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Abstract. In this work, we obtain common fixed point and fixed point theorems in cone b-metric spaces over
Banach algebra with generalized c-distance. The presented theorems extend and generalize several well-known
comparable results in literature to generalized c-distance in such space. We present an example to support our
extension and generalization theorems.
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1. INTRODUCTION

The problems of fixed point theorems, common fixed point theorems, coupled fixed point
theorems and common coupled fixed point theorems in cone metric spaces and cone b-metric
spaces became not attractive since some authors established the equivalence between some
fixed point results between cone metric spaces and metric spaces, also between cone b-metric
spaces and b-metric spaces. Further, they assert that all proofs are just repeated as the usual
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metric cases (see [10, 11, 12, 13, 14, 15]).

In 2013, Liu and Xu [1] introduced the concept of cone metric spaces over Banach algebras
replacing Banach spaces E by Banach algebras o7 as the underlying spaces of cone metric
spaces. They proved fixed point theorems of generalized Lipschitz mappings under the
condition of normality for cones. Liu and Xu have done a beginning and great work by
presented an example to explain and show that the fixed point theorems in cone metric spaces
over Banach algebras are not equivalent to those in metric spaces. After that, Xu and Radenovic¢
[2] reproved the results of Liu and Xu [1] without assumption of normality. By following
that, Huang and Radenovi€ [3, 4] initiated the notion of a cone b-metric space over Banach
algebra with constant s > 1 and proved some fixed point results and common fixed point
results of generalized Lipschitz mappings on cone b-metric spaces over Banach algebras.
They provided and build up some topological properties which will be needed to upgrade and
prove some results in literature to cone b-metric space over Banach algebras see for example
[3,4, 5,6, 7,8, 9]. Note that, in the setting of cone metric spaces over Banach algebras and
cone b-metric spaces over Banach algebras the contractive coefficient is vector instead of usual
real constant and the relevant multiplications is vector instead of scalar multiplications. Thus,

there is no equivalence between b-metric spaces and cone b-metric spaces with Banach algebras.

Recently, Huang et al. [16] introduced the concept of a c-distance in cone metric space
over Banach algebra with some properties needed. This distance be greatly generalizes the
notion of cone metric in cone metric space over Banach algebra. They extended and developed
the Banach contraction mapping principle on c-distance with five generalized Lipschitz
constants and prove some common fixed point theorems based on them. Furthermore, they
gave an example to claim the generalizations are indeed real generalizations based on the
non-equivalence for fixed point theorems between metric spaces and cone metric spaces over
Banach algebras. Next, Han and Xu [17] proved some fixed point and common fixed point
theorems on c-distance in cone metric spaces over Banach algebras. After that, Han et al. [18]

proved fixed point theorems for ¢-admissible mappings on c-distance in cone metric spaces
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over Banach algebras.

Recently in 2020, Firozjah et al. [20] initiated generalized c-distance on cone b-metric space
over Banach algebras and proved some fixed point results. As a result, there is still both interest
and need for research in the field of studying fixed point theorems and common fixed point the-

orem in the framework of generalized c-distance in cone b-metric spaces over Banach algebras .

In this paper, we prove some common fixed point and fixed point theorems on generalized c-
distance in cone b-metric space over Banach algebra. The results obtained extend and generalize

the main results in [20, 21, 22]

2. PRELIMINARIES

In this section, we recall some basic definitions and results about cone b-metric space over

Banach algebras.

Definition 2.1. A real Banach space .o/ is called a real Banach algebra if for all x,y,z € <7,

o € R, following properties holds:

(1) x(yz) = (xy)z,

(2) If x(y+2z) =xy+xzand (x+y)z =xz+yz,
(3) a(xy) = (ax)y = x(ay),

@) [lxy[| < [l {|y]]-

Let <7 be a real Banach algebra with a unit e, i.e., multiplicative identity e such that for all
x € @/, ex = xe. An element x € 7 is said to be invertible if there exists an element y € </ such

that xy = yx = e, y is called inverse of x and denoted by x~!.

Definition 2.2. A subset P of .&7 is called a cone if:

(1) P is nonempty set closed and P # {6},
(2) If a,b are nonnegative real numbers and x,y € P then ax+ by € P,

(3) x € Pand —x € P implies x = 6.
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where 6 denote to the zero element in .o7. For any cone P C <7, the partial ordering < with
respect to P is defined by x <y if and only if y —x € P. The notation of < stand for x <y but
x #y. Also, we used x < y to indicate that y — x € intP, where intP denotes the interior of P.
If intP # 6, then P is called a solid. A cone P is called normal if there exists a number K such

that for all x,y € o7:
2.1 0 <x=y= x| <Kyl
Equivalently, the cone P is normal if

2.2) (Vn) xp, <y, <z, and nh_r>n X, = r}grolozn = x imply ,}Lr?oy” =x.

oo

The least positive number K satisfying Condition 2.1 is called the normal constant of P.

Example 2.3. ([19]) Let &7 = C}[0, 1] with [|x|| = ||x[|e + ||/ || for all x € o7 Define multipli-
cation in .7 as just pointwise multiplication. Then .7 is a real unital Banach algebra with unit
[ﬂ

e=1.Let P={x € E :x(t) > 0}, this cone is nonnormal. Consider, for example, x,(t) = *- and

yn(t) = 1. Then 6 < x, < y,, and lim,, ey, = 6, but ||x,[| = max,cpo ] 12 +max.go 1 || =
% +1 > 1; hence x,, does not converge to zero. It follows by Condition 2.2 that P is a nonnormal

cone.

During this paper, 7 is a real Banach algebra with a unit e and the cone P is solid, that is,

intP # 0.

Definition 2.4. ([3, 4]) Let X be a nonempty set and ./ be a real Banach Algebra with the
constant s > 1. Suppose the mapping d : X x X — & satisfy the following conditions:

(1) 6 <d(x,y) forall x,y € X and d(x,y) = 0 if and only if x =y,

(2) d(x,y) =d(y,x) forall x,y € X,

(3) d(x,y) = s(d(x,y)+d(y,z)) for all x,y,z € X.
Then d is called a cone b-metric on X and (X,d) is called a cone b-metric space over Banach

algebra o7 .

Definition 2.5. ([3, 4]) Let (X,d) be a cone b-metric space over Banach algebra <7, {x,} be a

sequence in X and x € X.
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(1) For all ¢ € E with 6 < c, if there exists a positive integer N such that d(x,,x) < ¢ for
all n > N, then x,, is said to be convergent and x is the limit of {x, }. We denote this by
Xp — X.
(2) For all ¢ € E with 6 < c, if there exists a positive integer N such that d(x,,x,,) < ¢ for
all n,m > N, then {x,} is called a Cauchy sequence in X.
(3) A cone b-metric space (X,d) is called complete if every Cauchy sequence in X is con-

vergent.

Definition 2.6. ([3, 4]) Let o/ be a real Banach algebra with a solid cone P. A sequence
{un} C P is said to be a c-sequence if for each ¢ > 0 there exists a positive integer N such that

u, < cforalln>N.
The following lemma is helpful to prove our results.

Lemma 2.7. ([3, 4]) Let </ be a real Banach algebra with a unit ¢ and P a solid cone. The

following properties holds:

(1) the spectral radius p(u) of u € <7 is holds

p(u) = lim || u" ||5=inf || u" ||,
n—»oo

and if p(u) < 1 then e —u is invertible in <. Moreover, (e —u) ' =Y, u’ and p((e —
u))_] < #(u)’
(2) if u,v € o7 and u commutes with v, then p(u+v) < p(u)+p(v) and p(uv) < p(u)p(v),
(3) if u =< ku where u,k € P and p(k) < 1, then u = 6 and

(4) if p(u) < 1 then, {u"} is a c-sequence. Further, if B € P, then {Bu"} is a c-sequence.

Let f: X — X and g: X — X be two mappings and let x € X. Recall that, if w = gx = fx
then we called x is a coincidence point of mappings and w is a point of coincidence. If
x = gx = fx, then we called x is a common fixed point of f and g. The mappings f and g are

called weakly compatible if g fx = fgx whenever gx = fx.

Huang and Radenovi¢ [4] proved the following common fixed point and fixed point results

in cone b-metric spaces over Banach algebra for weakly compatible mappings.
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Theorem 2.8. Let (X,d) be a cone b-metric space over Banach algebra with the coefficient
s> 1and Pbe asolid cone on .o/ Letk; € P(i=1,...,5) be generalized Lipschitz constants with
25p (k1) + (s+ 1)p(ky + k3 + skq + sks) < 2. Supose that k; commutes with ky + k3 + skq + sks
and the mappings f : X — X and g: X — X satisfy that

d(fx, fy) = kid(gx,gy) +kod(gx, fx) +k3d(fy,gy) + kad(gx, fy) +ksd(fx,gy),

for all x,y € X. If the range of g contains the range of f and g(X) is a complete subspace of
X, then f and g have a unique point of coincidence in X. Moreover, if f and g are weakly

compatible, then f and g have a unique common fixed point.

Definition 2.9. [20] Let (X,d) be a cone b-metric space with the coefficient s > 1 over Banach
algebra o. A function ¢ : X x X — o/ is called a generalized c-distance on X if the following

conditions hold:

(ql) 6 < g(x,y) forall x,y € X,

(q2) q(x,2) = s(q(x,y) +4q(y,2)) forall x,y,z € X,

(q3) foreachx € X and n > 1, if ¢(x,y,) = u for some u = u, € P, then g(x,y) < su whenever
{yn} is a sequence in X converging to a point y € X,

(g4) for all ¢ € E with 6 < ¢, there exists e € E with 8 < e such that ¢(z,x) < e and

q(z,y) < eimply d(x,y) < c.

Example 2.10. Let X = [0,1] and &/ = CL [0,1] with |u|| = ||lul|., + ||’||.,u € o/. Define
multiplication in .7 as just pointwise multiplication. Then .7 is a real unital Banach algebra
with unite =1. Let P={u € o/ :u(¢t) >0on [0,1]}. It is well known that this cone is solid
but it is not normal (see Example 2.3). Define a cone b-metric d : X x X — o7 by d (x,y) (t) =
lx—y[*¢'. Then (X,d) is a complete cone b-metric space with the coefficient s = 2 over Banach
algebra .«7. Define a mapping g : X x X — o by q(x,y)(t) := y?>- €' for all x,y € X. Then ¢ is

a generalized c-distance on X (see [22]).

The following lemma is useful in our work.
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Lemma 2.11. [20] Let (X,d) be a cone b-metric space with the coefficient s > 1 relative to a
solid cone P and ¢ is a generalized c-distance on X. Let {x,} and {y,} be two sequences in X

and x,y,z € X. Suppose that u, is a c-sequence in P. Then the following hold:

(1) If g(x4,y) = up and q(x,,2) =< up, theny = z.
(2) If (x4, yn) =< u, and g(x,,z) < uy, then {y,} converges to z.

(3) If g(x4,xm) = uy, for m > n, then {x,} is a Cauchy sequence in X.

(
(
(%, Xm) <
(4) If g(y,x,) =< uy, then {x,} is a Cauchy sequence in X.

3. CoMMON FIXED POINT RESULTS

In this section, we prove some common fixed point results under the concept of generalized
c-distance in cone b-metric spaces over Banach algebra for two self-mappings satisfying the

contractive condition in the case of generalized Lipschitz constant p(h) € [0,1/s).

Theorem 3.1. Let (X,d) be a cone b-metric space over Banach algebra with the coefficient
s > 1 and ¢ is a generalized c-distance on X. Let f: X — X and g: X — X be two self

mappings such that the following contractive condition holds for all x,y € X:

q(fx, fy) = aiq(gx,gy) +axq(gx, fx) +a3q(gy, fy) +asq(gx, fy),

where aj,ay,a3,a4 € P are generalized Lipschitz constants such that (a3 + sa4) commutes with

(ay 4+ az +saq) and
(3.1 p(az+sas) + p(sa; + say —|—s2a4) <1.

If f(X) C g(X) and g(X) is a complete subspace of X, then f and g have a coincidence point
t in X. Further, if p = g = ft then g(p, p) = 6. Moreover, if f and g are weakly compatible,

then f and g have a unique common fixed point.

Proof. Let xp be an arbitrary point in X. Choose a point x; in X such that gx; = fxo. This can

be done because f(X) C g(X). Continuing this process we obtain a sequence {x,} in X such
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that gx,, .1 = fx,. Then we have
q(&xn, 2n+1) = q(fXn—1, fxn)
= a1q(gxn—1,8%n) + a2q(gXn—1, fXn-1) + a3q(gxn, fXn)
+ asq(gxn—1, fxn)
= a1q(gxn—1,2%n) +a2q(gxn—1, %) + a39(%n, Xn+1)
+as4q(gxn—1,2Xn+1)
= a1q(gxn—1,8xn) + a2q(gxn—1,8%n) + a3q(Lxn, Lrns1)

+sa4(q(gxn—1,8%) + q(gxn, EXn+1)).

Hence

(3.2) (e — (a3 +sa4))q(gxn, gxn+1) = (a1 + a2 + sa4)q(gxn—1,8%n).-

Since Condition (3.1) shows that p(asz + sas) < 1, then Lemma 2.7 (1) shows that
(e — (a3 + say)) is invertible. Furthermore, (e — (a3 + sas))™' = Y= (a3 + sas)’ and

p((e—(a3+sa2))) " < 5k

Multiple both sides of (3.2) by (e — (a3 +sa4)) ™!, we arrive at

(3.3) q(2xn, xn11) = (e — (a3 +saq)) " (a1 +az + sas)q(gxn_1, %)

Put
h=(e—(a3+sas)) " (ay +ar+sas).

Then we have

Q(gxm ganrl) j hQ(gxnfl ) gxn)

< K2 q(2xn 2, 2% 1)

(3.4) = h"q(gxo,gx1).
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Since (a3 + sas) commutes with (a; 4+ a» + sas), one can see that

(3.5) (e — (a3 +saz)) " Nay +as+sas) = (a1 +ay + sag)(e — (a3 +sag)) 1,

which means that (e — (a3 +say)) !

2.7(1) and (2), we obtain:

commutes with (a; + ap + sa4). Now, apply (3.1), Lemma

p(h) = p((e— (a3 +sas))~" (a1 +az + sas))

< p(e—(a3+sas)) ' pa +ay + say)

< 1
1 —p(as+say
1

(3.6) < -.
s

)p(al +ap +sa4)

Thus p(sh) < 1, which means that e — sk is invertible.

Let m,n € N such that m > n > 1. Then we have

q(@xn, @m) = 5q(2n, @¥n1) +5°G(8n4 1, nt2) + - 5" "G (@Hm—1, 2m)
= sh'q(gxo, gx1) +° " g(gxo, 1) + 5" g(gxo, g
< (sh" + W s g(gxo, 2x0)
= sh"(14sh+ (sh)* + ...+ (sh)™ " 1g(gxo, gx1)

<sh"(1 —sh)_lq(gxo,gxl).

Since p(h) <1 < 1 and ||#"|| — 6 (as n — ), Lemma 2.7 (4) shows that {4"} is a c-
sequence. Thus, Lemma 2.11 (3) shows that {x, } is a Cauchy sequence in g(X). Since g(X) is
complete, there exists r € X such that gx, — gt as n — . By q3 we have:

s2h"

1—sh

(3.7) q(gxn, gt) = q(gxo,gx1).

Note that, from (3.4)

(3.8) q(%n, 8xnt1) = q(fxn—1, fxn) =< hq(gxn_1,gxn).
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On the other hand, by applying (3.8) with x,;1 =, we have

q(gxn, 1) = q(fxn—1, f1)

= hq(gx,—1,8t)
21.n—1
s<h
<h
— 1—sh
s2h"

(3.9) =1 _Sh‘Z<ng>gxl)-

q(gxo,gx1)

Observe that, the right sides of (3.7) and (3.9) are c-sequences. Thus, Lemma 2.11 (1) shows
that gt = ft. Therefore, ¢ is a coincidence point of f and g and p is a point of coincidence of f
and g where p = gt = ft for some ¢ in X.

Suppose that p = gt = ft. Then we have

qa(p,p) = q(ft, f1)
= aiq(gr,gr) +axq(gt, f1) +asq(gt, f1) + asq(g, 1)
=a1q(p,p) +axq(p,p+azq(p,p) +asq(p,p)
= (a1 +ax+az+as)q(p,p)

=< (a3 +saq +say +say +s*as)q(p, p).

Since p (a3 +say +saj +say +s*aq) < p(az +say) + p(say +sar +s%a4) < 1, Lemma 2.7 (3)
shows that g(p, p) = 6.
Finally, suppose the point of coincidence is not unique. Thus, there exists z € X such that

u = fz = gz where is a point of coincidence. Then we have

q(p,u) = q(ft,fz)
= aiq(gt,g2) +axq(gr, f1) +azq(gz, f2) +asq(gt, f2)
= a1q(p,u) +axq(p, p) + azq(u,u) + asq(p,u)
= aiq(p,u) +asq(p,u)
= (a1 +a4)q(p,u)

=< (a3 +sas +say + sa> + s*as)q(p,u)
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Since p (a3 +say +saj +say +s*aq) < p(az +say) + p(say +sax + s>a4) < 1, Lemma 2.7 (3)
shows that g(p,u) = 6. Also, we have ¢(p, p) = 6. Thus, Lemma 2.11 (1) shows that p = u.
Therefore, p is the unique point of coincidence. Now, let p = gt = ft. Since f and g are weakly

compatible, we have
gp = ggt =gft = fgr = fp.

Hence, gp is a point of coincidence. The uniqueness of the point of coincidence implies that

gp = gt. Therefore, p = gp = fp. Hence, p is the unique common fixed point of f and g. [

Now, we present one example (in the cases of nonnormal cone) to support Theorem 3.1.
The conditions of Theorem 3.1 are achieved, but Theorem 2.8 of Huang and Radenovié ([4],

Theorem 2.9) is not applicable.

Example 3.2. Consider Example 2.10. Define the mappings f : X — X by fx = %2 and g:
X — X by gx = 3 for all x € X. Clear that f(X) C g(X) and g(X) is a complete subset of X.
We have

[\

2 2
d(fx.fy)0 =7 =7 ¢
2
=[G+ 3[
2
<[5

= kid(gx, gy)(?).

Note that, k; = 1 so, p(k;) = 1. Since 2sp(k;) = 4 £ 2 then, we can not apply Theorem 2.8 of
Huang and Radenovic ([4], Theorem 2.9) for this example on a cone b-metric space over Banach
algebra. To check this example on generalized c-distance, let a; = é—lt, a = % + %t = a3 = ay.

Clearly that p (a3 + say) + p (say + sas + s%as) = % < 1. Now, we have:
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-~
~
N—
(3]
m“ﬁ

q(fx, fy)t) =

I I
Bl s s, 3
(@) BN
NN .
- ('k -

—~

N <
N~—
[\
x
~

4 4

4
y X y y
a1(§)2-6t+a21—6 -e’+a3E-et—|—a41—6 e

= a1q(gx,gy)(t) +axq(gx, fx)(t) +azq(gy, fy)(t) + asq(gx, fy)(t).

IA

Also, f and g are weakly compatible at x = 0. Therefore, all conditions of Theorem 3.1 are
satisfied. Hence, f and g have a unique common fixed point x = 0 and f(0) = g(0) = 0 with
q(0,0) =0.

Corollary 3.3. Let (X,d) be a cone b-metric space over Banach algebra with the coefficient
s > 1 and ¢ is a generalized c-distance on X. Let f: X — X and g: X — X be two self

mappings such that the following contractive condition holds for all x,y € X:

q(fx, fy) = kq(gx,gy),

where k € P is a generalized Lipschitz constant and p(k) < 1. If f(X) C g(X) and g(X) is a
complete subspace of X, then f and g have a coincidence point ¢ in X. Further, if p = gt = ft
then ¢(p,p) = 6. Moreover, if f and g are weakly compatible, then f and g have a unique

common fixed point.
Proof. In Theorem 3.1, put k = ay,a; = az = a4 = 6. The proof is complete. 0

Corollary 3.4. Let (X,d) be a cone b-metric space over Banach algebra with the coefficient
s > 1 and ¢ is a generalized c-distance on X. Let f: X — X and g: X — X be two self

mappings such that the following contractive condition holds for all x,y € X:

q(fx, fy) = kq(gx, fx) +1q(gy, fy),
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where k,I € P are generalized Lipschitz constants such that / commutes with k and p(/) +
p(sk) < 1. If f(X) C g(X) and g(X) is a complete subspace of X, then f and g have a coinci-
dence point ¢ in X. Further, if p = gr = ft then g(p, p) = 6. Moreover, if f and g are weakly

compatible, then f and g have a unique common fixed point.

Proof. In Theorem 3.1, put k = ap,l = a3,a; = a4 = 0. The proof is complete. 0

Corollary 3.5. Let (X,d) be a cone b-metric space over Banach algebra with the coefficient
s > 1 and ¢ is a generalized c-distance on X. Let f: X — X and g: X — X be two self

mappings such that the following contractive condition holds for all x,y € X:

q(fx, fy) = kq(gx,gy) +1q(gx, fx) +rq(gy, fy),

where k,[,r € P are generalized Lipschitz constants such that r commutes with (k + 1) and
p(r)+p(sk+sl) < 1.If f(X) C g(X) and g(X) is a complete subspace of X, then f and g have
a coincidence point ¢ in X. Further, if p = g = ft then g(p, p) = 6. Moreover, if f and g are

weakly compatible, then f and g have a unique common fixed point.

Proof. In Theorem 3.1, put k = ay,l = a>,r = az,aq = 0. The proof is complete. 0

Next, we have another theorem with different contractive condition to prove the existence
and uniqueness of the common fixed point of two self mappings f: X — X andg: X — X

with out assumption the weakly compatible for f and g.

Theorem 3.6. Let (X,d) be a complete cone b-metric space over Banach algebra with the
coefficient s > 1 and ¢ is a generalized c-distance on X. Let f : X — X and g: X — X be two

self mappings such that the following conditions hold for all x,y € X:

(3.10) q(fx,gy) 2 aiq(x,y) +axq(x, fx) +azq(y,gy) +asq(x,gy) +asq(y, x)

and

(3.11) q(gy, fx) 2 aiq(y,x) + a2q(fx,x) + azq(gy,y) + asq(gy,x) + asq(fx,y),
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where ay,ay,a3,aq4 € P are generalized Lipschitz constants such that (a3 + sa4) commutes with

(a1 +ay + sas + 2sas) and

(3.12) p(a3—|—sa4)+p(sa1+sa2+s2a4+2s2a5) <1.

Then f and g have a common fixed point. In addition, if u = gu = fu then g(u,u) = 6. Further-

more, the common fixed point is unique.

Proof. Let xo be an arbitrary point in X. Set xo,,11 = fx2, and x2,,+2 = gx2,+1. Apply Condition

(3.10), then we have:

q(X2n11,%012) = q(fXon, X201 1)
= a1q(xan, Xon+1) +a@2q(xan, fxon) + a3q(x2n-+1, 2X2n+1)
+ asq(xan, 8Xont1) +asq(xon+1, fxon)
= a1q(xan, X2n11) +a2q(Xan, X2n11) + a3q (X241, X2n+2)
+ aaq(xon, Xon12) + asq(x2n41,X2n41)
= a19(x2n, X2n+1) + @2q(X2n, X2n+1) + a3q(X2n+1,X20+2)
+ sa4(q(x2n,%2n+1) +q(X2n41,X2042))
+sas(q(xont1,%n) +q(X2n, X2n41))
= (a1 +az +sag + sas)q(xon, X2n+1) + (a3 + 5a4)q(X2n-+1,X2n+2)

+ SaSg(XZn—H 7x2n)-

Hence

(3.13) (e — a)q(x2n11,%2n+2) = Bg(xon,X2n11) +sa5q(X2011,%24),
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where @ = a3 + saq and B = a; + ap + sas + 2sas. Again by applying Condition (3.11), then we
have
q(X2n+2,%2n+1) = q(&X2n+1, [X2n)
= a19(Xan+1,%2n) + a2q(fX2n,X20) + a3q(2¥2n+1,X2n+1)
+ asq(gxon11,X20) +asq(fxon, Xon11)
= a1q(xXan+1,X20) + a2q(X2n11,X20) +a3q(X2n42,X2n+1)
+ asq(x2n42,%0n) + asq(X2n41,X2n41)
= a1q(xant1,%2n) + @2q(Xan+1,X2n) + a3q(X2n+2,X2n+1)
+ saa(q(x2n+2,X2n+1) + q(X2n+1,%21))
+sas(q(xan+1,%2n) + q(X2n,X20+1))
= (a1 +ax +sas +sas)q(xon+1, %) + (a3 + sas)q(x2n42,%20+1)

+ sasq(xan, Xon+1)-

Hence

(3.14) (e —0)q(x2n42,X2n41) = BG(X2n+1,%20) + S5 (X200, X2041).

Add (3.13) to (3.14), we get

(3.15) (e — a)(q(x2n+2,X2n+1) + q(X2n+1,%2042)) = B(g(X2n+1,X20) + G (X201, X2041))-

Repeating the above processes respectively, we obtaining:

(3.16) (e — &) q(x2n42,%2m43) = Bg(x2n41,X2042) + sa5q(X2n+2,X2011),
and
(3.17) (e — a)q(xan+3,X2n+2) = Bq(x2n12,X2n41) + 5a5q(X2n+1,X20+2).

Add (3.16) to (3.17), we get

(3.18)  (e— a)(q(x2n43,%2m+2) + q(X2n42,%2043)) = B(g(xX2n+2,X2n+1) + q(X20+1,X2042))-
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Now, from (3.15) and (3.18), we can deduce that

(e - a)(‘](anrl 7xn) "‘Q(xn»an)) = B(‘](xnaxn—l) +Q(xn—1 7xn))'

Put,

(3.19) Unt1 = q(Xn+1,%n) +q(Xn, Xnt1),

then we have

(3.20) (e — o)upt1 =X Bup.
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Since Condition (3.12) shows that p(a) < 1, then Lemma 2.7 (1) shows that (e — @) is

invertible. Furthermore, (e —a) ™! =Y o and p((e — )~ < #W)'

On the other hand, multiple both sides of (3.20) by (e — &), we arrive at
Uns1) = (e— )" Buy,.
Put i = (e — a)~'B. Then
(3.21) 1 = hity < WPy < <,

where u; = g(x1,x0) + ¢(x0,x1). Note that, from (3.19) and (3.21) one can see that

(322) Q(xmxn+1) j Up+1 j hnula
and
(3.23) q(xn—i-l»xn) Uty X R'uy.

Since o commutes with 3, we can show that

(e—a) 'B=Ple—a)!,
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1

which means that (e — @)~ commutes with . Now using (3.12), Lemma 2.7(1) and (2), we

obtain:
p(h)=p((e—a)'p)
= p((e— (a3 +saq)) " (ar + ar + sas + 2sas))
< ple—(as+sas)) " p(ar +az +say+2sas)
1

< 2

<7 _p(a3 +Sa4)p(a1 +ay +sas + Sa5)
(3.24) < l

S

Thus p(sh) < 1, which means that e — sh is invertible.

Let m > n > 1 with. Then it follows that

40 m) < 5900 1) + (s 1 5052) + oSG 1)
< sh'uy + 2Ky + o+ TR
< (sh+s*h 4 TR Dy
= sh" (14 sh+ (sh)* + ...+ (sh)™ " Dy

=< sh"(1—sh)"tuy).

Since p(h) <1 < 1 and ||#"|| — 6 (as n — ), Lemma 2.7 (4) shows that {A"} is a c-
sequence. Thus, Lemma 2.11 (3) shows that {x,} is a Cauchy sequence in X. Since X is

complete, there exists u € X such that x,, — x as n — oo. By q3 we have:

sZh"
1—sh

(3.25) q(xp,x) =< uj.
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Note that, from (3.22) and (3.23) one can see that

q(fxn—1,8%n) = q(Xn, Xn11)
= huy
= h(q(Xn,Xn—1) + q(xXn—1,%n))
< (W Yy + 1 )

(3.26) =2h"u;.
Put x,, = u in (3.26), we get

q(xn, gu) = q(fxn—1,8u)

(3.27) < 2h'uy.

Observe that, the right sides of (3.25) and (3.27) are c-sequences. Thus, Lemma 2.11 (1) shows
that gu = u. By the same way we can see that fu = u. Therefore, gu = fu =u and u is a

common fixed point of f and g.

To show that g(u,u) = 6. Suppose that gu = fu = u and apply Condition (3.10), we have

q(u,u) = q(fu,gu)
= a1q(u,u) +axq(u, fu) + azq(u, gu) + asq(u, gu) + asq(u, fu)
= arq(u,u) +axq(u,u) +asq(u,u) + asq(u,u) +asq(u, u)
= (a1 +ax+as+as+as)q(u,u)

= (az + sag + sa; + say +s%ay + 232a4)q(u, u).

Since p (a3 + say + say + sas + s2ay +2s%as) < p(az +say) + p(say +sap +s*aq + 25%as) < 1,
Lemma 2.7 (3) shows that g(u,u) = 6.
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Finally, suppose there is another common fixed point w of f and g such that w = fw = gw

for some w in X. Using Condition (3.10), we have

a(w) = g(fu,2w)
= a1q(u,w) +axq(u, fu) +azg(w,gw) + asq(u, gw) + asq(w, fu)
= aiq(u,w)+axq(u,u) +azqg(w,w) + asq(u,w) + asq(w,u)
= arq(u,w) + asq(u,w) +asq(w,u)
(3.28) = (a; +aa)q(u,w) +asq(w,u).
Again by Condition (3.11), we have
q(w,u) = q(gw, fu)
< aiq(w,u) +arq(fw,w) +azq(gw,w) + aaq(gw,u) + asq(fu,w)
= arg(w,u) +axq(w,w) +azq(w,w) +asq(w,u) + asq(u,w)
= a1q(w,u) +asq(w,u) +asq(u,w)
(3.29) = (a1 +aq)g(w,u) +asq(u,w).

Adding (3.28) and (3.29), we get

(3.30) g(w,u) +q(u,w) = (a1 +as +as)(q(w,u) + q(u,w)).
Then
(3.31) (g(w,u) +q(u,w)) =< (sa; + saz +s2as + 2s2a5)(q(w, u) +q(u,w)).

Since p(saj + sas + s%ay + 2s*as) < 1, then g(w,u) + q(u,w) = 6. Hence, g(w,u) = 6 and
q(u,w) = 0. Also, g(u,u) = 0. Thus, Lemma 2.11 (1) shows that w = u. Therefore, u is the

unique common fixed point of f and g. 0

4. FI1XED POINT THEOREMS

Theorem 4.1. Let (X,d) be a complete cone b-metric space over Banach algebra with the

coefficient s > 1 and ¢ is a generalized c-distance on X. Let f : X — X be a self mapping such
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that the following contractive condition holds for all x,y € X:

q(fx, fy) 2 a1q(x,y) +axq(x, fx) + azq(y, fy) + asq(x, fy),

where ay,ay,a3,aq4 € P are generalized Lipschitz constants such that (a3 + sa4) commutes with
(a1 +as + say) and p (a3 + sas) + p(saj + sax +s?as) < 1. Then f has a fixed point ¢ € X and
for any r € X , iterative sequence { f"x} converges to the fixed point. If p = fp then g(p, p) = 6.

The fixed point is unique.
Proof. In Theorem 3.1, put g(x) = x. The proof is complete. O
Remark 4.2. In Theorem 4.1, if az = 6, then we get Theorem 2 of Firozjah et al. [20].

Corollary 4.3. Let (X,d) be a complete cone b-metric space over Banach algebra with the
coefficient s > 1 and ¢ is a generalized c-distance on X. Let f : X — X be a self mapping such

that the following contractive condition holds for all x,y € X:

q(fx,fy) = kq(x,y),

where k € P is generalized Lipschitz constant such that p (k) < % Then f has a fixed point
t € X and for any ¢ € X , iterative sequence { f"x} converges to the fixed point. If p = fp then

q(p,p) = 0. The fixed point is unique.
Proof. In Theorem 4.1, put k = ay,a; = a3 = a4 = 6. The proof is complete. 0

Corollary 4.4. Let (X,d) be a complete cone b-metric space over Banach algebra with the
coefficient s > 1 and ¢ is a generalized c-distance on X. Let f : X — X be a self mapping such

that the following contractive condition holds for all x,y € X:

q(fx, fy) 2 kq(x, fx)+1q(y, fy),

where k,l € P are generalized Lipschitz constants such that / commutes with k£ and p(I) +
p(sk) < 1. Then f has a fixed point # € X and for any ¢ € X , iterative sequence { f"x} converges

to the fixed point. If p = fp then ¢(p, p) = 6. The fixed point is unique.

Proof. In Theorem 4.1, put k = ap,l = a3,a; = a4 = 0. The proof is complete. [
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Corollary 4.5. Let (X,d) be a complete cone b-metric space over Banach algebra with the
coefficient s > 1 and ¢ is a generalized c-distance on X. Let f : X — X be a self mapping such

that the following contractive condition holds for all x,y € X:

q(fx, fy) 2 kq(x,y) +1q(x, fx) +rq(y, fy),

where k, [, r € P are generalized Lipschitz constants such that r commutes with (k,7) and p(r) +
p(sk+sl) < 1. Then f has a fixed point 7 € X and for any 7 € X , iterative sequence {f"x}

converges to the fixed point. If p = fp then ¢(p, p) = 6. The fixed point is unique.

Proof. In Theorem 4.1, put k = ay,l = a>,r = az,aq = 0. The proof is complete. ]
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