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1. INTRODUCTION

In [5], Atanassov and Shanaon discussed arrays of numbers that are in some way, between two-
dimensional vectors and (2 x 2)-dimensional matrices in their paper titled matrix-tertions and
noitrets. As an extension, Ajibade [1] in 2003 introduced objects which are in some ways, between
(2 x 2)-dimensional and (3 x 3)-dimensional matrices. This new paradigm of science now

known as rhotrix theory was defined in [1] for dimension three as:

a
R={<b c d> : a,b,c,d,ee]R},
e
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where ¢ = h(R) is called the heart of any rhotrix R and R is the set of real numbers.
It is worthy to note that these heart-oriented rhotrices are always of odd dimension. Thereafter,
Mohammed [21] in his PhD thesis extended the idea to rhotrix set of size n.

It is known in [1] that addition and multiplication of two heart-oriented rhotrices are as follows:

a f a+f
R+Q=<b h(R) d +<g h(Q) j>=<b+g h(R)+h(Q) d+j
e k e+k

ah(Q) + fh(R)
and  RoQ =(bh(Q)+gh(R) h(R)R(Q) dh(Q)+jh(R)

eh(Q) + kh(R)
respectively. Furthermore, Mohammed [21] and Ezegwu et al [9] gave a generalization of this
heart-oriented rhotrices.
A row-column multiplication of heart-oriented rhotrices was given by Sani [28] as:

af +dg

RoQ=(bf+eg h(R)h(Q) aj+dk).

bj + ek

Sani [29] also gave a generalization of this row-column multiplication of heart-oriented rhotrices

as:

t t-1
n+1
RypoQn= <ai1j1’ Clik1> ° <bi2j2’dlzk2) = Z (ai1j1bi2j2) ’ Z (Clikldlzkz)) t= 2’

i2j1=1 l2k1=1

where R, and Q,, denote n-dimensional rhotrices (with n rows and n columns).

Mohammed [20] classified the heart-oriented rhotrices as abstract structures of rings, fields,
integral domains and unique factorization domain. The necessary and sufficient condition under
which a linear map can be represented over a heart-oriented rhotrix was carried out in [22] by
Mohammed et al. More so, Mohammed [24] and Isere [15] gave a new technique for expressing
rhotrices in a general form. Another method of rhotrix representation was given by Chinedu in [6].
In [30], the algebraic properties of singleton, coiled and modulo rhotrices were presented. A study
of finite fields over rhotrices were carried out in [31] and [35]. Tudunkaya and makanjuola [32]
gave the structure of rhotrices having entries from the set of integers modulo P and their properties.
The rhotrix quadratic polynomial presentation as part of a note on rhotrix exponent rule and its

applications in [19] was extended in [33]. Rhotrix polynomial and its extension to construction of
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rhotrix polynomial ring was studied in [34]. An investigation of rhotrix sets and rhotrix sets and
rhotrix spaces categorized over numbers in real and complex fields was presented in [23]. A system
of linear equation arising from the rhotrix equation Ao X = C was carried out in [2] and the
conditions for their solvability were determined. A note on rhotrix system of equations was
presented in [3] as an extension to earlier work done in [2].

In [4], there was an introduction to the concept of paraletrix as a generalization of rhotrix
Mohammed and Balarabe [25] gave the first review of articles on rhotrix theory since its inception.
Also in [26], some construction of rhotrix semigroup was given. In 2018, Isere and Adeniran [17]
introduced the concept of quasigroups and rhotrix loops as non-associative rhotrix theory. In the
same year, Isere [16] gave a description of even dimensional rhotrix.

In generalizing regular semigroups, Fountain [10] considered the Green’s *-relations £* and R*
instead of trying to weaken the regularity of a semigroup. Let a, b be elements of a semigroup S,
we define a R*b if and only if for all x,y € S, xa = ya & xb = yb. Dually we define the
relation L*.

Utilizing the Green *- relations, Fountain called a semigroup S abundant if any £* and R*-classes
of S contain at least one idempotent. Following Fountain [11], an abundant semigroup S is said to
be adequate if the set of idempotents of S (E(S)) forms a semilattice. It is obvious that regular
semigroups are abundant semigroups while inverse semigroups are adequate semigroups.

A semigroup S is said to be Ipp if every principal left ideal of S, regarded as an S-system is
projective. An rpp semigroup is defined dually. In [11], a semigroup S is Ipp if and only if every
R*-class of S contains at least one idempotent. Thus, an Ipp semigroup S is said to be left adequate
if E(S) forms a semilattice. Right adequate semigroups are defined dually. It is obvious that a
semigroup is adequate if and only if it is both left and right adequate. Furthermore, it is obvious
that each R*-class R of a left adequate semigroup contains a unique idempotent which is denoted
by af. A left adequate semigroup is said to be left type A if for all ee E(S)and a€ S, ae =
(ae)Ta (see [12]), and dually for right type A semigroups. A semigroup S is said to be a type A
if it is both left and right type A.

It is worthy to note that all articles so far existing on rhotrix theory are classified into associative

rhotrix theory and non-associative rhotrix theory. Therefore, the objective of this work is to give a
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description of associative rhotrix theory in terms of type A semigroups. Our results extend that of

rhotrix semigroup given in [26].

2. PRELIMINARIES
In this section we recall some definitions as well as some known results which will be useful in
this work. For notation and terminologies not mentioned in this paper, the reader is referred to
[1], [26], [9] and [28] respectively.

Throughout this paper, we will use R to denote any rhotrix while R,, is n-dimensional rhotrix.
Definition 2.1. Suppose R, = (a;j, cy) is an n-dimensional rhotrix, then the determinant of R,
is given by det (R,) = det(4;) det (C,_;) where A, and C,_; are two square matrices of
dimension (t x t) and (t — 1) x (t — 1) respectively which make up the rhotrix R,, with t =
“and ne 2L + 1.

Definition 2.2. The inverse of the rhotrix R, = (a;;, c;x) is the rhotrix R;* = (q;;, 7%} such that
Ry o Ry = (ayj, cy) © (quj, re) = (Iij, ey where [Qij]txt and [rij]t_lx

and [Cij]

,_, are the inverses of

the two square matrices [a;;] ,_, Tespectively, which make up the rhotrix Ry,

txt t—1x

with t =n7+1and ne2Z* +1.

Remark 2.3. Arhotrix R, is said to be invertible or non-singular if the determinant is non-zero.
Thatis R, isinvertible if det (R,) # 0.

Theorem 2.4 [1]. For any rhotrix R # 0, R? = 0 if and only if h(R) = 0 where 0 is the zero

rhotrix.
a
Theorem 2.5 [19]. Let R = <b h(R) d> be any rhotrix of size 3, then for any integer m,
e
ma
R™ = (h(R))™ ! <mb h(R) md>. In particular, R® and R~1 are the identity and inverse of R
me

respectively, provided hA(R) is non-zero.

Proposition 2.6 [2]. Let A, B and C be three rhotrices of the same size with entries in R, then the
system of linear equations resulting from A o B = C has

i) a unique solution if and only if h(A) # 0 and h(C) # 0.

ii) an infinite solution if and only if h(4) = h(C) = 0.
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iii) no solution if and only if h(A) = 0and h(C) # 0.

Theorem 2.7 [26]. The rhotrix semigroup (R,(F),o) is embedded in the matrix semigroup
(M(F),.)

Remark 2.8 [26]. Given the map 6 : R, (F) » M, (F), the image set (R,(F))0 is a
subsemigroup of M, (F) consisting of all filled coupled n x n matrices. Since M, (F), the
semigroup of all square matrices over F is regular, then it is not difficult to see that (R,,(F))6 is
a regular semigroup. Such a semigroup is denoted by R;,(F).

Using the Green’s relations £, R, H,D and J defined in [14], the following results was obtained
Theorem 2.9 [26]. Suppose A, B € R;,(F), then

i) ALBifandonlyif im (4) = im (B).

ii) AR B ifand only if ker(A4) = ker(B).

iii) A B ifand only if im (A) = im (B) and ker(A) = ker(B).

Theorem 2.10 [26]. i) Suppose A = (a;;, c;x) and B = (b;j, d;) belong to the semigroup Ry, (F)
then AD B ifand only if rank (a;;) = rank (b;;) and rank (c;;) = rank (dy).

i) In RL(F), D= J.

The following Lemma is due to [11].

Lemma 2.11 [11]. Let S be a semigroup and e be an idempotent in S. Then the following are
equivalentin S

i) aR%e

ii) ea =a andforall x,y e S!, xa = ya = xe = ye.

Definition 2.12. Let S be a semigroup and let x € S. Then x is said to be coregular and vy its
coninverse if x = xyx = yxy. S is coregular if all its elements are coregular. S is said to be
orthodox if it is regular and the set E(S) of idempotents forms a subsemigroup.

Lemma 2.13 [10]. Suppose a, b are elements of an adequate semigroup S. Then we have:

i) aR*b ifandonly if at = bt and a £*b ifand only if a* = b*.

ii) (ab)* = (a*b)* and (ab)T = (ab™)T.

iii) a'(ab)™ = (ab)T and (ab)*b* = (ab)".

Definition 2.14 [7]. Let S be an adequate semigroup and let p be a congruence on S. Then p is
said to be admissible if axpay =a*xpa*y and xapya = xa' p ya® for all aeS and

x,y €St



R. U. NDUBUISI, R. B. ABUBAKAR, N. N ARAKA, I. J. UGBENE

Lemma 2.15 [8]. If p is an admissible congruence on the adequate semigroup S and if a, b are
elements of S such that a p b, then a* p b* and af p b'.
Remark 2.16 [8]. If p is an admissible congruence on a type A semigroup S, then S/p is a type
A semigroup when * and t are defined on S/p by putting
(ap)" = a®p and (ap)* =a’p.

For more knowledge on admissible congruences, the reader is referred to [13] and [27].
Definition 2.17. A homomorphism 6 : S - T of an adequate semigroup is admissible if
a R*(S)b implies ad R*(T) b6 and a L*(S) b implies ad L*(T) b6 .
Definition 2.18. The relation o on a type A semigroup S is defined by the rule that:

(a,b) e g ifand only if ae = be for some e € E(S).
It is known in [18] that ¢ is the minimum cancellative congruence on S. It is important to note

that o can also be writtenas a o b if and only if fa = fb for some f € E(S).

3. RHOTRIX TYPE A SEMIGROUP

This section focuses on the construction of a rhotrix type A semigroup and the properties
embedded in the semigroup constructed.

Now let R,,(F) be a set of all rhotrices of size n with entries from an arbitrary field F. For any

A, B, € R,(F), define a binary operation o on R, (F) by the rule:

_ _ t -1 __n+1
Ap o By = (ailjl. Clik1> ° (bizjz,dzzk2> = (2i2j1=1(ai1j1bi2j2) ,Zfzklzl(czikldzzkz)) t= -

where A,, and B,, denote n-dimensional rhotrices.
Theorem 3.1. S = (R, (F), o) is a semigroup.
Proof. Let A,, B, €S, we have that det(4,) # 0 and det(B,) # 0, so that A,, o B, € S, since
det(A4,, ° B,) = det (4,) X det (B,) # 0. It follows that S is closed under the binary operation.
Next is to show that S is associative. Suppose A, =(a;,j,, Cik,)» Bn = (bi,j,» dik,)s Cn =
(Ui, j,» Visk, ), then we have that
Ay o (By o Cy) ={ayj,, Ciiiy) © ((biyjyr diyiy) © iy Vigky))
= (@i, e, © (B, by Uiy 15) » D=1 (diyie, Vigks)))
= (X5 =1 @iy 1256521 (Bigjy i) Bk =1 Sk [ 2y =1 (digie, Visks )]

— t t t—1 t—1
- (Zi2j1=1 Zi3j2=1 Qi jy (bizjzui3j3)' lek1=1 lekz=1 Clyky (dlzkz vlsks) )
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= (X, jim1 Lty =1 iy jy Dy jy Ui s » Dbty =1 Diako=1 Clyley Aipley Vigks )-
Similarly, we have that
(A ° By) o Cp = ({ai jp ciiey) © (biyjy digie,)) © (Ui Vigke,)
= ((Xf,),21 @iy biyjyr ok =1 Clater Dy, )) © (Uig g Vigis)
= <Z1i:3j2=1 Uiy j, [Z§2j1=1 ailjlbizjz] s Diiky=1 Visks [Zfz_k11=1 Clyky d12k2]>
= (Xf =1 25 521 ( @iy by Wiy Xhoiy=1 Dby =1 (Cllkldlzkz) Vigks)
= (Xl j,=1 2 =1 Qi jy Dy jy Ui jor Dlateym1 Diky=1 Clykydy, e, Visks )-
Consequently,
Apo(BpoCy) = (A4,°By)°C,.
Therefore S is a semigroup.
Lemma3.2. Let (a;j, cy), (bij, dig) € S = (R, (F), o). Then we have
1) {a;j, cue) R (byj, dy) ifand only if a;; R™ b;; and ¢y R* dyy .
i) {aij, cix) L7 (byj, dy) ifand only if a;; £* by and ¢y L™ dyy .
i) (agj, cpe) H* (b;

dlk> if and Only if (aij, Clk) R* (bl dlk) and (aij, Clk) L* (bij' dlk)'

Jr J
Proof. i) Suppose (a;j, ;) R* (bj, dy), then for (x;j, xue), (ij, Yix) € S we have
(xijrxlk)(aijrclk) = (yl'j'Ykaaij' Cik) © (xijfxlkxbij: dy) = <Yij'ylk)(bij' dy)
= (X, XikCue) = (VijQijh YikCue) < (Xijbij, Xuedie) = (Vijbij, Viedix)-
Consequently, we have
XijQij = VijQij, XikCik = YiCue < Xijbij = Yijbij, Xidix = Yidix -
This implies that a;; R* b;j and ¢y R* dyy .
Conversely, leta;; R* b;j and ¢y R* dyy , then there exists arbitrary elements x;;, y;; € M, (F)
and  xy, Yix € My_1(F) such that x;;a;; = y;ja;; < x;b;; = yijbi; and  xpcy = yiCye <
Xikdue = Yuedik -
It follows that
(xij, xuXaijs i) = Yijp Yueaijy i) < (xij, xuXbij, die) = Vijr YueXbij, dig)-
Thus (a;j, cy) R* by, dy).
ii) The proof is similar to ).

iii) The proof is a routine check.
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Lemma 33. Let (a;,ciy)eS = (Ry(F), o). Then (a;jcy)eE(S) if and only if
a;j € E(M¢(F)) and ¢y € E(M;_1(F)).
Proof. Let(a;j, cix) € E(S), then we have that

(aij» Cik) © (aij’ Cik) = <aij’ Cik)

= <aijaij; CikCrie) = (aij,Clk)-

Consequently,
(aij)z = a;j (where a;; € M, (F) is a square matrix)
(cu)®>=cy  (where ¢ € M;_;(F) is a square matrix).

Thus ajj € E(Mt(}:)) and Cik € E(Mt_l(l:))
The converse of the proof can be easily verified.

Example 3.4. The following rhotrices are idempotents in R (F);

2 2 -2 -4
_ _ 0 0
-2 0
-3
2 2 -2 —4
_ _ 3 6
1 1 3 -6 -4 L o, 5’ -2
-2 =2 4
-3
2 2 -2 —4
-1 4 -2 (-1 3 4 [4 _1]).
1 12 3 -1 —4 . _3'12 —
-2 -3 4
-3
2 -2 —4
Itisobviousthat |—1 3 4 | € E(M(F)) while
1 -2 -3
0 013 614 -1
[0 0]’[1 —2]’[12 —3]65(Mt—1(F))-

Theorem 3.5. S = (R, (F), o) isatype A semigroup.
Proof. We only prove that S is a left type A as the proof for right type A is dual. Now let a =
(aij, cix) € Rp(F), e = (l;j, cx) € E(S), then we have that

ae = (a;j, cuXlij, cue) = (agj, cue)-
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Suppose (ae)t = (aij, I i), then we have that
(ae)*a = (aij:Ilkxaij’Clk) = <aijfclk)-
Thus ae = (ae)ta.
That S is adequate follows from the fact that
(aij, X1, cued = i, cuXaij, Tue)
=(a;j,cx)  (where a;; € E(M(F)) and ¢ € E(M;_1(F)).
Remark 3.6. It is important to note that (a;;, I;) is the idempotent in the R*-class as well as the
L*-class. For the sake of ambiguity, we will use (aij,clk)’f = (a;j, Iye) and (a;j, ci)”™ = (@i, L)
to denote the respective idempotents.
It has been shown in [26] that S is a regular semigroup and in [27] that a particular kind of type
A semigroup is coregular namely *-bisimple type A I-semigroup. In our next Lemma, we show
that S belong to the class of type A semigroup that is not coregular.
Lemma3.7. S = (R,,(F), o) is not a coregular semigroup.
Proof. Now let A = (a;j, cix), B = (b;j, dy) € Ry (F). Itis known in [26] that
AoBoA= ((aij» i) © (byj, di)) (aij, cik)

= (@, ci) = A.

Since (b;)), (a;j) € (M (F)) and (cy), (dix) € (My_4(F)), where t = ”Tﬂn € 2Z* + 1and
(bij)(aij)(bij) = (bij):
(du) (cue) (dix) = (duk)-
It follows that
BoAoB = ((by,du) o {ai, cy)) o (byj, dige)
= (byj, dy) = B.

So (ajj, cix) # (b;j, di). Thus S is not coregular by definition.

ij
It is important to note that Lemma 3.7 above is an example of a class of type A semigroup that is
not coregular while the class of type A semigroup given in [27] is coregular.

Lemma3.8. S = (R,(F), o) isan orthodox semigroup.

Proof. The proof is a routine check.
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4. THE STRUCTURE THEOREM

In this section S will denote a rhotrix type A semigroup while M, (F) and M;_, (F) will denote
set of two square matrices over an arbitrary field F of sizes (¢t xt) and (t—1)x (t—1)
respectively.

aiq b11

Let s, =( - %z ) g DPu_u b s,
t, T T T T alt btl —————————— blt
at(t 1) w y bt(t—l) X Z
att bet

St(f— 1) u v
Stt

*
where u = S;_qy¢-1) »V = Se-1)t 5
s = Yie=1Qikbzi—1j » Sij = Xk=1 Cikdzr—1j — those entries for which i assumes odd values,

sij = Yisi Qixborj o s = Xii ciedar; — those entries for which i assumes even values.

Theorem 4.1. Let R, (F) be a set of all rhotrices of size n with entries from an arbitrary field F.
For A,, B, € R,,(F), define a binary operation o on R, (F) by the rule:

t t—1
n+1
Ap © By = <ai1j1’ Clik1) ° <biz]'z’dlzkz) = z (ai1j1bi2j2) ’ z (Clik1dlzk2)) t= 2

i2j1=1 lak1=1

a;j € M¢(F) and c; € M;_,(F). Then S = (R, (F), °) isarhotrix type A semigroup. Conversely,

every rhotrix type A semigroup is isomorphic to one of such construction.
Proof. We have proved the direct part in section 3, and so we will only prove the converse part.
Let S be a rhotrix type A semigroup. Defineamap 6 : S - R, (F) by the rule that

aiq
a a a C C _
a21 Cll alz 11. 12 i .1t %1 - 1(1: 1)
sO={ e - 6 = { : - P : - : )
a, Aeel LC(t-1)

Ay Qg Ce-1)(t-1)

where t = nT“,n € 2ZF + 1, aye € M(F) and c(e—1)t—1) € M¢—1(F) and 6 maps each element

of S to its corresponding t x t matrix and (t — 1)(t — 1) matrix in R,,(F) with the usual matrix
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11

multiplication. Obviously, 6 is well defined. It is also one-to-one since for s;,s, € S,5,0 = 5,6

which implies that s; = s,. That 8 is a homomorphism follows from the fact that

(5152)6 = 819829.

Hence 6 is an isomorphism from S onto R,,(F). The proof of the theorem is then complete.

1
Example 4.2. Suppose S = {s;,s,} such that s; = 20 1
-2 5 1
3
2
s;={, 2L * 2 _, | Thenfor 6:S — Rs(F), we have that
-2 -3 4
-3
2 (1) 1 1 421- 2 5
512503 1 o0 -1 a4 1 12 3 -1 -4 | 11 64
-2 5 1 -2 3 4 -18
3 3
5 =7
3
11 -18 —29
Also,
1 1 4] 2 =2 -4
0 -1 4 -1
505,06 =(|2 0 1 [1 5]) ([—1 3 4], [12 _ ]>
3 =2 3l -2 -
1 1 412
0 -1 -1
=(2 o0 1 [— ] [ ][ ])
3 —2 13 12 3

-5 -7 12
<[

s o [ )

11 -18 —29
Consequently, (s;s,)0 = s5,05,6.

5. CONGRUENCES

4

-12
-6
-16

—-29

and

-7
3 —-12
-11

In this section, we give a description of congruences on rhotrix type A semigroup S. The results

and proofs are essentially the same as for the one in [8].

Now let S be a rhotrix type A semigroup and let p be any congruence on S. Let Pl be the

restriction of pon E(S) which we will denote by tr p (trace of p). Obviously, trp is a

congruence on E(S).
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Suppose (I;j, cik), {a;j, 0y} € E(S) such that (I;;, cix) p (a;j, 0y) and {a;;, c i) € S, then we have
that (I;j, cieXaij, cued p {aij, OuXagj, ce)  and (agj, cu)llij, cuc) p {aij, cuXaij, Oy ) - It follows
from Lemma 2.15 and that if p is admissible, then we have that

(aij cueXij, Czk))T,D (Caij cueXaij, Ozk>)Jr and ((I;j, cueXayj, Clk))* p ({aij, O Na;, Cm))*-

A congruence y on E(S) is said to be normal if for any (/;j, cy),(a;j, 0) € E(S) and

jl
(aij,cik) €S,
. . T t

(Iij, cue) v {aij, Oy ) implies ((aijr culij, Clk)) 14 ((aij; cuaij, Olk)) and
((Iijrclkxaij:clk))* Y ((aij,olkxaij,czk))*-
Lemma5.1. Suppose y is a normal congruence on E(S), then for any (a;j, cy), (b;j, dix) € S, the
following conditions are equivalent:
(1) {aijs )™ v (bij, di)™s {aij, cuXlij, cix) = (byj, duXlij, cuey Tor (I, ) € E(S), (lij, cued ¥
(aij, cix)”.
(i) (aij, cu)T v (bijy de), (@i, Oudags, cie) = (agj, OpeXbyj, dyy) for
(aij, Oe) € E(S), {asj, Ope) v {ayj, )t
Proof. Let({a;j, ci), (b;j, dy) € S and suppose (i) is true, then S is type A and we have that

(aij, cu)lij, ey = (byj, duXlij, Cure)

T T
= ((aij, cuXlij, cire)) {aij, cue) = (b, due)lijy ciie)) (bijr due)
T T

and ((aij: culij, cw)) = ((bij;dlk)(lijnclk>) :
Consequently,

(Lij, cue) v {agj, cue)”

t ot t
= ((aijr Clk><1ij; Clk)) Y ((aij,CZkHaij, Cik? ) or ((aij. Clk)<1ij' Clk)) V(aijr Clk)Jr
and (Iij, cue) v {bij, dy)”
t N t
= ((bij, duXLijr ci)) v ((bij, die) (bij, die)”) or ({bij, dycXlijy cix)) v (bij i)t
. t t

Since  (ayj, cuXlijocix)) = ({byj, du)lij, i), then we have that (a;;, cii )T v (bij, i) and
(ii) holds.

That (ii) implies (i) follows similarly.

jr

Theorem 5.2. Let S be a rhotrix type A semigroup and let y be a normal congruence on E(S),

then the relation defined by the rule that
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o, ={({aij, cue) (bij, di)) €S X S+ (ayj, cue)™ ¥ {bij, A, {aij, cupeijs Cixe)
= (byj, du)I;j, cire) for some (I;;, ciie) € E(S), {Lij, ce) v {aij, cue)”™ }
is the minimum congruence on S whose restriction to E(S) is y. Furthermore, o, is an admissible

congruence.

Proof. It can be easily shown that o, is an equivalence relation. To show that g, is a congruence,
suppose (a;;, cix) oy {b;j, dy) and let (g;j, hy) € S. Then we have that (a;j, cy)* oy (b;j, di)",
(aij, cu)lij, ey = (byj, dycX1ij, cue)
for (I3, ci) € E(S), {Lij, cue) ¥ {aij, cu)™ {Gij» huXaij, cuXlij, cuc) = (Gijr hucXbij, duc)lij, cuc)-
So  ({gij, huXai, Clk))*(lij'clk) = ((9ij, huc)(byj, dlk))*(lijrclk);
((9:j» hueXaj, Clk))*(lij: ) v ({gij, hueXaij, Clk))*<aij: )"
((gij:hlkxaijr Clk))*<aij: i) = ((gijfhlkxaij: Czk>)*.
(gij, hux )by, dlk))*(lijr ciw) v ({9, hue)(bij, dlk))*<bij' di)”,
((gijr hlk)(bijr dlk))*(bij: dy)” = ((gij'hlkxbij'dlk))*-
Consequently,
((gij, huXaij, Clk))*)/ ({gij, hux )by, dlk))* and
({gij, hueXaij cue)) ({gij hueMaij, Clk))*(lij' Cix)
= (€9ij, huc)(bijr due)) ((gijs huXbijs dlk))*(lij' Cix)
= ((g1, hue)bij, due)) ({91, hueMaj, Clk))*aij'clk):
where ({gij, hu)ai;, Clk))*(lij: cu) v ({91, hueXaij, Clk))*-
Hence (g;;, hixXaij, i) 0y (9ij» hux){bij, dy) and so gy, is a left congruence. That o, is a right
congruence follows similarly. Thus o, is a congruence on S.
It is now clear that (I;;, c;x) ¥ {a;;, 0 ) if and only if (I;;, c;x) oy (a;j, 0y ) and tr o, =y.
Let 7 be a congruence S such that tr m = y and (a;j, cy) 0y, (b;j, dy) for {a;j, cix), (bij, dix) € S,
then we have that (a;;,cy)” v (bij,dy)” and  (a;j, cp)lij, cix) = (byj, du X1y, cye) for
(Iij, cue) € E(S), (Iij, i) ¥ ayj, cue)™ and so {a;j, i)™ 1 {1, cue)s (byj, dige)™ 1 (L, Cpie)-
Consequently,
(aijr Cx) T = (aij’ Cik) <aij» i)' T = (aij’ Cl)T (aij' i)' T

= (aj, cye) T lj, ey
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= ((aij, cuXlij, cey) © = ({bij, du)Lij cue))
= (byj, dye) T (I; dy)' T
= (byj, dy) (bij, di)* ™ = (byj, dy )T .

cue) ™ = (byj, ci)m (b;

J J J
Thus g, € wand so g, is the minimum congruence on S whose restriction to E(S) is y.
Lastly, we prove that o, is admissible. Since g, is a congruence, let {(a;;, c;x) € S and (p;j, qui),
(myj,ny) €S such that left congruence condition holds, ie.
<aijr Clk)(pijr i) Uy(aij' Clk)<mij» ) -
Then we have that

(aij, cuXpip aud)” v (aij, cucdimyj,my))” and

(aij, cuXXpijy Que)llijs i) = (@i, cuXXmij, e, cik)
for some (I, cu) € E(S), {lij, cue) ¥ ({agjs cucpyjs dued)
Thatis, ({a;j, cu)*(pij, Chk))* ¥ ({aij, Clk)*(mij'nlk))* and

(aij, cu) Pij» QueXllijs cuc) = (@i, cue) (myj, nueXij, Cue),
(Iij, cue) v (agj, e (pij qlk))*-
Hence (a;j, cu )" Pij» Que) oy @ijs i)™ (myj, nyge).
Similarly, using the right congruence condition, that is (p;;, qu.){a;j, cix) oy (Myj, ) (@i, cuxe)
we have that (p;;, qu){a;;, cu)t o, {mj, nyNayj, cue)T. Therefore o, is an admissible congruence.
Remark 5.3. It is important to note that the relation g, can also be defined as follows:

o, = {({aij, cic) (bij, dix)) € S X S+ {agj, cu) Ty (byj, dued ™, @y, O W@z cure)
= (a;;, 0y )by}, dyy) for some (a;;, 0y.) € E(S),{ayj, Ou) v (@i, cpe) I3
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