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Abstract. We introduce the notion of interval valued bipolar (1, s )-fuzzy left (resp., right, bi-) ideals in ordered
semigroups. This concept is a generalized concept of interval valued bipolar fuzzy left (resp., right, bi-) ideals
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regular and intra-regular ordered semigroups in terms of such concepts.
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1. INTRODUCTION

L. A. Zadeh first introduced the notion of fuzzy sets in his definitive paper in 1965 that can
be applied in many fields, including mathematics, statistics, computer science, electrical instru-
ments, industrial operations, business, engineering, social decisions (see [25]). The concept of
fuzzy semigroups has been first considered by Kuroki [14, 15, 16] and fuzzy ordered semigroups

by Kehayopulu and Tsingelis [5, 6, 7]. Bhakat and Das [2] gave the concepts of (o, B)-fuzzy
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subgroups by using the “belongs to” relation (&) and “quasi-coincident with” relation (g) be-
tween a fuzzy point and a fuzzy subgroup, and introduced the concept of an (g,€ V g)-fuzzy
subgroup. In [4] Jun and Song initiated the study of (¢, B)-fuzzy interior ideals of a semigroup.
Shabir et al., [20] characterized regular semigroups by the properties of (¢, f)-fuzzy ideals,
bi-ideals, and quasi-ideals. Shabir et al. [21] characterized regular and intra-regular semigroups
by the properties of (€,€V gi)-fuzzy left (right, quasi-, two-sided) ideals. Khan and Anis [13]
characterized right weakly regular semigroups by the properties of their (€, €V g;)-fuzzy ideals.

There are several kinds of extensions of fuzzy sets, for example, intuitionistic fuzzy sets,
interval valued fuzzy sets, vague sets. The notion of bipolar valued fuzzy sets is one of the ex-
tensions of fuzzy sets whose membership degree range is different from the above extensions.
Lee [17] introduced the notion of bipolar-valued fuzzy sets. Bipolar-valued fuzzy sets are an
extension of fuzzy sets whose membership degree range is enlarged from the interval [0, 1] to
[—1,0]. In a bipolar-valued fuzzy set, the membership degree O indicates that elements are
irrelevant to the related property, the membership degrees on (0, 1] assign that elements some-
what satisfy the property, and the membership degree on [—1,0) assign that elements somewhat
satisfy the implicit counter-property [18].

N. Yaqoob et al. [24] initiated a study on bipolar (A, 8)-fuzzy sets in I'-semihypergroups.
They introduced the notion of bipolar (A, §)-fuzzy sub-I'-semihypergroups (I'-hyperideals and
bi-I-hyperideals) and discussed some fundamental results on bipolar (A, d)-fuzzy sets in
I'-semihypergroups. P. Khamrot and M. Siripitukdet [12] introduced a generalization of a bipo-
lar fuzzy subsemigroup, namely a (o, ap; 1, B2)-bipolar fuzzy subsemigroup. The notions of
(ay, a; B1, Ba)-bipolar fuzzy left (right, bi-) ideals are discussed. Furthermore, they also char-
acterized regular semigroups in terms of generalized bipolar fuzzy semigroups. K. Arulmozhi
et al. [1] introduced the notions of interval valued (ﬁ, 5)—bip01ar fuzzy ideal, bi-ideal, interior
ideal, (&,€ V g)-bipolar fuzzy ideal of ordered I'-semigroups and discussed some interesting

properties.
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In this paper, we introduce a generalization of interval valued bipolar fuzzy ideals in ordered
semigroups. The notions of interval valued bipolar (I, s )-fuzzy left (right, bi-) ideals are dis-
cussed. Moreover, we characterize regular and intra-regular ordered semigroups using interval

valued bipolar (I , s )-fuzzy left (right, bi-) ideals.

2. PRELIMINARIES

A structure (S;0,<) is called an ordered semigroup if (S;0) is a semigroup, (S;<) is a par-
tially ordered set, and for any a,b € S, a < b implies ac < bc and ca < cb for all ¢ € §.

Throughout this paper, unless stated otherwise, S always stands for an ordered semigroup.

A fuzzy subset of S is a function from S to the real closed interval [0, 1].

Now we will recall the concept of interval valued fuzzy sets. An interval number is a =
l[a=,a"], where 0 < a~ <a" < 1. Let D[0,1] denote the family of all closed subintervals of

[0, 1]. That is,
D[0,1]={d=[a,at]:0<a <a" <1}

We define binary operations <, <, N and U on D[0, 1] as follows. Let @ = [a,a"] and b =
[b~,b"] be elements of D[0, 1]. Then

(1) a<bifandonlyifa~ <b~ anda® < b™,

(2) a=bifandonlyifa~ =b~ anda®™ = b,

(3) a<bifandonlyifa~ <b~ anda® # b™,

(4) aNb=min{a,b} = [min{a—,b~},min{at,b*}],

(5) @4Ub = max{a,b} = [max{a—,b~ },max{a™,b*}].

Definition 2.1. Let S be a non-empty set. An interval valued bipolar fuzzy setAon S is an object

of the form

A= {(xvﬁg(x)aﬁj(x)) | X e S}v
where ﬁ;{ : S — D[0,1] and ﬁg_ :S — D[-1,0].
For the sake of simplicity, we shall use the symbol A= (ﬁg 7ﬁg_) for the bipolar fuzzy set
A= (i (0,155 () | v € S},
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Interval valued bipolar fuzzy subsets A = (ﬁg : ﬁi) and B = (ﬁg , ﬁg) of an ordered semi-
group S, we denote A C Bif and only if
(1) A7 (x) < iz (x)
(2) b5 (x) = [ (x)

forall x € S.

Definition 2.2. Let A = (ﬁg 7ﬁ/§_> and B = (ﬁf ,ﬁg) be two interval valued bipolar fuzzy
subsets of an ordered semigroup S. Then for all x € S, their intersection ANB is defined by

ANB = (1 50 By 5(+)).

where
AE () = min{iF (0), i (1)} and fiz_(x) = min{fiz (x), iz ()},

for all x € S. Their union AUB is defined by

AUB = (5 50 Bz 5(4)).

where

AE () = max{fiF (v), 7 (x)) and iz (x) = max {7z (x). /i (1)},

forall x € S.
Leta € S. We denote A, = {(x,y) € S x S| a <xy}.

Definition 2.3. Let A = <ﬁAJf ,ﬁi) and B = (ﬁg ,ﬁg) be two interval valued bipolar fuzzy
subsets of an ordered semigroup S. Then for all x € S, their productg oB is defined by

AoB= (I 50T 59)

where
( . - - '
V Amin{i (). A7 (2)} ifAc#0
~1
.ugog(x) =< x5z N
L 0 otherwise
and
( T ~— .
_ N\ {max{fiz (), 15 (2)} iFA A0
Hr g =9 = i
0 otherwise
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forall x,y,z € S.
Let A be a subset of S. The interval valued bipolar characteristic function )4 of A is define by
Xa = (2 (%), 24 (%))

for all x € S, where

. 1 ifxeA
%g (x)=4¢ _ )
0 otherwise
and
. —1 ifxeA
Xi (x) = -

0 otherwise.

Let S be an ordered semigroup. Then, we define an interval valued bipolar fuzzy subset S of

S by

§= (57,5 (),
for all x € S, where

§(x) = 7§ (x) and §~ (x) = 75 ().

From now on, we let A*, 5+ € D[0,1] be such that 0 < AT < 8" <Tand A~,6~ € D[—1,0]

with —1 < 5’ < 71’ < 0. Both I, S are arbitrary but fixed.

Definition 2.4. An interval valued bipolar fuzzy subset A = (ﬁg , ﬁj) of an ordered semigroup

S is called an interval valued bipolar (71, g)-fuzzy subsemigroup of S if

max{fLf (), At} > min{ i (x), B (), 87

and

min{fi; (), 4"} < max{fi; (x).1i; (7).},

forall x,y € S.
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Example 2.5 ([1]). Let S = {a1,a2,a3,a4} and defined a binary operation o on S with the
following Cayley table as follows:

o laj|ay|as|ay

a |ay |ar|ar | ai

ar) |ayp | ay | az | a4

as | dy |asz|as|as

a4q | Ay |az | az | as

From the Cayley table, S is a semigroup. We define a partial order relation < on S as follows:

< ={(a1,a2),(a1,a3),(a1,as),(az,a3),(az,as),(as,a3) } UAs,

where Ag is an equality relation on S. We obtain that S is an ordered semigroup. Define interval

valued bipolar fuzzy subset

A= (I (0,17 ()
where
[0.6,0.7] ifx=a
- [0.4,0.5] ifx=a
()= :
[0.1,0.2] ifx=as3
\ [0.2,0.3] ifx = ay,
and
[-0.9,-0.8] ifx=a;
_ [-0.7,-0.6] ifx=an
He (x) =
[-0.3,-0.2] ifx= a3
[-0.6,-0.5] ifx = ay4.

\

Then A is an interval valued bipolar ([0.5,0.6],[0.7,0.8))-fuzzy subsemigroup of S.

Definition 2.6. An interval valued bipolar fuzzy subset A = <,ﬂ§ , ﬁg_) of an ordered semigroup
S is called an interval valued bipolar (1, g)—fuzzy left ideal of S if for all x,y € S:

(1) max{JL (), A} > min{fL (), 67}

(2) I x <y, then max{fi} (x),A"} > min{fi] (y),57}.

(3) min{fi (xy), A"} < max{fi- (y),5}.
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(4) If x <y, then min{ﬁg’ (x),A"} < max{ﬁ/{ (y),6 }

Definition 2.7. An interval valued bipolar fuzzy subset A = <ﬁ§ , ﬁg_) of an ordered semigroup
S is called an interval valued bipolar (A, 8)-fuzzy right ideal of S if for all x,y € S:

(1) max{ft} (xy),A*} > min{f (x),57}.

(2) If x <y, then max{ﬁg(x),kJr} > min{ﬁ}(y),5+}.

(3) min{fi- (xy), A"} < max{fi- (x),8"}.

(4) If x <y, then min{ﬁg_(x),l_} < min{ﬁg_(x),l_} < max{,ﬁg_(y), o }.

An interval valued bipolar fuzzy subset A = (ﬁ} , [?LE) of an ordered semigroup S is called an
interval valued bipolar (A, 8)-fuzzy ideal of S if it is both an interval valued bipolar (A, §)-fuzzy

left ideal and an interval valued bipolar (1, S)—fuzzy right ideal of S.

Definition 2.8. An interval valued bipolar fuzzy subset A = <,L~L§ , ﬁi) of an ordered semigroup
S is called an interval valued bipolar (A, 8)-fuzzy bi-ideal of S if for all x,y,z € S:

(1) max{JL (), A"} > min{fL (x), £ (»), 8 .

(2) max{Ji; (xy2), A" } > min{fLf (x), i (2), 6}

(3) If x <y, then max{ﬁ}(x),ﬂr} > min{ﬁ}(y),SJr}.

(4) min{fi- (xy), A"} < max{fi= (x), i (5),5}.

(5) min{fL; (xy2), A" } < max{fi; (x),fi; (2), 6}

(6) If x <y, then min{ﬁi(x),l_} < max{ﬁg_(y),S_}.

Example 2.9 ([1]). Let S = {a1,a2,a3,a4} and defined a binary operation o on S with the
following Cayley table as follows:

o laj|ay|as|ay

ay|ay (ay|ar | ay

ay |ayp | ay | az | a4

as | dy |asz|as|as

a4q | Ay |az | az | as

From the Cayley table, S is a semigroup. We define a partial order relation < on S as follows:

<= {<a17a2)7 (a17a3)7 (01,614), <a27a3)7 (a27a4)7 (a47a3>} UAs,
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where Ag is the equality relation on S. We obtain that S is an ordered semigroup. Define interval

valued bipolar fuzzy subset

where

~

[0.81,0.91] ifx=a;
[0.62,0.72] ifx=ay
[0.34,0.44] ifx=as
[0.43,0.53] if x = aa,

and
[-0.85,-0.75] ifx =a;

[-0.65,-0.55] ifx=ay
[-0.30,-0.20] if x = a3
[-0.50,-0.40] if x = aa.

\

Then A is an interval valued bipolar (]0.70,0.80],0.60,0.90])-fuzzy bi-ideal of S.

Definition 2.10. Let A = (ﬁ; ,,ﬁi) and B = <ﬁg 7ﬁ§> be two interval valued bipolar fuzzy

subsets of an ordered semigroup S. Then we define:

TAB— gt 0
(1) The polar fuzzy subset A o% B= (HXO%E(X)’ HXO%,E(X))’ where

A ()= max{min{{i¥ (x),A*},67}

Aot
and
iz 00 = min{max{iy 5().27,3°,
forall x € S.
TAR |t ~—
(2) AQSB = (ugm%ji(x)’“Xm%E(x))’ where
Tha _ It 2+ §+
By o) = max{min{ i 5(9.17).57)
and

m- - _(x)= min{max{ﬁimg(x),z_},g_h

ANAB
5

forall x € S.



ON GENERALIZED INTERVAL VALUED BIPOLAR FUZZY IDEALS 3621

Let A be a subset of S. The interval valued characteristic function of A is defined by
Ry SV () (A
)k = (@D @DE)
for all x € S, where
~\A . ~ Py 3
(X4 )5 (x) = max{min{ (%, ) (x),A"},6"},

and

(%)% () = min{max{(Z; ) (x),A"},8 " }.

3. REGULAR AND INTRA-REGULAR ORDERED SEMIGROUPS

In this section, we characterize regular and intra-regular ordered semigroups in terms of
interval valued bipolar (I, g)—fuzzy left ideals, interval valued bipolar (7L ¥ )-fuzzy right ideals,
and interval valued bipolar (1, s )-fuzzy bi-ideals of ordered semigroups.

An ordered semigroup S is regular if, for each element a € S, there exists x € S such that

a < axa.

Lemma 3.1 ([23]). An ordered semigroup S is regular if and only if B = (BSB| for any bi-ideal
B of S.

Lemma 3.2. If an interval valued bipolar fuzzy subset A = (ﬁg , ﬁi) of an ordered semigroup

S is an interval valued bipolar (71, g)-fuzzy bi-ideal of S, then A o% S o% AC K%

Proof. Letac S. If A, =0, then
Tha _ It S+l 3+
(“&%SE?Z) (a) = max{mln{‘ugogog(a),S HATY
=6t

< max{min{ﬁfiF (a),67 1,41}

= (1)@

1)
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and

(ﬁ/gozgozg> (a) = min{max{fi_ - (a),6 },A"}

=0

> min{max{ﬁA? (a@),6 1,47}

Thus, go% §O%K C Z% If A, # 0, then there exist x,y, p,q € S such that (x,y) € A, and (p,q) €

A,. Thatis, a < xy and x < pg. Since A is an interval valued bipolar (1, 5 )-fuzzy bi-ideal of S,

we have

max{fi (pgy), A"} > min{it (p), if (»), 57}
and

min{fL= (pqy), A"} < max{fi= (p). 5 (), 8 }.
Thus,

AckSokA
5778

<ﬁ+ ) (a) = max{min{fL ¢ ~(),67},A"}

= max{min{ \/ {min{fL} (x), fiy 0)}},67}, A7)
(xy) €A

=max{min{ \/ \/ {min{@} (p). A (9).Fif ()1}, 873,21}
(x,.y)€Aq (P,q) €A

=max{min{ \/ \/ {min{i!(p),if()}},67} 4"}

(x,y)€Aa (P,q)€Ax
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=max{min{ \/ \/ {min{d7(p),A5(+),67}},67},A"}

(x.y)€Aq (p,q)€AL

<max{min{ \/ \/ {max{f](pgy),A"}},67}, 1"}

(x.y)€Aa (p,q)€AL

= max{max{ \/ {min{iL; (pgy),6"}.A7}}.1"}

(x,y)€AL
< max{min{max{ﬁg (a),AT}, 67147}
= max{max{min{ﬁg(a), STHATHATY

= max{min{f*(a),6},A1 7}

On the other hand, we have that

<,L~l ) (a) = min{max{[jg_ogog(a),g_},z_}

AckSohA
575

=min{max{ A\ {max{fi; ;). ()}},6 1,27}

(x7y) EAa

=min{max{ A A {max{f;(p).fs (a),f; (")}}, 6} A"}

(x,y)E€Aq (p,q)E€AL

= min{max{ /\ /\ {max{ﬁi(p)yﬁg()’)}}ag_}az_}

(x.y)€Aq (p,q)€AL

=minfmax{ A\ A {max{f (p).f; (5),67}},67}A7)

(x.y)€Aa (p,q)€AL

>minfmax{ A\ A {min{f; (pgy).2 }},6 },A7}

(x,y)EAq (p,q)EAL

= min{min{ A\ {max{f; (pqy),6 },A"}},A"}

(x.y)€Aq
> min{max{min{fi; (a),A"},6 },A7}
= min{min{max{ﬂg_ (a), 5 } 1_},1_}

= min{max {1~ (a), 5 },I_}
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Altogether, we obtain A o% S o% A - K%, O

Now, we provide a characterization of regular ordered semigroups in terms of interval valued

bipolar (I, s )-fuzzy bi-ideals.

Theorem 3.3. Let S be an ordered semigroup and A = (ﬁg ,ﬁ;) an interval valued bipolar

fuzzy subset of S. Then the following statements are equivalent:

(1) S is regular.

(2) g% = XO% :Svo% A for any interval valued bipolar (A, 5)—fuzzy bi-ideal A of .

Proof. (1) = (2). Let A be an interval valued bipolar (1, g)—fuzzy bi-ideal of S and a € S. Since

S is regular, there exists x € S such that a < axa. That is, (ax,a) € A,. Thus,

~+ _ It S+1 3+
“Xo%§o%ﬁ(a) —maX{mln{uXogog(a),S AT

= max{min{ \/ {min{(i} ) (). i" (2)}},67}.47}

a<yz

> max {min{min{ (i} o)(ax), i (a)}, 67,47}

= max {min{ (L] o) (ax). i (@), 573,21}
=max{min{ \/ {min{i! (p), i} (q)}},A*(a),6'},A"}

ax<pq
> max{min{min{[L (a), iy (1)}, 8" (@),5*},47}

= max{min{fi; (a), i (x), i (@), 57}, A7)

= max{min{fi} (a),fi} (a), 67}, 4"}

= max{min{,ﬁir (a),61}, A1)
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and

uxiO%gO%A( a)= mln{max{uA S A( a),6" 1,47}

= min{max{ /\ {min{(i; )(),& (2)}},6 },A"}

a<yz

< min{max{max{(fi;_5) (@), A~ (@)},6 1.7}
= min{max{(; (@), i~ (@), },27}
= min{max{ A\ {max{{i; (p). A5 (@)}}.0h"(@),6 1,27}

ax<pq

< min{max{max{p; (a), g (x)}, 1" (a), 6" },A"}

= min{max{fi; (a), i (v), A" (a), 61,2}
= min{max{fi; (a),fi; (a),6"}, 4"}

= min{max{fi; (a),8 },A"}
- (), @-

Hence, ;1% - go% §O§K. By Lemma 3.2, we have Kog §O%g - ;\% Therefore, ;\% = gog §O%K.
(2) = (1). Let B be a bi-ideal of an ordered semigroup S. Then X3 is an interval valued

bipolar (I, s )-fuzzy bi-ideal of S. Let a € B. Then

@8I =i s = (i) @ =5

max{min{ g ‘uiBoSoxB

This implies that A, # 0, that is, there exist b, ¢ € S such that a < bc. Thus,

The _ It ~+ _7
“igogﬁg(a) - \/ {mln{'uigog(b)’“%j? (C)}} =1.
(b,c)eA,
This yields fi> -(b) =1 and i (¢) = 1. Then ¢ € B. Since fit (b) =1, we obtain A, # 0,
xBoS XB XBOS
and there exist p,q € S such that b < pg. Thus,

Vo Amin{@ (p). 1l (9)}} =B (b)=1.

(P.9)€Ap
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This yields /]%LB (p)= 1. Then p € B,and a < bc < pqgc € BSB. That is, a € (BSB]. On the other
hand, since B is a bi-ideal of S, we have (BSB] C B. Therefore B = (BSB]. By Lemma 3.1, S is

regular. O

Lemma 3.4. Let A = (Hf , ﬁg_) be an interval valued bipolar fuzzy subset of an ordered semi-
group S. Then A is an interval valued bipolar (1, s )-fuzzy left ideal of S if and only if A satisfies
that
(1) If x <y, then
(a) max{fL (x), 6"} > min{fL} (v), A"}
(b) min{iL (x),67} < max{fi; (v),A"}
forall x,y € S.
(2) SOt ACAL

Proof. (=). LetA = (ﬁg , ﬁi) be an interval valued bipolar (4, §)-fuzzy subset of an ordered
semigroup S. Thus, (1) holds. Leta € S. If A, = 0, then

At (a) = max{min{i} (a),A"},6"}

SotA
8

< max{min{ﬁ;;vF (a), }/LJF}, gﬂ’

= ()5 @.

and

A (@) = min{max{Hg_;(),A"},5")

> min{max{ﬁg (a), 17}» g,}

= (10); @
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Thus, 5022 C g%. If A, # 0, then

Tha _ O 1+ S+
BE5(0) = max{min{ (0). 27,57

= max{min{ \/ {min{S"(x),@*()}},A"},6}

(x,y)EA,
— max{min{min{i*(y), A1, A*},8+}
< max{min{max{fi*(xy),8"},A"},5"}
— max{min{fi* (xy),A*},8"}
— max{min{min{i* (xy), A" },A*},8)
< max{min{max{fi* (a),8+},27},6 "}

= max{min{ﬁ+(a),5~+}7 g+}

and

“g_ogg(“) = min{max{ﬁg_og(a) , A/i_}, g_}

= min{max{ /\ {max{S~ (x)vﬁ_(y)}}7’i_}7 g_}

(xvy)eA!l

= min{max{max{fi~(y),A"},A"},5"}

> min{max{min{fl~(xy),6 },A7},6 "}
— min{max{fi~(xy),A"},8"}

— min{max{max{fi~(xy), A" },A"},8}
> min{max{min{fi~(a),5 },A7},5"}

= min{max{ﬁ_(a),z_}a g_}

Thus, Svo%g C A% For any two cases, we obtain that :S’vo%g C A%
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(«<=). Assume that (1) and (2) hold. Let x,y € S. Then
max{fi (xy), 8"} > max{min{@i (xy),A*},8"}

- (i) o)

2 ﬁg;z;(‘xy>
S
= max{min{fi} (x),27},6"}

=max{min{ \/ {min{ii} (), A% (6)}},A"},5%}

(a,b)eAyy
> max{min{{min{ﬁg(x),ﬂf—?F (y)}}jﬁ}a 5+}
= max{min{ﬁ} (y)jf}, g+}

> min{@7 (), A"},

and
min{i; (xy), 8"} <min{max{fi- (xy),A"},6 "}
N\
= (.ug ) 5 (xy).
<u--
< “gog <)
= min{max{fig_-(x),A"},6"}
=min{max{ A {max{f; (), i (b)}},A"},57}
(a,b)€Ayy

< min{max{ {max{f; (x), iy (/)}},4 7,67}
= min{max{fi; (),A"},5 }
< max{fi- (y),A"}.

Therefore, A is an interval valued bipolar (1, s )-fuzzy left ideal of S. U

Similarly to Lemma 3.4, we obtain the following two lemmas. Moreover, the proofs are also

similar to that of Lemma 3.4.
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Lemma 3.5. Let A = (ﬁg , ﬁi) be an interval valued bipolar fuzzy subset of an ordered semi-
group S. Then A is an interval valued bipolar (1, g)—fuzzy right ideal of S if and only if A
satisfies that
(1) If x <y, then
() max{fi}(x),6"} > min{fif (v),A "}
(b) min{fL; (x),67} < max{fL; (v),A"}
forall x,y € S.
2) A o% Sc Xg

Lemma 3.6. Let A = (ﬁg , ﬁj) be an interval valued bipolar fuzzy subset of an ordered semi-
group S. Then A is an interval valued bipolar (A, )-fuzzy ideal of S if and only if A satisfies
that
(1) If x <y, then
(a) max{fiF (), 5"} > min{fi; (v),A"}
(b) min{fi; (1), } < max{fiy (v),A"}
forall x,y € S.

A< AL ToA X AA
(2)AOSS§AgandSogA§Ag.

Let A = (ﬁ/‘{ ,ﬁi) be an interval valued bipolar fuzzy subset of an ordered semigroup S.

Then we define the interval valued bipolar fuzzy subset AZL = (/.NLAT7L (x), ﬁg_Z (x)) of an ordered
5 5

semigroup S as follows:

ot (x) = max{min{ﬁg(x), §+},1+},

Al
5

and

“11_1 (x) = min{max{ﬁA? (x), 5—},1—},

1)

forall x € S.

Lemma 3.7. Let A = (,LNL;:;F , /.NLZ_) B= (ﬁg : ﬁg) be interval valued bipolar fuzzy subsets of an

ordered semigroup S. Then ;% N E% = Xﬂ% B.
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Proof. Let x € S. Then

~+ o . NJF ~+
‘UVZZF]EZ (x) - mln{nu'gz (X), nu'gz (‘x)}
56 5 5
= min{max{min{/jg+ (x), g*}jﬁ},max{min{,ﬁéL (x),8TH AT}
= max{min{min{i} (x), i (x),6"},4 "}
= max{min{ﬁgmg(x), g_‘—}?z—i_}
_ gt
- HXQZE(X)’
5
and
Mo s () = min{fi (x), L5 (x)}
1) ) 1 4
= min{min{max{fi- (x),5 },4"},min{max{fi- (x),6 },A"}}
= min{max{min{fi- (x),fi; (x),6 },1"}
= min{max{fi; (x),6 },A"}
- Hf{mzﬁ(x)'
5
AAABL_AAAR
Therefore, Ag N Bg =A ﬂg B. O

Now, we provide a characterization of regular ordered semigroups in terms of interval valued

bipolar (I ¥ )-fuzzy bi-ideals and interval valued bipolar (I, 5 )-fuzzy ideals.

Theorem 3.8. Let A = (ﬁg,ﬁi), B= (ﬁg,ﬁg) be interval valued bipolar fuzzy subsets of

an ordered semigroup S . Then the following statements are equivalent:

(1) S is regular.
2) A ogi B o%g =A F% B for any interval valued bipolar (1, 5 )-fuzzy bi-ideal A and interval
valued bipolar (1, g) -fuzzy ideal B of S.

Proof. (1) = (2). Let A, B be an interval valued bipolar (I, s )-fuzzy bi-ideal and an interval
valued bipolar (1 , 5 )-fuzzy ideal of S, respectively. Then, by Lemma 3.2, we have

AT A AT AT — ah
BogA §A0~SOSA QAS.

Py

Ao

o>
7
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Since B is an interval valued bipolar (1, s )-fuzzy ideal of S, by Lemma 3.6, we obtain
T ABAT CSABAT RA
AogBogA - SogBogS - Bg.

Thus go% Eo%g C A% N E% = Xﬂ% B. On the other hand, let a € S. Since S is regular, there
exists x € S such that a < axa < axaxa, so (a,xaxa) € A, Since B is an interval valued bipolar

(1, s )-fuzzy ideal of S, we have

max{ﬁ;f (xax),1+} > min{,ﬁg(ax), g+}
> min{max{ﬁg (ax)jﬁ}, §+}
> min{min{ﬁg (a), g+}7 g+}

= min{i (a), 5" .
Thus,

A (a)=max{min{fi!  (a),57}, 1%}

AockBolrA
5 O

=max{min{ \/ {min{i} (). /57 :(2)}},67}.27}

(v,2)€Ax

> max{min{min{ﬁg(a),ﬁ;)g(xaxa)}, 5T} AT
= max{min{{i (a), it (xaxa),5"},A"}

= max{min{fif (@), \/ {min{@;(p), A (¢)}},67},A7)

(P+q)€Axaxa
> max{min{fi; (a), min{fi; (xax), i (@)}},5}, A7)
> max{min{fi{ (a), min{max{fi} (vax), A"}, i} (a)}},6 1.2}
> max {min{fL} (a) min{min{fi; (a). 5"}, /if (@)}}.6 71,27}
= max{min{fL; (a), fi7 (), 57}, 27}
= max{min{fL :(a).67},A")
(a).

,u mlB
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and
min{fi; (xax), A"} < max{[L+ (ax), 5}

< max{min{ﬁg (ax),i_}, g_}
< max{max{ﬁlg (a), g_}7 g_}
= max{ﬁg (a), g_}

Thus,

ﬁgoggogg(a) = min{max{ﬁg_ogog(a), 5_},1_}
= min{max{ A {max{ii; ().l; ;()}},6}.A")
(1,2) €A,

< min{max{max{ﬁAf (a),ﬁbfo;(xaxa)}, 6 AT}

= min{max{{i; (a), i (vaxa),5 },A"}

O,

= min{max{fi7 (a). A\ {min{fi; (p).F; (@)}},67}.A")

(P:q)€Axara
< min{max{fi (a), min{fi; (xax), fi- (a)}},6 "}, 2"}
< min{max{fL; (a), min{max{fi; (xax). A"} fig (@)}}.6 1.2}
< min{max{fi; (a), min{min{fL; (a). 5 }. 07 (@)}},67},A7}
= min{max{fi; (), fi; (a),6"},4"}
= min{max{fi; ()8 },A"}

— i (a).

AAB
5
This means that Zﬂ% B C go% goé A. Therefore /To% §o§g = Xﬂ% B.
(2) = (1). Since § itself is an interval valued bipolar (i, g)—fuzzy ideal of S, by hypothesis,
we obtain
T _ A8~ TS _A AT AT

By Theorem 3.3, § is regular. UJ
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An ordered semigroup S is intra-regular if, for each element a € S, there exist x,y € S such

that a < xa?y.

Lemma 3.9 ([23]). For an ordered semigroup S the following conditions are equivalent.

(1) S is intra-regular.

(2) RNL C (LR for every right ideal R and every left ideal L of S.

Now, we characterize intra-regular ordered semigroups in terms of interval valued bipolar

(1, g)-fuzzy left ideals and interval valued bipolar (71 ¥ )-fuzzy right ideals.

Theorem 3.10. Let A = (,ﬁg, ﬁg_)’ B= <ﬁg’ﬁ§) be interval valued bipolar fuzzy subsets of
an ordered semigroup S. Then the following statements are equivalent:
(1) S is intra-regular.
(2) A ﬁ% BCB ogg for every interval valued bipolar (i, g)-fuzzy right ideal A and every
interval valued bipolar (A, 8)-fuzzy left ideal B of S.

Proof. (1) = (2). Assume that § is an intra-regular ordered semigroup, A and B is an interval
valued bipolar (1, g)—fuzzy right ideal and an interval valued bipolar (1, 5 )-fuzzy left ideal of
S, respectively. Let a € S. Then, there exist x,y € S such that a < xa®y, that is (xa,ay) € A,.
Thus,

+

m _ I S+ 7+
By 55() = max{min{{i; ;(@).5"}.1")

= max{min{ \/ {min{fi; (w), [} (2)}},67},27}

(n,2)€Aq
> max {min{min{{i} (va), i (@)},5*},27}
= max{min{fL; (xa), iif (ay), 67}, A"}
> max{min{max{fi} (xa), A"}, max{fif (ay),A"},67}, 1"}
> max{min{min{fi} (a), 5"}, min{fi{ (a),6"},67}, 1"}
= max{min{fL; (a), i} (@), 5"}, 27}

= max{min{fL; (a). fi7 (@), 5"}, 27}



3634 H. SANPAN, N. LEKKOKSUNG, S. LEKKOKSUNG
— max{min{fL} (a),67},A"}

=1 5 (a),

~ TAN%E
i

and

A5 (a) =min{max{fi; -(a).5 },A"}

= minf{max{ A\ {max{fi; ()i (2)}}.6},A7}

(w,2)€Aq
< min{max{max{{i; (xa). fif (ay)},8}.2"}
= min{max{fi; (xa), iy (ay), 6™}, A"}
< min{max{min{fL; (xa), A"}, min{fL; (ay).2"},6 },A"}
< min{max{max{fi; (), },min{fL; (a).5"},6"},A"}
= min{max{fi; (a),fi; (a),6"}, 4"}
= min{max{fi; (a), fi; (@), 1,27}
= min{max{fi; (a),6 },A"}

~ TindE (@).
A
This means that A ﬂ;’} B C B o% A.
(2) = (1). Assume that (2) holds. Let R and L is aright ideal and a left ideal of S, respectively.
Then ¥ and Y. is an interval valued bipolar (1, g)-fuzzy right ideal and an interval valued

bipolar (% , 5 )-fuzzy left ideal of S, respectively. Let a € RN L. Then, by hypothesis,

5" = max{min{} (a),5"}, A"}

Sch

= (Z;m)z (a)
= (%) @)
= (i "2 7)) (@)

< @ ST ()
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= max{min{(%; o % )(a),57},2"}
= max{min{Z;(a),8"}, 1"}
<st.
This means that max{min{fc(+ (a),67},A7} = 5" and then 7 .. (a) = 1. Thus, a € (LR] and

LR] (LR]

5 = min{max{ Y, (a), S—},i—}

S

= (%I;ﬂL)N (a)

= (%) N @)2)a)

>

= (T 2 ) (@)

> (7 2 7 ) (@)

= min{max{(% ° Xz (@), },A"}

= min{max (%, (@), },2" )

>5
This means that min{max{)f(_m] (a), g_}jt_} — 5~ and then )Z(ZR] (a) = —1. Thus, a € (LR).
Therefore RNL C (LR], by Lemma 3.9, S is intra-regular. O
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