q)w> Yop+4(i—1)+2w+u,j+3p+2(i—1) +utv+w—1

1<i<Bp+29) /N1 <u<20<v,w< 1}

Let E: Ui<i<sproEi gives the total ]?:,—factors. Obviously E contains t = (m +n)/5 =
(3p + 2¢9)*/X = (3p + 2q)ng vertex disjoint and edge disjoint 135 components and span
MK, .- Define a bijection o0 : X UY onto X UY in such a way that o(z; ;) = z;41; and
0(Yij) = Yit1,;- Where i € (1,2,...,7) and each j € (1,2,...,13), let

]?Z-,j: {a"(a:)aj(y) xeX,yeY, oy GE}

It is easy to show that the digraph, Z?ZJ {1<i<r;,1<j<ry}are edge disjoint ]_55
-factor of AK, , and its union is also AKJ, .

Thus {ﬁ” 1<i<r;,1<5< 7“2} isa 1;5 -factorization of )\K;“n’n.

This is the proof of lemma(2.3), similarly we give the proof of other cases in lemma (2.2).
Proof: By using theorem 2.2 and theorem (2.3) with lemma 2.3, it can be seen that
when the parameters m and n satisfy condition (1)-(4) in theorem 2.1, the symmetric
complete bipartite multi - digraph AK7, ,, has ]—55 -factorization. This completes the proof

of theorem 2.1.
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