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Abstract. In this paper, we introduce the concepts of m-left-I'-ideals, n-right-I'-ideals and (m,n)-quasi-I'-ideals in
ordered LA-I'-semigroups and investigate about some properties of those ideals. We show that the intersection of
an m-left-I'"-ideal and an n-right-I'-ideal of an ordered LA-I"-semigroup is an (m,n)-quasi-I"-ideal. In addition, we
introduce the notion of the (m,n) intersection property in ordered LA-I'-semigroups and prove that every (m,n)-
quasi-TI'-ideal in an ordered LA-I'-semigroup with left identity has the (m,n) intersection property.
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1. INTRODUCTION

The notion of quasi-ideals in semigroups is a generalization of the notion of one-sided-ideals
in semigroups. It was introduced by Steinfeld [12] in 1956. The notion of (m,n)-quasi-ideals in
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semigroups was introduced by Ansari, Khan and Kaushik [3]. In 1972, Kazim and Naseerudin
[6] gave the concept of an LA-semigroup (left almost semigroup). This algebraic structure
is a generalization of commutative semigroups. An LA-semigroup is also widely known as
an Abel-Grassmann’s groupoid or AG-groupoid [7, 10]. Later, an ordered LA-semigroups or
ordered AG-groupoids were considered in [11]. The notion of I'-semigroups was introduced by
Sen [9] in 1981. The concept of an LA-I'-semigroup (I'-AG-groupoid) was introduced by Shah
and Rehman [10] in 2010. Every LA-semigroup under the operation {o} is an LA-I"-semigroup
if consider in case I' = {o}. Moreover, Khan, Amjid, Zaman and Yaqoob [7] gave the concept
of ordered LA-I-semigroups (ordered I'-AG-groupoid) in 2014. This algebraic structure is a
generalization of LA-I'-semigroups [2, 4]. Then the structure of ordered LA-I"-semigroups is
also a generalization of commutative semigroups and LA-semigroups.

In this study, we introduce and examine the concept of m-left-I"-ideals, n-right-I"-ideals and
(m,n)-quasi-I"-ideals in ordered LA-I"-semigroups. We characterize m-left-I"-ideals and n-right-
[-ideals in ordered LA-I'-semigroups and explore the properties of (m,n)-quasi -I'-ideals in
ordered LA-T"-semigroups. Moreover, the properties of (m,n)-quasi-I'-ideals in regular ordered

LA-T"-semigroups are investigated.

2. PRELIMINARIES

For the sake of completeness, we recall some necessary definitions, notations and properties

which are used throughout the paper.

Definition 2.1. [10] Let S and I" be non-empty sets, then S is called an LA-I"-semigroup if there
exists a mapping S x I' x § — §, written (a,7,b) and denoted by ayb such that S satisfied the
left invertive law (ayb)Bc = (cyb)Ba for all a,b,c € Sand y,8 € T.

Definition 2.2. [10] An element e of an LA-I"-semigroup S is called a left identity if eya = a for
allac Sand yeT.

Lemma 2.1. [10] If S is an LA-I'-semigroup with left identity e, then ST'S =S and S = el'S =
STe.
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Definition 2.3. [1] An LA-I'-semigroup S is called a locally associative LA-TI-semigroup if
(aya)Ba = ay(aBa) foralla € S and y,B €T.

Proposition 2.2. [1] Let S be an LA-I"-semigroup.

(i) Every LA-I'-semigroup with left identity satisfy the equalities ay(bfc) = by(aBc) and
(ayb)B(cad) = (dyc)B(baa) for all a,b,c,d € Sand y, B, €T

(if) An LA-T-semigroup S is I'-medial, i.e., (ayb)B(cad) = (ayc)B (bad) for all a,b,c,d € S
and y,B,a €T.

Definition 2.4. [2] An ordered LA-T"-semigroup (po-LA-T"-semigroup) is a structure (S,T,-, <)
in which the following conditions hold.

(i) (S,I,-)is an LA-I" -semigroup.

(if) (S,<)isaposet (i.e. reflexive, anti-symmetric and transitive).

(iii) For all a, b and x € S, a < b implies acx < bax and xoa < xob for all ¢ €T

Throughout this paper, unless stated otherwise, S stands for an ordered LA-I"-semigroup. For

a non-empty subsets A and B of an ordered LA-I"-semigroup S, we defined
ATB={ayblac A,beBand yeTI}
and
(A]={t €S|t <a,forsomeacA}.
For A = {a}, we shall write (a|. For a positive integer m, the power of A is defined
A™ = (...((ATA)TA)...)T'A (m times).

For A = {a}, we shall write a™.

Proposition 2.3. [8] Let S be a locally associative LA-I'-semigroup with left identity. Then

1

a' =a,a"t!

=d"Ta and ™" = a"T'a" for all a € S and m, n are positive integers.

Definition 2.5. [2] A non-empty subset A of an ordered LA-I"-semigroup S, is called an LA-T"-
subsemigroup of S if ATA C A.

Definition 2.6. [2] A non-empty subset A of an ordered LA-I"-semigroup S is called a left (right)
I"-ideal of S if
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(i) STACA (ATSCA),

(if) if a € A and b € S such that b < a, then b € A.

A non-empty subset A of an ordered LA-I'-semigroup S is called a I'-ideal of S if it is both a
left and a right I'-ideal of S.

Definition 2.7. [2] A non-empty subset A of an ordered LA-I"-semigroup S is called a quasi-I"-
ideal of S if

(i) ATSNSTACA,

(ii) ifa€ Aand b € S such that b < a, then b € A.

Lemma 2.4. [7] Let S be an ordered LA-I"-semigroup, then the following are true.
(i) AC (A], forallACS.
ii) IfAC BCS, then (A] C (B].
iii) (A]'(B] C (AI'B, for all subsets A, B of S.
iv) (A] = ((A]], forallA CS.

(
(
(
(v) For every left (resp. right) I'-ideal T of S, (T] =T.
(vi) ((AJT(B]] = (AT'B], for all subsets A, B of S.

(vii) (ANB] C (A]N(B], for all subsets A, B of S.

(

viii) (AUB] = (A] U (B, for all subsets A, B of S.

3. MAIN RESULTS

In this section, we define and study m-left-I'-ideal, n-right-I'-ideal and (m, n)-quasi-I"-ideal

in ordered LA-I"-semigroups.

Definition 3.1. An LA-I"-subsemigroup A of an ordered LA-I'-semigroup S is called an m-left
(n-right) I'-ideal of S if
(i) S"TA C A (AT'S" C A), where m, n are positive integers,

(ii) ifa € A and b € S such that b < a, then b € A.

Definition 3.2. An LA-I"-subsemigroup A of an ordered LA-I'-semigroup S is called an (m,n)-
quasi-1-ideal of S if
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(i) (S"TA]N(AT'S"] C A, where m,n are positive integers,
(if) if a € A and b € S such that b < a, then b € A.

Example 3.1. Consider S = {1,2,3}, "= {«, B} and the order <.
ol 23

I 11
111

(OSTE N B ‘ = W N
o o o —_

\S] [\ [\ [\

W \S) \S) W o

<:={(1,1),(2,2),(3,3),(1,2),(1,3),(2,3)}.

Hence S is an ordered LA-I"-semigroup because the elements of S satisfies left invertive law.
Let A = {1,2}, we have S'TA = {1,2} = A and AT'S? = {1,2} = A. Also, for every 1,2 € A
there exists 1,2 € Ssuch that 1 <1, 1 <2, 2 <2 implies that 1,2 € A or (A] = A. Thus A is an
1-left-I'"-ideal and A is an 2-right-I"-ideal of S.

Let A = {1,2}, we have (S'TA]N (A'S?] = {1,2} N {1,2} = {1,2} = A. Also, (A] = A.
Hence A is an (1,2)-quasi-I"-ideal of S.

Lemma 3.1. Let S be an ordered LA-I"-semigroup and let 7; be an LA-I"-subsemigroup of S for
all i € I. If ";; Ti # 9, then (;; T; is also an LA-I'-subsemigroup of S.

Proof. Assume that (;c;T; # . Let a,b € (;; Ti. Since T; is an LA-I"-subsemigroup of S for
all i €I, we have ayb € T; for all i € I and y € I'. Thus ayb € (;¢;T;. Hence (;;T; is an
LA-T"-subsemigroup of S. (]

Theorem 3.2. Let S be an ordered LA-I"-semigroup and let Q; be an (m,n)-quasi-I"-ideal of S
foralli € I. If ;c; Qi # &, then (;; Q; is also an (m,n)-quasi-I"-ideal of S .

Proof. Assume that (;c; Q; # @. By Lemma 3.1, we obtain that (;c; Q; is an LA-I"-subsemigroup
of S. Thus (S"™T"N;ic; Qi] N (Nic; QTS C (S"T'Q;| N (QI'S"] C Q; foralli € I. Also, we get that
(S"™T" Nicr Qi] N (Nics QiTS"] C Ny Qi- Next, let a € N;¢; Qi and b € S such that b < a. Since
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a € ic; Qi, we have a € Q; where Q; is an (m,n)-quasi-I"-ideal of S for all i € I. Hence b € Q;
for all i € I. Therefore, b € (;c; Q. Hence (;¢; Qi is an (m,n)-quasi-I'-ideal of S. The proof is

completed. U

Theorem 3.3. Let S be an ordered LA-I-semigroup with left identity and a € S. Then the
following statements are true:

(i) (8"Ta] is an m-left-I"-ideal of S.

(ii) (a®T'S"] is an n-right-T-ideal of S.

(iii) (S"Ta] N (a’T'S" is an (m,n)-quasi-T-ideal of S.

Proof. (i) First, we show that (S"I'a| is an LA-I'-subsemigroup of S. We obtain

(S"TCall(S"Ta] C ((S"Ta)(S"Ta)]
C ((S"IS)C(S"Ta)]
— ((al'S™T(STS™)]  Proposition 2.2(i)
C ((arS™)rs™]

= ((§"T'S")Iq] Left invertive law

N

(S"T'al.

Hence (S"'T'a| is an LA-T"-subsemigroup of S. Next, we show that (S"I'a] is an m-left-I"-ideal
of S, i.e., S"I'(§"T'a] C (S"T'al. Let x € S"I'(S"T"a). Then x = yyz for some y € S, z € (§"'I'q]
and y € T". Since z € (§"T'a], we have z < sfa for some s € §” and B € I. Since SI'S = S, so

let y = bac for some b,c € S and o € I'. Then

X = Yz
< (bac)y(sBa)
= (aos)y(cBb) Proposition 2.2(i)
= ((c¢Bb)as)ya Left invertive law

e S"Ta.
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Thus x € (S"T'a]. Next, let x € (§""T'a] and z € S such that z < x. Since x € (§"T'a], we have
x < yya for some yya € §"T'a. So z < yya for some yya € S"T'a. Thus z € (S"T'a]. Hence (S™T'd]
is an m-left-I"-ideal of S.

(ii) First, we show that (a*T'S"] is an LA-T'-subsemigroup of S. Consider
(@TS"|T(a’TS"] C ((a*TS")T(a’T'S")]
C ((STS")I[(a’T'S")]
C (S"T(a’TS")]
= (&*T(S"TS")] Proposition 2.2(i)
C (a’TS".
Hence (a*T'S"] is an LA-T-subsemigroup of S. Next, we show that (a’I'S"] is an n-right-T-ideal
of S, i.e., (a’T'S"|T'S" C (a®T'S"]. Let x € (a*T'S"]'S". Then x = yyz for some y € (a’T'S"], z € "
and y € T. Since y € (a’T'S"], we have y < (aBa)ab for some b € §" and &, 3 € T". Then
X = Yyz
< ((aBa)ab)yz
= (zab)y(aBa)  Leftinvertive law
= (aoa)y(bBz)  Proposition 2.3(i)
€ (ala)[(S"TS")
C a’Ts".
So x € (a*T'S"]. Next, let x € (a*T'S"] and z € S such that z < x. Since x € (a’I'S"], then x < a®yy
for some a’yy € a’T'S". So z < a’yy for some a’yy € a’I'S". Thus z € (a*T'S"]. Hence (a’T'S"]
is an n-right-I"-ideal of S.
(iii) Consider
(($"Ta] N (a’TS")((S"Ta] N (a’TS"]) € (S"Tall((S"Ta] N (a’T'S"])
= (S"Ta][(S"Ta] N (S"Ta]l(a*TS"]

C (S$™Ta]N(S™Ta]l(a’T'S"] C (S"Tal.
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Then, we have that ((S"'T'a] N (a’T'S"]))T((S™"Ta] N (a*T'S"]) C (S"'Ta]. Next, consider

((S"Ta] N (a®TS")T((S™Ta] N (a’TS"]) C (a’TS"T((S"Ta]N (a*TS"))
= (@*TS"|I(S"Ta) N (a*TS"|T(a*TS"]

C (a’TS"I(S™"Ta] N (a°TS"] C (a’T'S"]

Thus, we get that ((S"Ta] N (a’T'S"))T((S"Ta] N (a*T'S"]) C (a*T'S"]. Now, we obtain that
((S"Ta)N (a’TS")T((S™Ta) N (a’T'S")) C (S™Ta] N (a’T'S"). Hence (S™T'a]N (a’['S"] is an LA-
[-subsemigroup of S. Next, we show that (S"T'a] N (a’T'S"] is an (m,n)-quasi-I'-ideal of S.
Consider

(S"T((S™"Ta] N (@*TS")] N (((S™"Ta] N (a*TS"])IS"

= (S"[(S"Ta] NS"T(a’TS"]] N ((S"Ta]l'S™ N (a*TS"|TS"
C (($"Ta]NS™T(a*TS"]] N ((S"Ta)TS" N (a°TS"]]

C ((S"Ta]] N ((a*TS"])] = (S™Ta] N (a*TS").

So, we have that (S"T'((S"T'a]N (a*T'S"])]N(((S"Ta] N (a*T'S"])I'S"] C (§"Ta) N (a’T'S"]. Next,
let x € (§"T'a] N (a*T'S"] and y € S such that y < x. Since x € (§"T'a] N (a’I'S"], we have x €
(S"T'a] and x € (a*T'S"]. Then x < bya for some bya € S"T'a and x < a?Bc¢ for some a*fc €
a’T'S". So y < x < bya for some bya € §"T'a and y < x < a*Bc for some a’Bc € a’I'S". Thus
y € (§"T'a] and y € (a’T'S"]. Therefore, y € (S"T'a] N (a*T'S"]. Hence (S"Ta] N (a*T'S"] is an

(m,n)-quasi-I'-ideal. This completes the poof. O

Theorem 3.4. Let S be an ordered LA-I"-semigroup. Then the following statements are true:
(i) Let L; be an m-left-I'-ideal of S for all i € I. If (;c; L; # &, then (;; L; is an m-left I'-ideal
of S.
(if) Let R; be an n-right I'-ideal of S for all i € I. If (;c;R; # @, then (¢, R; is an n-right
I'-ideal of S.

Proof. (i) Let L; be an m-left-I'-ideal of S for all i € I. We obtain that S"T'L; C L;. Assume
that N;c;Li # @. By Lemma 3.1, we have (;c;L; is an LA-I™-subsemigroup of S. Consider
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S™"T'(Nies Li) € S™T'L; C L; for all i € I. So S"T'(NierLi) € e Li- Next, let a € Ny Li and
b € S such that b < a. Since a € (;¢;Li, we get a € L; where L; is an m-left I'-ideal of S for all
icl. Thus b€ L;forallic . Therefore, b € (\;c;L;. Hence (;c;L; is an m-left-I"-ideal of S.

(ii) The proof is similar to the proof of (i). O

Lemma 3.5. Let S be an ordered LA-I'-semigroup. Then the following statements are true:
(i) Every m-left-I"-ideal of S is an (m,n)-quasi-I"-ideal of S.
(i) Every n-right-I'-ideal of S is an (m,n)-quasi-I'-ideal of S.

Proof. (i) Let A be an m-left-I'-ideal of S. We have S"TA C A and A C S. Consider (S"T'A|N
(AT'S"] C (S"T'A] C (A] = A. Clearly, if a € A and b € S such that b < a, then b € A. Hence A is
an (m,n)-quasi-I'-ideal of S.This shows that every m-left-I"-ideal of S is an (m, n)-quasi-I"-ideal
of S.

(i) The proof of this statement is similar to the proof of (i). O

Theorem 3.6. Let S be an ordered LA-I'-semigroup and let A be an m-left-I"-ideal of S and B
be an n-right-I'-ideal of S. Then AN B is an (m,n)-quasi-I'-ideal of S.

Proof. By Lemma 3.5, we obtain that A and B are an (m,n)-quasi-I"-ideal of S. Therefore, ANB

is an (m,n)-quasi-I'-ideal of S by Theorem 3.2. O

Definition 3.3. An LA-TI"-subsemigroup Q of an ordered LA-I"-semigroup S has the (m,n) in-

tersection property if Q is the intersection of an m-left-I'-ideal and n-right-I'-ideal of S.

Theorem 3.7. Every (m,n)-quasi-I'-ideal Q of an ordered LA-I"-semigroup S with left identity

is the intersection of some m-left-I-ideal of S and some n-right-I'-ideal of S.

Proof. Let Q be an (m,n)-quasi-I'-ideal of S. Let L = (QUS™I'Q] and R = (Q U QI'S"]. Now,

we show that L is an LA-I'-subsemigroup of S.
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Consider
ITL = (QUS"TQII(QUS"TQ
C ((QUS"TO)T(QUS"TQ)]
= (QrouEr(s"rQ)u(s"ro)rou(s"ro)r(s"ro)]
= (Qrous"Ir(Qro)u(Qro)rs”u(s"Is")r(Qro)]
= (Qrous"Ir(Qro)u(Qro)r(s"rs”)us"r(Qro)]
= (Qrous"r(Qro)u (s"rs")r(Ero)us "I(ro)]
= (Qrous"I(Qro)us"r(Qro)us"r(Qro)|

N

(QUS"TQUS"TQUS"TQ] = (QUS™TQ| =L.

So LI'L C L. Thus L is an LA-I'-subsemigroup of S.

Consider

S"TL = S"T(QUS"TQ]

N

($"0(QUS™TQ]

N

(S"T(QUS™TQ)]

= (S"TQUS™(S"T'Q)]

= (S"CQU (S"TS™)T(S"T'Q)]
= (S"TQU(QI'S™)[(S"TS™)]
= (§"TQU(QIrS™)I'S™

= (S"TQU(S"TS™IQ]

= ($"T'Q]

N

(QUS™TQ] = L.

So S"T'L C L. Next, let x € L= (QUS™'Q] and y € S such that y < x. Since x € (QUS"T'Q],
then x < a for some a € QU S™I"'Q. We have y < x < a for some a € QU S"T"Q. Therefore

y € (QUS™'Q]. Hence L is an m-left-I'-ideal of S. In the same way, we can prove that R is an
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n-right-T'-ideal of S. Next, we show that Q = LNR. Since Q C QU (S"T'Q] = (Q]U (S"T'Q] =
(QUS™Q] and Q C QU (QT'S"] = (Q]U (QI'S"] = (Q U QI'S"]. Therefore, we obtain that
0 C (QUS™QIN(QUQETLS"]. Hence, Q C LNR. Next, consider

(QUSTTOIN(QUETS"] = ((QIU(S"TQ])N((Qlu(QT's"])
= ((@In((Qlu(ars™))u((s"reIn((Qlu(Qrs™))
= (((eIn(@hu((@ln(ers)) u(((s"TeIn(eQ)u
((s"Teln(Qrs™))
= (@]=0.

Therefore Q = LN R. This shows that Q is the intersection of some m-left-I"-ideal of S and some

n-right-I'-ideal of S. 0

Finally, we investigate about (m, n)-quasi-I'-ideal in regular ordered LA-I"-semigroups.

Definition 3.4. [7] An ordered LA-I-semigroup S is called regular if a € ((al'S)I'a] for every
acs,or

(i) for every a € S there exist x € S and 3,y € I such that a < (affx)va,

(if) A C ((ATS)TA] for every A C S.

Lemma 3.8. Let S be an ordered LA-I'-semigroup with left identity. If S is regular and & #
A C S where A is an I'-idempotent, then the following statements are true:

(i)AC (S"TA] forallme Z™.

(il) A C (AT'S"| foralln € Z7.

Proof. (i) Let P(m) be the statement A C (S™T'A] for all m € Z* and let x € A. Since S is
regular, then there exists y € S and o, 8 € I" such that x < (xory)Bx. We have (xoy)Bx € STA.
Thus x € (STA]. Therefore, A C (STA]. Hence, we get P(1) holds. Let P(k) holds forallk € Z*.
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Then A C (S*T'A]. Consider

STA C SI[(S'TA]
= (S|r(s*rA]
C (ST(S'TA)]
= ((STS)I(S*TA)]
= ((ATS)[(STS)]  Proposition 2.2 (i)
= ((ATS)TS]
= ((STS*)rA] Left invertive law

= (S*FIral.

Now, we have that A C (STA] C (S**1T'A]. So A C (S¥*!T'A]. Therefore, P(k+ 1) holds. Hence
A C (S"TA] forallme Z+.
(if) Let P(n) be the statement A C (AT'S"] for all n € Z" and let x € A. Since S is regular, then

there exists y € S and «, 8 € I such that x < (xcty)Bx. Consider

x < (xay)Bx
€ (ALS)TA
— (ADS)T(ATA] T-idempotent
C ((ATS)(ATA)]
= ((ATA)I'(STA)] Proposition 2.2(i)
C ((ATA)LS)
C ((ATAJLS]

= (ATY].
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So x € (AT'S]. Thus A C (ATS]. Hence P(1) holds. Let P(k) hold for all k € Z*. Then A C
(AT'S¥]. Consider

Al'S

N

(ATSNTS
= (ATSNI(S]

C ((ATSHIS]

C ((STSHTA] Left invertive law
= ((STSHT(ArA]] I'-idempotent

= ((STSHr(ATA))]

= ((ATA)T(S'TS)] Proposition 2.3(i)

C ((ATAJT(STS)]
= (ADS*H.

Thus A C (AT'S] C (AT'S¥*1]. Therefore, P(k+ 1) holds. Hence A C (AT'S"] foralln € Z*. O

Theorem 3.9. Let S be an ordered LA-I'-semigroup with left identity and let @ # A C S. Then
A is an (m,n)-quasi-I'-ideal of S if and only if it is the intersection of an m-left-I"-ideal of S and

n-right-I'"-ideal of S.

Proof. (=) Let A be an (m,n)-quasi-I'-ideal of S. By Theorem 3.7, A is the intersection of an
m-left-I"-ideal of S and n-right-I"-ideal of S.
(<) Let A be an intersection of an m-left-I'-ideal of S and an n-right-I'-ideal of S. By Theo-

rem 3.6 , A is an (m,n)-quasi-I"-ideal of S. O
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