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Abstract: The objective of this paper is to obtain the bounds of the Hankel determinants |H2(3)| and |Hs(1)| for the
subclass of starlike functions with respect to conjugate points in an open unit disk. We also give some consequences
of our main results.
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1. INTRODUCTION

Let A denote the class of analytic functions f (Z) of the form

(1) f(z)=z+) az"
in the unit disk E:{Z:|Z|<1}. Let S be the class of functions f(z)eA and univalentin E.

The well-known subclass starlike of A is denoted by S°. Analytically, this class is defined by
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®) S*—{f(z)eA:Re{ZI,((ZZ))}>O, ZGE}.

Let P denote the class of analytic functions p(Z) of the form

3) p(z)=1+) p,z"

n=1

in E whose real parts are positive in E. If p(Z) € P, then a Schwarz function a)(z) exists

with (0)=0, |o(z)|<1, zeE such that[1]

For two functions F(z) and G(z) analytic in E, we say that the function F(z) is
subordinate to G(z) and we writeitas F(z)<G(z) if there exists a Schwarz function (z)
such that F(z)=G(w(z)). Further, if G(z) is univalent in E, then
F(z)<G(z)< F(0)=G(0) and F(E)=G(E) (see Miller and Mocanu [2, 3] for details).

Let SC*(a,ﬁ, A,B) denote the class of analytic functions f(Z) of the form (1) and

satisfying the condition

(4) e Zf,(Z)—§—isinoc i<ﬂ, zeE,
a(z) t, 1+Bz
f(z)+ f(z
where g(z):%(), t ,=cosa—-6, 0<65<], |a|<% and -1<B<A<L

Functions in the class S~ (05, o, A B) are called tilted starlike functions with respect to conjugate

points of order ¢, introduced and studied by Wahid et al. [4].
In particular,
a) SC*(O,O,l,—l)ESC*, the class of starlike functions with respect to conjugate points

introduced by El-Ashwah and Thomas [5].
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b) S¢ (O, 0,1, —1) =S (5 ), the class introduced by Halim [6].
c) S¢ (0, 0,A B) = SC*(A, B), the class introduced by Dahhar and Janteng [7].
Obviously, SC*(O) =S. and S (1-1)= S .
For given natural numbers n, q and a =1, the Hankel determinant Hq (n) of a function

f (Z) € A is defined by means of the following determinant [8,9]

an an+1 an+q—1
a‘n+1 an+2 e an+q
H, (n) =l s :
an+q—l an+q e an+2q—2

For some specific values of n and ¢, it is observed that H, (1) =a,—a,” and
H, (2) =a,a, —a, are the Fekete-Szegd functional and second Hankel determinant respectively.
Fekete and Szegd [10] then further generalized the estimate a, — ,uazz where g is real and
f (Z) € S. The sharp bound on H, (2) was investigated by Janteng et al. [11] for the class S~
and they proved that ‘H ) (2)‘ <1. The estimation of H, (1) is much more difficult than H, (2)

and in 2009, Babalola [12] proved that ‘HS(l)‘ <16 for the class S™. Zaprawa [13] and Kwon

et al. [14] improved the result of Babalola [12] by proving that ‘Hs(l)‘ <1 and \Hs(l)\s

© | oo

respectively for the class S°. However, they claimed that the bound is still not sharp.

The finding of the upper bounds of H, (n) over different subclasses of S is still an open
problem and a subject of interest. In fact, the bounds of ‘H 2 (2)‘ and ‘H 3 (1)‘ for the whole class
S are still unknown and the estimation of ‘H3 (1)‘ is more difficult. In addition, there are very

few papers on investigating the bounds of ‘Hz (3)‘ and ‘H3 (1)‘ for functions belonging to the
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class of starlike functions with respect to conjugate points. For more works on H, (2), H, (3),
and H3(1) especially on the subclasses of S related to other points, i.e., Ssymmetric points,

conjugate points and symmetric conjugate points, see the references [15-27].

In this paper, we consider the Hankel determinant in the case of n=3, =2 and n=1,

g =3 given by
& a,
H,(3)=
(5) (%) a, &
=33 -a,’
and
8 a g
H,(1)=la, a, a,
©) a, a,

=a,(a,-a,")+a,(a,3, -2, ) +a,(a,3,-3,)
respectively for functions in the class S¢~ (a, o, A, B) which is defined in (4).

The following lemmas will be required to derive our main results.

2. PRELIMINARIES

Lemma 2.1. /28] For a function p(Z) € P ofthe form (3), the sharp inequality |pn| <2 holds
for each N=1. Equality holds for the function p(Z) =—,

Lemma 2.2. [29] Let p(z)€P of the form (3) and peC. Then

| = 2P Py | < 2max {12 -1}, 1<k <n-1.

1
If |2y—1|21, then the inequality is sharp for the function p(Z) = 1+ : or its rotations. If

1+2"
1-2"

|2 Y7 —1| <1, then the inequality is sharp for the function p( Z) = or its rotations.
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3. MAIN RESULTS

Theorem 3.1. If the function f (Z) given by (1) belongs to the class SC*(a, o,A B), then

2

H,(3)|< 9;16 {1024+ 4|288Y —144¢ — 288|+8[72&° + (~24Y +192) & — 64T - 224Y|

+32‘(—24Y +2) & +(88Y% +42Y +6)&° +(—96Y° +58Y° +68Y) &
+(327* +38Y° -162Y%)& - 367" + 80Y3‘
+8|(~192Y — 64)£” + (1281 + 288Y ~144) £ ~160Y” + 144Y‘}
where E=Te™, T=(A-B)t,, t,;=c0sa—-5 and Y=1+B.
Proof. If f (Z) € SC*(a,é‘ A, B) of the form (1), then according to subordination relationship,

there exists a Schwarz function a)(Z) such that

(7) e al (Z)—5—isina i:lJrAa)(Z),
a(z) t, 1+Bow(z)
f(z)+T§)
where g(z):# and t,; =C0Sa—9.

Define a function

We have h(Z) eP and

(8) o(2)= n
Using (8), from (7), we have

W 2(2) [#0-B)-T]eh(z)[e(1+8)+T]

) 9(2) 1B +h(z)(1+B)
where T = (A— B)th.

Using the series representation for f (Z) and h(Z) in (9), we get
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e (1- B)(z +2a,7> +3a,2° + 4a,z* + 5a,2° + 6a,z° +)

+e“(1+ B)(z +2a,2° +3a,2° + 4a,2* +5a,2° + 63,2° +---)(1+ kz+Kk,2% +k,2° +k,z2* +k.2° +)
= [e‘“ (1- B)—T](z +a,2’ +a,2° +a,2" +a.2° +a,2° +)

+[e‘“ (1+B) +T](z +a,2° +a,2° +a,2" +a,2° +a,2° +---)(1+ kz+Kk,z% + k2% +k,z* + k. 2° +)
(10)

4

Equating the coefficients of like powers of 2%, 7%, z* and 7° respectively in the expansion

of (10) and for simplicity, we denote £=Te™ and Y=1+B give us

(1) =52,

(12) a, = %[2@5 +kE —kYE],

(13) a, = 4i8[8k3§ + 6k K, &7 —BKK, Y&+ K °E° — 3K Y E + 2k Y% |

and

e 5 3;4 [ 48K,& +32K k& — 48Kk, YE +12K, %87 - 24K, 2T £ + K *E* — Bk, TE° +11K,"Y?E7 - 6,1

+12k’k,&° - 44Kk, Y E + 36k, °k, Y7 |
In view of (5) and (12)-(14), we have

H,(3)= {288k k, + ki k,k; (192 — 288Y) + k,* (72& —144Y)
+k14k2 (4253 —204Y &% +306Y°E —144Y° ) + k °k,” (108&% —372Y & + 28817
+k K, (144€ —144Y) + k, %k, (967 — 2407 £ +144Y7 )
+Kk° (38 =210 &% + BIY?E? —BIY°E +18Y*) + k,’k,? (—144&7 + 384 &£ — 25617 )
+k,° [(12Y —4)& + (—44Y? +12Y) £+ (-8Y? + 48Y°) &7 — 16Y4§]
~256K,” + kk;k; (5121 —384&) + kK, | (96T —64) &% + (—64Y" +96Y) & — 647 |

+k, 'k, [(—24)( —48)&° +(~144Y2 +136Y) &2 + (~144Y% + 64Y°) & + 64Y3]}

_¢&
- m{kl6 [(121( —1) & +(—4472 - 97 )& +(48Y° + 43Y2) &% + (-167¢ —51Y°) & + 18Y“]
+288K,k, + k%K, (144& —1447) — 256K,? + kKK, (224 —192&)
+k,* (72£ —144Y) + kK, (—36&% +12Y & +32Y7)
(15) kK[ (961 +32) & + (6417 ~144T) £ +80Y” |

+k, 'k, [(—24Y —6)&° +(-144Y2 - 68Y) &% +(64Y° +16217) & — 80Y3]}.
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Further, by suitably arranging the terms and taking modulus on both sides of (15) gives us

& 144Y — 72
ot 57
2 _ 2
+kik, (224Y —192&)| k, — kK, 36£2 —12Y & —32Y
224Y —192&

—96Y —32)&2 +(64Y2 +144Y )& —80Y?
+k 2 (—144Y +1448)| k, — kK, ( )&+ - )¢
—144Y +144¢

k! ((—247 - 6) £ +(—144Y2 - 68Y) &% + (641° +162Y%) £ —80Y° ) K,

2 (—12Y +1)&* + (4477 +97) &% + (—48Y° —43Y% ) £2 + (16X + 51r° ) &£ — 187"
o (—24Y - 6)&° + (14477 —68Y) &% +(64Y° +162Y7 )& —80Y°

_
9216
+k,* ((—24Y —6)&% +(—144Y7 —68Y )&% +(64Y° +162Y7 )& — 8OY3)[k2 — 1k ]

[-256k,” + 288k, [ k, —17'K, | + kik, (2247 ~192&)[ ks — A kK, |

+k? (—144Y +1448)[ k, - v*klks]

(16)
where
. 144y -T72¢
7T 88
3687 ~12vs 32y
224Y -192¢&
. (-967-32)&% +(64Y% +144Y ) £ —80Y”
" 1447 11447
and

(—12Y +1)&" + (4472 +9Y) & + (-48Y° - 43Y% )&% + (167" +51Y° ) £ —18Y"*
(—247 —6)&° +(-144Y7 - 68Y ) £ +(64Y° +162Y )& —80Y° '

/’l:

Hence, by the triangle inequality, from (16), we get

2
H,(3)|< %{256@2 +288JK, ||k, — 77Kk, + [k, [k, 224 ~192¢] [k, — 2Kk, |
k| (247 ~6) & + (~14477 - 68Y) £ + (64Y° +16217 )£ ~80Y° [k, — 21'k/|

+lf [F144r + 1488k, — vk}

(17)
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Now, applying Lemmas 2.1 and 2.2, we see that

(18) 256|k,|* <1024,
(19) 288k, ||k, —17°k,%| < 4[288Y —144¢ — 288,
(20) Jky[[k|[224 7 —192¢] |k, — 27k k, | < 8[72&7 + (—24Y +192) & — 64X — 2247,

k" |(-247 - 6)&° + (14477 - 68Y) & + (64Y° +1621° )¢ ~80Y° |k, - 'k/|
< 32‘(-24)( +2)&* +(88Y% +42Y +6)&° + (967 +58Y° +68Y) &’
+(320* +38Y° 1622 )& - 367" + 8OY3‘
(21
and
i [-144 +144Z K, - vk | <8|(-192) — 64) £ + (12817 + 288Y ~144) ¢ ~160Y” +144Y]
(22)
Hence, (17) yields

2
H,(3)|< ﬁ{mm +4[288Y — 144 — 288)+ 8[72&7 + (—24Y +192) & — 647 — 2247

+32‘(—24Y +2)&* +(88Y% +42Y +6)&° +(-96Y° +58Y° +68Y) &
+(327* +38Y° -162Y%)& - 367" + 80Y3‘

+8|(—192Y ~ 64)&” + (1281 + 288Y —144) £ ~160Y” + 144Y‘}.

This completes the proof of Theorem 3.1.

Theorem 3.2. If the function f (Z) given by (1) belongs to the class SC*(a, o, A B), then

T2
H, (1)< %{4|288Y +288¢ — 288+ 4[448Y + 384¢ — 256

+8[72&° + (24X +72) & — 64Y + 1447+ 64|-£* -3V &> — Y?E% +3Y°%¢ + 21|

+16‘—12§3 +(~8Y=32)&% + (3617 - 48Y) & +32Y° ~16Y \}

where £=Te™, T=(A-B)t,, t,=c0sa—35 and Y=1+B.

(1

Proof. Making use of (11)-(14) and (6) give us
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2
H,(1) = 9516 [288Ik, + kfoks (1922 —288Y) + k,* (72& ~144T) + k/’k,” (36&° - 228Y& + 2887°)

kK, (—144E 1447 ) + K 'Ky (~9BE° + 48Y & +144Y% )+ kk,)* (~T2£° + 24Y &)

+k,k, (—30£° +60YE? +90Y°E —144Y° ) + k* (-3£* +15Y&° ~15Y°E” —15Y°¢ +18Y")
kK, (—128° = 247 E% + 3678 ) + K ’ky (9657 —96YE ) +192K K ky& —144K,°E — 256k,
+k)* (—BE" +BYE° +BYER —BY°E) + Kk k, (5121 —192¢) + kK, (32&7 + 967 & —128Y7 )
kK, (1920& — 25617 ) + k 'k, (48£° —32Y &7 —144Y2¢ +128Y°)

+h? (8¢ — 24YE +8Y7E + 2477 ~ 167" )}

2

+k,? (—144Y - 725) +k7k,? (—36£7 —127¢ +32Y7) + kK, (3287 + 48Y & +1617 )
kK, (BE° +4Y &2 —18Y2E —160° )+k,* (—&* —3YE° - Y?&7 +3Y°¢ + 21 )}

(23)

Further, by suitably arranging the terms and taking modulus on both sides of (23), we obtain

2
M. (0)= 9516 {288& {kz K’ (%H — 256K, {kg Kk, (%H
2 . 2
+k,’ (—144Y _ 725) k, — k2 3657 +12Y¢& -32Y
—144Y - 72¢&

3 2 2 3

3257 4 48YE +16Y°
kP (& -3YE Y2 3% + 20 )}‘

2
9516 (288K, [k, — pak® | - 256k, [k, —r7kk, ]+ k,* (~1447 = 728) [ K, = Ak ]

+k* (3287 +48YE +1677 [k, — vk, ]+ K (—&* —3YE° - Y& +3Y°¢ + 2Y4)}‘

(24)
where
144y +144¢
288
_224Y +192¢

256
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. 36&% +12Y¢ - 32
—144Y —72¢

and

. —6&E° —4YE? +18Y%E +16Y°
3252 +48YE +16Y2

Hence, by the triangle inequality, from (24), we get
2

H, (1)< 9‘;6 {288|k4”k2 — pk?|+ 256Ky [k, — 7k, | + [k, [ |-144Y — 72¢&| |k, — 2k?|

+|k1|6‘—§4 —3YER YR 43X + 2Y4‘ + |k1|3 ‘3252 +48Y¢ +16Y2Hk3 - Vklk2|}-

1(\?2\1 applying Lemmas 2.1 and 2.2 in (25), we see that

(26) 288k, [k, — ;| < 4|288Y + 288¢ - 288,

27) 256k, |k, — 17k,K, | < 4|48 + 384 — 256,

(28) k' [-144Y - 72¢| |k, — 2k?| < 8[72£7 + (24T +72) & - 64Y° +144Y],
(29) K [[-&* =3 & — Y& + 317 + 20! < 64]-£* —3YE° - Y?£ +3Y°F + 21|
and

(30) |k1|3 ‘3252 +48Y¢ +16Y2Hk3 - vklk2| < 16‘—1253 +(-8Y - 32)§2 + (36Y2 - 48Y)§ +32Y° —16Y2‘.
Thus, using (26)-(30), we obtain

TZ
H, (1)< 1 {4]288Y + 288& — 288| + 4448 + 384& — 256

+8[72£° + (24Y +72) & - 64Y* +144Y ]+ 64|-£* —3YE> - Y?&% 4 37 + 27|
+16]-126° +(-8Y -32) £ + (362 - 48Y )£ + 321° —16Y2‘}.

This completes the proof of Theorem 3.2.

Setting =0, 6=0, A=1 and B=-1 in Theorems 3.1 and 3.2, we get the bounds of the

Hankel determinants for the class introduced by El-Ashwah and Thomas [5] as in Corollary 3.1.

Corollary 3.1. Let f(z)eS.". Then
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and

CNEERSS

Setting @ =0, A=1 and B=-1 in Theorems 3.1 and 3.2, we get the bounds of the Hankel

determinants for the class introduced by Halim [6] as in Corollary 3.2.

Corollary 3.2. Let f(z)eS. (5). Then

2
H,(3)|< (15_7? {256 +|-288(1- &) - 288|+ 2[288(1- 5)" + 384(1- &)

+8[32(1-5)" +48(1-5)’| +2|-256(1- 5)" — 288(1- 5)‘}
and

3 (1-65Y
(o)< 422

+16|-16(1- )’

576(1— 5) — 28|+ |[768(1— &) — 256/ + 2[288(1— &) +144(1- &
(1-9) (1-9) (1-0) +144(1-9)

2}.

Setting =0 and 0 =0 in Theorems 3.1 and 3.2, we get the bounds of the Hankel determinants

+4-96(1- )" ~128(1- )

for the class introduced by Dahhar and Janteng [7] as in Corollary 3.3.
Corollary 3.3. Let f (Z) € SC*(A, B). Then

H,(3)[< (A-BY {256 +[288Y —144( A B) - 288
? 2304
+2[12( A= B)" +(~24 +192)( A- B) - 6417 ~ 224,
+8‘(—24Y +2)(A-B)" +(88Y* +42Y +6)(A-B)’+(-967°+58Y" + 68Y)(A— B)’
+(327" +38Y° ~16217)( A~ B) - 361" +80Y”|
+2|(~192 - 64)(A—B)" + (12817 + 2881 ~144)( A B) ~160Y +l44Y‘}
and

2
Hy (1)< (Azgoi) {[288 +288( A~ B) — 288| + 4481 + 384( A— B) - 256

+2[72(A-B)’ + (24T +72)( A— B) - 64Y? +144Y‘

+16‘—(A— B)' -3Y(A-B)’ - Y?(A-B) +3r*(A-B)+2r*

+41-12(A-B)’ +(-8Y -32)(A—B)" +(36Y” - 48Y)(A- B)+32Y° 161"

!
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4. CONCLUSION

Motivated significantly by a number of recent works, we have obtained the bounds of ‘Hz (3)‘

and ‘H3 (1)‘ for S¢ (Ol 0, A, B). We also gave some consequences of our main results which are

stated in the corollaries.
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