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Abstract. In this paper, the concepts of ¢ -ideal are defined and explored the various properties € -ideals in posets.
The equivalent conditions for an ideal to be a % -ideal is obtained. Further the relations between strongly prime
ideals and %-ideals are discussed.
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1. INTRODUCTION

The concept of z-ideals, which are both algebraic and topological objects played a funda-
mental role in studying the ideal theory of C(X), the ring of continuous real-valued functions
on a completely regular Hausdorff space X.

In 1973, Mason[6] studied z-ideals of commutative rings and he proved that maximal ideals,
minimal prime ideals and some other important ideals in commutative rings are z-ideals.

An ideal I of a commutative ring R is called a z-ideal if for each a € I, the intersection of all
maximal ideals containing a is contained in /.

The concept of z’-ideals is nothing but the generalization of z-ideals. In 2006, K.Samei[7]
studied z¥ -ideals and some special commutative ring.
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Let I and J be two ideals of a commutative ring R. I is said to be a 7 -ideal if M,NJ C I, for
every a € I, where M, is the intersection of all maximal ideals containing a.

Whenever J ¢ I and [ is a 7/-ideal, we say that I is a relative z-ideal. This special kind of
z-ideals introduced and investigated by F. Azarpanah and A. Taherifar in [2].

In 2013, A.R. Aliabad, et.al., have shown that / is a relative z-ideal and the converse is also
true for each finitely generated ideal in C(X).

Hence it is natural to study the analogues concept of z-ideals and Z°-deal in lattices and
posets. In this paper, we introduced and studied %’-ideals in posets. We discussed the relation

between 7z’ ideal and € -ideals in posets and obtained some characterizations.

2. PRELIMINARIES

Throughout this paper (X, <) denotes a poset with least element 0. For basic terminology
and notation for posets, we refer [S] and [4]. For E C X, let El = {xeX:x<eforallec E}
denotes the lower cone of E in X and dually, let E* = {x € X : e < x for all e € E} be the upper
cone of £ in X.

Let E,F C X, we shall write (E,F)! instead of (EUF)! and dually for the upper cones. If
E = {ey,es,...,e,} is finite, then we use the notation (ey, e, ...,e,) instead of ({ey,es,...,e,} )’
(and dually).

It is clear that for any subset E of X, we have E C E* and E C E™ If E C F, then F' C E!
and F" C E*. Moreover, E'"! = E! and E¥/* = E".

Following [8], a non-empty subset K of X is called semi-ideal if b € K and a < b, thena € K.
A subset K of X is called ideal if a,b € K implies (a,b)" C K[5].

A proper semi-ideal (ideal) K of X is called prime if (a,b) C K implies that either a € K or
b €K [4].

Anideal K of X is called semi-prime if (a,b)! C K and (a,c)’ C K together imply (a, (b,c)*) C
K[5]. Given e € X, (¢] = L(e) = {x € X : x < e} is the principal ideal of X generated by e.

Following [3], an ideal K of X is called strongly prime if (A*,B*)! C K implies that either
A C K or B C K for any different proper ideals A, B of K, where A* = A\{0}.

Following [3], a non-empty sub-set E of X is called m-system if for any ej,e, € E, there

exists 7 € (eq,ez)! such that r € E.
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As a generalization of m-system, we define the notion of strongly m-system as follows, a
non-empty subset E of X is called strongly m-system if ANE # ¢ and BNE # ¢ implies
(A*,B*)! NE # ¢ for any proper ideals A, B of X.

It is clear that an ideal K of X is strongly prime if and only if X\K is a strongly m- system of
X. Also every strongly m-system is m-system. But the converse need not be true in general.

For an ideal K of X, a strongly prime ideal Q of X is said to be a minimal strongly prime
ideal of K if K C Q and there exists no strongly prime ideal R of X such that K C R C Q.

The set of all strongly prime ideal of X is denoted by Sspec(X) and the set of minimal strongly
prime ideals of X is denoted by Smin(X). For any ideal K of X, SP(K) denotes the intersection
of all strongly prime ideals of X containing K and SP(X) denotes the intersection all strongly
prime ideal of X.

If K = {0}, then we denote SP(K) = SP(X ). From [4], the intersection of all prime semi-ideal
of X containing K is K for any semi-ideal K of X. But the intersection of all strongly prime
ideal of X containing K need not to be Kfor any ideal K of X[3].

For any subset K of X, we define w(K) = {Q € Sspec(X) : K C Q}, ¢(K) = Sspec(X)\y(K),
v (K) = w(K)NSmin(X), ¢ (K) = ¢ (K)NSmin(X) and [K] is the smallest ideal of X containing

K. Also SP(a) = (] .
acy
For each a € X and an ideal K of X, we define X,(K) = N{Q € Sspec(X) : Q € l///(K) N

v (a)}.
Following [3], let J be an ideal of X. An ideal I of X containing J is called z’-ideal if for each
a €I, we have X,(J) C I. Also if I is a 7/ - ideal of X, then X, (J) # X for any a € I. Clearly

every strongly prime ideal of X is z/-ideal. But the converse need not be true always.

3. MAIN RESULTS

Definition 3.1. Let X be a poset and I be an ideal of X. Then I is called €-ideal of X if

y(a) Cy(b) and a € I implies b € I.

Theorem 3.1. Every strongly prime ideal is a € -ideal of X.
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Proof: Let S be a strongly prime ideal of X and y(a) C y(b), a € S. Since a € S, we have
S € y(a) which implies S € y(b). Then b € S. Hence S is ¢ -ideal. O

Corollary 3.1. Let I be a maximal strongly semi-prime ideal of X. Then I is € -ideal.
The following example gives the converse of the theorem 3.1 is need not be true in general.

Example 3.1. Consider X ={0,1,2,3,4} and define a relation < on X as follows.

4

0
Then (X,<) is a poset and I} = {0,1} is a €-ideal of X. But not a Strongly prime ideal as
we take I, = {0,1,2} and I; = {0,1,3}, we have L(I,,13) C Iy withl, € I, and Iz ¢ 1. O

Theorem 3.2. Let S be a unique strongly prime ideal of X and an ideal I of X such that I C S.
Then I is not a € -ideal of X.

Proof: Let I C S. Then there exists a x € S\I. Since [ is a unique strongly prime ideal of X, we

have y(x) = y(i) for all i € I which gives I is not a ¢-ideal of X. O

Example 3.2. Consider X ={0,a,b,c,d,e} and define a relation < on X as follows.

(¢

d c

Then (X, <) is a poset and I} = {0,a,b,c} is the only strongly prime ideal of X and if we take
any proper ideal I like K = {0,b} C I which is not € -ideal. O
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Theorem 3.3. Let X be a poset and a,b € X. Then the following statements hold.
(i) SP((a,b)!) = SP(a) N SP(D).
(ii) If () € w(a), then y((b,c)') € w((a,)!) for any c € X.

Proof: (i) Let t € SP((a,b)") and t ¢ SP(a) N SP(b). Without loss of generality, assume that
t ¢ Q1 for a strongly prime ideal Q; containing a. Since t € SP((a,b)") C Q1, a contradiction.
Hence SP((a,b)!) C SP(a)NSP(b).

Now, let r € SP(a) N SP(b) and r ¢ SP((a,b)"). Then there exists a strongly prime ideal Q,
containing (a,b)'and r ¢ Q,. Since Q; is strongly prime ideal and ((a]*, (b]*)! C (a,b)! C Q»,
we have (a] C Q, or (b] C Q,. Without loss of generality, assume that a € Q. As r € SP(a) C
0>, a contradiction. Hence SP((a,b)!) = SP(a) N SP(b).

(ii) Let w(b) C w(a) for a,b € X and S be a strongly prime ideal of X containing (b,c)’.
Then S € y((b,c)") which implies ((b]*, (c]*)! C S. Since S is a strongly prime ideal of X, we
have (b] C Sor (c] CS.

Case 1: If (] C S, then (a,c)! C S which implies S € y((a,c)").

Case 2: If (b] C S, then S € w(b) C w(a) which gives a € S and (a,c)! C S. Hence S €
y((a.c)"). O

Theorem 3.4. Let X be a poset and a,b € X. Then a € SP(b) if and only if SP(a) C SP(b) if
and only if ¥(b) C y(a).

Proof: Let SP(a) C SP(b). Since a € SP(a), we have a € SP(D).

Now, suppose that a € SP(b) = ﬂ Qandt € SP(a).
beQe¥

Thente () 0.
acQev¥
Let Q; be any strongly prime ideal of X and b € Q.

As a € SP(b), we have a € Q1 which implies ¢ € Q; for all strongly prime ideals containing
b. Hence t € SP(b) and SP(a) C SP(b).
Let SP(a) CSP(b) < () Q1€ ) @
acQ beQ,
{0 bed} C{01:ac O}
< y(b) € y(a) O
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Theorem 3.5. Let J be an ideal of X.Then the following statements are equivalent
(i) J is a € -ideal of X.
(ii) If y(a) = y(b) and b € J implies a € J.
(iii) SP(a) C J forall a € J.
(iv) If SP(b) C SP(a) and a € J implies b € J.

Proof: (i) = (ii) It is Obvious.

(ii) = (iii) Let r € SP(a). Then by Theorem 3.4, SP(¢) C SP(a). Hence SP(t) = SP(t) N
SP(a) and by Theorem 3.3, SP(t) = SP(L(a,t)) which implies y(¢) = w(L(a,t)). If a € J, then
L(a,t) CJ. By (i), € J.

(iii) = (iv) Let @ € J. Then by (iii), SP(a) C J. Suppose SP(b) C SP(a), then b € SP(b) CJ

(i) = (ii) It follows from Theorem 3.4. O

Theorem 3.6. Let X be a poset. If INM = ® for a €-ideal I and a strongly m-system M of X.
Then there exists a ¢ -ideal K of X containing I and disjoint from M and K is a strongly prime
ideal of X.

Proof: Let % = {J : J is an ¥-ideal containing / and JAM = ¢ }. Since [ € F, F # ®.

Let 2 be achain .% and R = U J.

Jex
To show that R is a ¢-ideal of X, let y(a) C w(b) and a € R. Then a € J; for some i. Since

J; 1s a €-ideal of X, we have b € J; and b € R. Thus R is a & -ideal of X.

By Zorn’s Lemma, there exists a maximal % -ideal K such that KN M = .
Let (A*,B*)! C K and A,B ¢ K. Then [K UA]NM # ® and [K UB]NM # ®. Since M is strongly
m-system we have ([K UA],[KUB])' N M # ® which implies K N M # @, a contradiction. So
A C K or BCK. Hence K is a strongly prime ideal of X. U

Theorem 3.7. Every €-ideal is a 7’ - ideal of X .

Proof: Let I be a €-ideal of X. To prove I is 7’ - ideal, for all @ € I and J C I, let x € X,(J).
Then x € N{Q € Sspec(X): Q € ¥ (J)N V¥ (a)}
=xeQforall Qe v (J)Ny (a) C ¥ (a).
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=xecyl(a)forallacl
=x € SP(a) foralla € 1.
By Theorem 3.4, SP(x) C SP(a) which gives y(a) C y(x). Since I is a ¢-ideal of X and

a €1, we have x € I. Hence X,(J) C I foralla € 1. Solis 7’ -ideal. d

Remark 3.1.
(1) In the above Example 3.1, I = {0,1} is both €-ideal and 7’-ideal of X if we take
J={0}.
(2) In Example 3.2, I = {0,a,d} is neither €-ideal nor 7’-ideal of X. d

The converse of the Theorem 3.7 need not be true in general. The below example gives a z’-
ideal of X which is not %’-ideal.

Example 3.3. Consider X ={0,a,b,c,d,e} and define a relation < on X as follows.

d c

0
Then (X,<) is a poset and I} = {0,a,b,c} and I, = {0,a,b,d} are the strongly prime ideals

of X. I ={0,b} is a 7’-ideal of X for J = {0}. But I is not a ¢-ideal of X as y(b) C w(a) with
belanda ¢l O

Remark 3.2. For any ideal J of X, Jo = m{K :K is a €-ideal of X and K 2 J}.

Theorem 3.8. For an ideal J of X, J¢ is the least € -ideal Containing J.

Proof: Let w(b) C y(a) and b € Ji. Then any arbitrary ¢ -ideal Q; containing J and b € Q,
which implies a € Q. So a € J¢. Hence J¢ is a % -ideal of X.

Let R be any % -ideal of X such that R C J¢ and x € J¢. Then x € R. So Ju C R for all R.
Hence J is the least % -ideal of X. O
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Theorem 3.9. Let A and B be any two ideals of X, then the following statements hold
(i) if A C B, then Ay C By.
(ii) (A )¢ = Ag.
(iii) (AUB)¢ C Ay By C (ANB)y

Proof: (i) Let AC Bandr €Ay = ﬂ K , where K is a ¢-ideal of X. If r ¢ By, then there
K2I
exists a ©-ideal J; such thatz ¢ J; and B C J; which gives A C J;. Sincet € Ay, we havet € Jj,

a contradiction.

(ii) Clearly, Ay C (Ag)y. Now, let r € (Ay)y = ﬂ K, where K is a ¢-ideal containing
KDAy
Ag. But Ay is the least ¢’-ideal containing A,. Therefore r € A¢. Hence (A¢ )y = Ag.

(ii) It is trivial. d

Remark 3.3. For any ideal J of X, J* = U{K : K is a €-ideal of X and K 2 J}. If union of

any two ideals of X is again an ideal in X, then we can say that X has & property.

Theorem 3.10. Let J be an ideal of X and X has & property. Then J? is the greatest € -ideal

Containing J.

Proof: Let w(b) C w(a) and b € J¥. Then there exists a €-ideal Q; of X containing J and
b € Q; which implies a € Q). Soa € U{K : K is a €-ideal of X and K D J} = J¢. Hence J*
is a ¢’-ideal of X.

Let A be any €-ideal of X such that J* C A and [ € A. Then [ € U{K : K is a €-ideal of X
and K D J}. Sox € J%. Hence J? is the greatest €-ideal of X. U

Theorem 3.11. Let E and F be any two ideals of X, then the following statements hold
(i) ifE CF, then F* C E?.
(ii) (E¥)¢ = E”.
(iii) Ey CE®.

(iv) (EUF)? CEYNF?.
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Proof: (i) Let EC F andt € F? = U K , where K is a ¢-ideal of X. Then ¢ € K; for some
KDF
¢-ideal K; of X and K; O F D E which implies t € E?.

(i) Clearly, E% C (E%)%. Now, let r € (E%)?% = U K, where K is a ¢-ideal containing
KDE?
E?. But E? is the greatest %-ideal containing E“ . Therefore r € E“. Hence (E*)% = E?.

(iii) It is follows from Theorem 3.8 and Theorem 3.10.

(iv) It is trivial. O
ACKNOWLEDGMENT

The author expresses heartfelt gratitude to the referee for his/her insightful feedback and rec-

ommendations, which significantly enhance the article.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] A.R. Aliabad, F. Azarpanah, A. Taherifar, Relative z-ideals in commutative rings, Commun. Algebra. 41
(2013), 325-341.

[2] F. Azarpanah, A. Taherifar, Relative z-ideals in C(X), Topol. Appl. 156 (2009), 1711-1717.

[3] C.G. John, B. Elavarasan, z’-ideals and Strongly prime ideals in posets, Kyungpook Math. J. 57 (2017),
385-391.

[4] R. Halas, On extensions of ideals in posets, Discrete Math. 308 (2008), 4972-4977.

[5] V.S. Kharat, K.A. Mokbel, Primeness and semiprimeness in posets, Math. Bohem. 134 (2009), 19-30.

[6] G.Mason, z-Ideals and prime ideals, J. Algebra. 26 (1973), 280-297.

[7]1 K. Samei, z° -ideals and some special commutative ring, Fundam. Math. 189 (2006), 99-109.

[8] P.V. Venkatanarasimhan, Semi ideals in posets, Math. Ann. 185 (1970), 338-348.



