Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 4, 4129-4138
https://doi.org/10.28919/jmcs/5745

ISSN: 1927-5307

ON THE GENERALIZED k-FIBONACCI AND k-LUCAS NUMBERS

MARINEE MAYUSOH!, NORHAYATEE CHEBERAHENG', RONNASON CHINRAM?,
PATTARAWAN PETCHKAEW

'Mathematics Program, Faculty of Science and Technology, Songkhla Rajabhat University, Songkhla 90000.

Thailand

2 Algebra and Applications Research Unit, Division of Computational Science, Faculty of Science, Prince of

Songkla University, Hat Yai, Songkhla 90110, Thailand

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we give some new identities for a family of Fibonacci and Lucas numbers. We investigate
the relationships among Fibonacci, Lucas, generalized k-Fibonacci, and generalized k-Lucas numbers and we also
prove some properties of those numbers.
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1. INTRODUCTION

Fibonacci sequences are one of the most well-known sequences in mathematics which is
applied in other fields such as computer science, physics, biology, and statistics. The application
of Fibonacci sequences in group theories was studied by C. M. Campbell, P. P. Campbell, and O.
Deveci, see in ([2], [3], [4]). Fibonacci and Lucas numbers have many applications to various
fields of mathematics and science, see in [8]. Because the structure of the Lucas sequence
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is similar to that of the Fibonacci sequences, so it can be seen that there are several studies
looking at both of them in the same manners. The generalized Fibonacci and Lucas sequences
were investigated by many researchers, see in ([1], [5], [6], [7], [9], [12], [13], [14]). One of
the interesting research of generalized Fibonacci and Lucas numbers is generalized k-Fibonacci
and generalized k-Lucas numbers which can be seen in [10], [11], and [15].

In this paper, we give some new identities of generalized k-Fibonacci and generalized k-Lucas
numbers. We investigate the relationships among Fibonacci, Lucas, generalized k-Fibonacci,

and generalized k-Lucas numbers, especially in the case of k = 3.

2. PRELIMINARIES
It is well known that the Fibonacci number F;, is a term of the sequence 1,1,2,3,5,8,13,....
The Fibonacci number F;, satisfies the second order linear recurrence relation
F,=F, 1+F,_>,, n=2734,..

with the initial values Fp = 1, F; = 1. It is well known that the Fibonacci numbers are defined

by Binet’s formula

n+1_ pn+l
Fp= S = de(am ! =), n=0,1,2,..
where o and 3 are the root of the quadratic equation x> —x—1 =0, so o = 1+T‘6 and B = 1%6

The Lucas number L, satisfies the second order linear recurrence relation
L,=L, 1+L, », n=2734,..
with the initial values Ly = 2, L; = 1. Then the Lucas number L, is a term of the sequence
2,1,3,4,7,11,18,.... The Binet’s formula for the Lucas numbers is

Ly=a"+pB", n=0,1,2,..
145

where o0 = == and § = %5 The Fibonacci numbers and the Lucas numbers are related by

L,=F,+F,_,= 1;%::11

In 2010, Mikkawy and Sogabe [16] gave the definition of generalized k-Fibonacci numbers

as follows.

Definition 2.1. [16] Let n and k(5 0) be natural numbers, then there exist unique numbers m

and n such that n = mk +r(0 < r < k). The generalized k-Fibonacci number Fn(k) is defined by
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(k) _ 1
b = r

where o = (1 ++/5)/2 and B = (1 —+/5)/2.

(am+2 _ Bm+2>r(am+1 _ Bm+1)k7r7 n=mk+r

The generalized k-Fibonacci and Fibonacci numbers are related by

FY = () (Epit) 0= mk +r.
(1)

From Definition 2.1, we have that the generalized 1-Fibonacci number F;

Fibonacci number F;, because the sequence {Fn(l)} ={1,1,2,3,5,8,13,21,34,55,...}. The first

is just the ordinary

few numbers of the generalized k-Fibonacci numbers for k = 2,3 are as follows:
{F pat 0_{1 ,1,2,4,6,9,15,25,40,64}
{F n o=1{1,1,1,1,2,4,8,12,18,27,45}.
In 2017, Ozkan, Altun, and Gécer [10] introduced the definition of the generalized k-Lucas

numbers as follows.

Definition 2.2. [10] Let n and k(## 0) be natural numbers, then there exist unique numbers m
and n such that n = mk +r (0 < r < k). The generalized k-Lucas number LY is defined by

k)

L = (ot 4 Bty (am 4+ BmMET = mk 4 r

where & = (1++/5)/2 and B = (1 —+/5)/2.

From Definition 2.2, the generalized k-Lucas and Lucas numbers are related by
k _
LY = (L) (L)', n=mk+r.
In the same manner as a case of the generalized k-Fibonacci numbers, the gener-

(1)

alized 1-Lucas number L,  is just the ordinary Lucas number L, because {Lﬁ,l)} =
{2,1,3,4,7,11,18,29,47,76,...}. The first few numbers of generalized k-Lucas numbers L,gk)

for k = 2,3 are as follows:

(LY} = {4,2,1,3,9,12,16,28,49,77,121}
(LD} = {8,4,2,1,3,9,27,36,48,64,112}.
3. MAIN RESULTS

In this section, we investigate the relationships among Fibonacci, Lucas, generalized k-

Fibonacci, and generalized k-Lucas numbers, especially in the case of k = 3.
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We start with the relations on the generalized k-Fibonacci numbers

Theorem 3.1. Let n be a positive integer. The generalized 3-Fibonacci numbers satisfy

g0

3 3
FO _ @

3n. = " 3n+1
Proof. We have P = (Fn)* " (Fpuy1)" for n = mk+r(0 < r < k). Consider

R = ()

= (Fn)z(Fn—f—l —F,_1)

- (Fn)an+1 - anl(Fn)z

3 3
F3(n)+1 _F3(n)71'

Theorem 3.2. Let n be a positive integer. The generalized 3-Fibonacci numbers satisfy
k) _ 03 (3) (3) (3)
Fyhs =100 T 15,0 205, + 15,75

Proof. Since X = (Fn)* " (Fpug1)" for n = mk +r(0 < r < k). We obtain F3(3J)r3 — F3(3)_3 =

3 3 .. . 3 3
F3((n)+1) — F3((n)71) = (Fn+1)3 — (Fn,1)3. This implies that F3(n3r3 = (Fn+1)3 — (Fn,1)3 + F3(n)_3.
Consider

F3(3)+3 = (Fun1)’ = (Fao1) + Fy)
= (Furt = Fumt)(Bus1)> + Fpg 1 Byt + (Fy1)?) +F3(j),3

3
= Fn((Fn—H)Z +F b+ (Fn—l)z) +F3(n)—3

3
= Fn(Fn-l-l)z +FoFy—1Fp1 + (Fn—l)zF” +F3(n)—3

3 3 ’
= Ig;lz‘%f%[%fl(Fh*_Fh*I)%_F§Ol4)+1_F}§;13

3 2 2 3 3
= F 4 Fat (B + (B ) Fa A FY)  + Y

(3) (3) (3) (3) (3)
I A WS e o S I A W R o W

_ g0

(3) (3) (3)
a2 T Fm1 255, +Fs, 5.
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Theorem 3.3. Let n be a positive integer. The generalized 3-Fibonacci numbers satisfy

F3(:)+3 = F3(3) + 3F3(3)71 + 3F3(3)72 + F3(313-

Proof. Since FY) = (F)¥ " (Fus1)” for n = mk+r(0 < r < k), we obtain

F3(3)+3 = (Fn+1)3

— (Fn+Fn71)3

= (B +3F, 1 (F)*+3(F 1) Fu+ (Fy)?

_ (3) (3) (3) (3)
= B, +3F,+3F, ,+F, ;.

O
In the next results, we are focused on the generalized 3-Lucas numbers.
Theorem 3.4. Let n be a positive integer. The generalized 3-Lucas numbers satisfy
(3)_ ;0 3)
L3n - L3n+l - LSn—l'
Proof. We have LY = (L) " (Lysr)" for n = mk+r(0 < r < k). Then
3
Lgn) = (Ln)3
= (Ln)Z(LnH —Ln—l)
= (Ln)*Lns1 — Ln-1(Ln)?
(3) 3)
L3n+l - LSn—] :
O

Theorem 3.5. Let n be a positive integer. The generalized 3-Lucas numbers satisfy

3 _ ;03 3) (3) 3)
Lyyp3 = Lyyyo + L3, +2L3 5+ L5, 5
Proof. Since LY = (L) ™" (Lms1)" for n = mk+ r(0 < r < k), we have Lgfl)H — Lgi)_3 =

B0

Sonen) — Lsinop) = (Luy1)* = (Lo1)’. Therefore, L), 3 = (Lyy1)* = (Lo 1)’ +L5) 5.

3n+3 —
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Consider

3 3
Lgn)—&-3 = (Ln+1)3 - (L”_1)3 +Lgn)—3

= (Lut1 —Lo-) (Lnt1)* + Lt L1 + (La1)?) L)
= Lo((Lnt1)* +Ly-1Lnt1 + (Lo-1)?) +LS’1)73

= (L) (Lns1)? + LnLy Lyt + (Lo 1)2(La) + LS

= Lgi)Jrz + LnLn—1(Ln + Ln—1) + Lg3(;)1—1)+1 + Lg?z)—3

= LY+ Lt (La)* + (Loo1) L+ L) 5 + L)

= Lgi)ﬂ + Lg?q)fl + Lgi)fz + Lgi)fz + Lg?q)ﬁ

_ 703 (3) (3) (3)
= Ly, ,+Ly +2L5 ,+ L3, 5.

O
Theorem 3.6. Let n be a positive integer. The generalized 3-Lucas numbers satisfy
Li)s =Ly +3L5) +305), + L5)
Proof. Since LY = (L) (Lyps1)" for n = mk +r(0 < r < k), we obtain
3 3
Ly = (Lu)
— (Ln + Ln— 1 )3
= (Ln>3 + 3Lnfl (Ln)z + 3(Lnfl)an + (Lnfl )3
(3) 3) (3) (3)
Ly, +3L3,  +3L3, 5+ L3 5.
O

Finally, we provide some relations among Fibonacci, Lucas, generalized 3-Fibonacci, and

generalized 3-Lucas numbers.

Theorem 3.7. Let n be a positive integer. Then

(Lt ) =27 —27F L) +9F(), — F)
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Proof. We have F.X) = (Fn)* " (Fpuy1)" for n = mk+r(0 < r < k). By the identity L, = F, +

F,_>, we obtain

(Lo+F) = (Fi+FatF)’
= (Fui+F—Fi+F)
= (BF,—F)’
= (3F,)’ —3(3F)*F1 +3(3F,) (Fy1)* — (Fp1)?
= 27(F)? = 27F, 1(F)?* +9(Fy1)*F, — (Fu1)?

3) (3 3)

_ 7B ( )
= 27F) —27FY) 4 or)  —FD)

3n

Theorem 3.8. Let n be a positive integer. Then

() _gG) _ g0
Ly —F) =Fy) 4+ 3F, oFL,.

Proof. Since Fn(k) = (Fm)k_r(FmH )" for n = mk+r(0 < r <k), by the identity L, = F, + F,_,

we obtain

D
= (Fi+F2)’—(F)
= (R +3(F) Fia + 3Fu(Fa2)? + (Fim2) = (F)?
= 3B 2(F)? +3(Fy2)?Fy+ (Fys)®
— 3F, oF(FutFoa) +FY

3
= F) 43F, oF,L,.

Theorem 3.9. Let n be a positive integer. Then

LSL) = 7F3(3) - 9F3(311 + 3F3(312 + F3(r?)—6'
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Proof. Since Fn(k) = (Fm)kfr(FmH)r for n = mk+r(0 < r < k), by the identity L, = F, + F,_»,

we have

Ly = (L)

— (Fy+Fp0)’

= (F)+3(F) Fia+3F,(Fy2) + (Fy2)’

= (F)’ +3(F)*(Fy— Fo1) +3F(Fy— Fo1)* + (Fu2)’

= FY43(F) —3(F)*Fat +3E((F)? = 2B Fuct + (Fao1)?) + By
= F43(F) = 3F, 1 (F)?+3(F)? — 6F, 1 (F)? +3(Fp 1) B+ FC)
= FY 4 6(F) — OF, 1 (F)? +3(Fact PFa + i)
RS N

= 7R —orl) 3R +E

Theorem 3.10. Let n be a positive integer. Then
Fu(Ln)? = 4F3(3) - 4F3(3)—1 + F3(;f)—2-

Proof. Since Fn(k) = (Fm)k "(Fpy1)" for n=mk+r(0 < r <k), by the identity L, = F, + F,_»,
we obtain
2 2
Fn(Ln) = Fn<Fn+Fn72)
= Fn[(Fn>2 + 2Fn—2Fn + (Fn—2)2]
_ 3 2 2
- (Fn) + 2Fn—2(Fn) + (Fn—Z) Fn
3
= FY 1 2Fy— Fao1)(F)* + (Fy— Fa1)F
3
= EY 4 2(F) = 2B ()2 + (F)} = 2F, 1(F)? + (Fu1)°Fo
= Fp 4+3(F)’ —4F,_1(F)?+ (Fi_1)*F,
(3)

= 4F) —4FD

3n—1
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Theorem 3.11. Let n be a positive integer. Then

3 3
Ln(Fn)2 = 2F3(n) _FS(n)—l'
Proof. By the identity L,, = F;, + F,,_». Consider

Li(F)? = (FutFoa)(F)?
= (F)’+Fia(F)
— (F) 4 (Fi—Fu1)(F)?
= 2(F)} = F1(F,)>

g

_ 3)
= 2F 3n—1

3n

4. CONCLUSION

In this paper, we have been proved some theorems concerning the generalized k-Fibonacci
numbers and generalized k-Lucas numbers, especially in the case k = 3, and given some rela-
tionships among generalized 3-Fibonacci numbers, relationships among generalized 3-Lucas
numbers, and relationships among the ordinary Fibonacci, ordinary Lucas, generalized 3-

Fibonacci and generalized 3-Lucas numbers.
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