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Abstract. We define the notions of prime, semiprime, weakly prime and weakly semiprime properties of one-
sided ordered ideals of ordered semirings, study their connections and use them to characterize several kinds of
regularities on ordered semirings.
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1. INTRODUCTION

There are several different notions of prime, weakly prime, semiprime and weakly semiprime
properties of ideals of semirings e.g. [1, 2, 3, 5, 6]. However, on an ordered semigroup S,
Kehayopulu [7] defined an ideal T of S to be prime (resp. semiprime) if for any A,B C S,
AB C T implies A CT or BC T (resp. AZCT implies A C T). In sense of Kehayopulu,
an ideal 7' of an ordered semigroup S is weakly prime if for any ideals A and B of S, ABC T
implies A C T or B C T. Kehayopulu also showed that an ideal of an ordered semigroup is prime
if and only if it is both semiprime and weakly prime. Particularly, if the ordered semigroup is
commutative, then the concepts of prime and weakly prime ideals coincide. Then Kehayopulu
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use prime and weakly prime ideal to characterize intra-regular and fully idempotent ordered
semigroups, respectively.

In this work, we study prime, weakly prime, semiprime and weakly semiprime properties in a
similar way of results of Kehayopulu [7] but generalize them to the case of one-sided (either left
or right) ordered ideals and study them on ordered semirings. Moreover, we have that there is a
one-sided ordered ideal of an ordered semiring which is both semiprime and weakly prime but
not prime. This means that there is a condition which is true in case of two-sided ordered ideals
but not true in case of one-sided ordered ideals. Finally, we use prime, weakly prime, semiprime
and weakly semiprime one-sided ordered ideals to characterize several kinds of regularities on

ordered semirings.

2. PRELIMINARIES

An ordered semiring [4] is an algebraic structure (S,+,-, <) such that (S, +,-) is a semiring
and (S, <) is a poset satisfying the property; for any a,b,c € S, if a < b, thena+c <b+c, c+
a<c+b,ac<bcandca<cb. Anordered semiring (S, +, -, <) is called additively commutative
ifa+b=b+aforalla,b € S. Anelement O of an ordered semiring S is said to be an absorbing
zeroifa+0=a=0+aand a0 =0 = 0a for all a € S. Throughout this work, we simply write S
instead of an ordered semiring (S,+, -, <) and always assume that it is additively commutative
together with an absorbing zero.

For any nonempty subsets A and B of an ordered semiring S, we denote that

A+B={a+beS|acA,bec B},
AB={abeS|acA,bec B},

(A]={xeS|x<aforsomeacA} and
YA = {Zai € S| a; €A and [ is a finite index set} .
i€l
In a particular case of a € S, we write Xa and (a] instead of X{a} and ({a}], respectively. If
I =0, then we set ) ;c;a; = 0 for all a; € S. We review some basic properties of the operator
(] and the finite sums ¥ of nonempty subsets of ordered semirings which occur in [8, 9, 10] as

follows.
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Remark 2.1. Let A and B be nonempty subsets of an ordered semiring S. Then the following

statements hold:

(1) ACXA and X(XA) = XA; (8) if A C B, then (A] C (B);
(2) if A C B, then ¥A C TB; (9) A+ (B] C (A]+ (B] C (A+BJ;
(3) (A+B) C TA +XB; (10) A(B] C (A](B] C (AB] and (A]B C
(4) A(XB) C (XA)(XB) C XAB (A](B] C (AB];
(XA)B C (XA)(XB) C XAB; (11) (AUB] = (A]U(BJ;
(5) Z(AUB) D TAUXB; (12) (ANB] C (A]N (B];
(6) (ANB) C TANXB; (13) Z(A] C (ZA].

(7) A C (A] and ((A]] = (A];

A nonempty subset A of an ordered semiring S is called a left (right) ordered ideal of S if
A+ACA,SACA(ASCA)and A = (A]. If A is either left or right ordered ideal of S, then A is
also called a one-sided ordered ideal of S. Moreover, if A is both a left and a right ordered ideal

of S, then A is called an ordered ideal (also called a two-sided ordered ideal) of S [4].

Remark 2.2. If A and B are left (resp. right) ordered ideals of an ordered semiring S, then (XAB]

is a left (resp. right) ordered ideals of S as well.

Let a € S. We denote L(a) and R(a) to be the smallest left ordered ideal and right ordered
ideal of S containing a, respectively. We recall their constructions which occur in [8, 9] as

follows.

Lemma 2.3. Let S be an ordered semiring. Then L(a) = (Xa+ Sa] and R(a) = (Xa+ aS] for all

aes.

Definition 2.4. [8] An ordered semiring S is called left regular (resp. right regular) if a € (Sa?]

(resp. a € (a®S]) for all a € S.
A generalization of a left regular (resp. right regular) ordered semiring is defined as follows.

Definition 2.5. An ordered semiring S is called left weakly regular (resp. right weakly regular)

if a € (X£SaSa (resp. a € (XaSaS]) for all a € S.



PRIME ONE-SIDED ORDERED IDEALS OF ORDERED SEMIRINGS 3795

Remark 2.6. 1f S is a left (resp. right) regular ordered semiring, then S is also left (resp. right)

weakly regular.

Lemma 2.7. If an ordered semiring S is left (resp. right) weakly regular, then L(a) = (Sa] (resp.
R(a) = (aS]) forall a € S.

Proof. Let a € S. Since a € (XSaSa] C (XSa] = (Sa] and (Sq] is a left ordered ideal of S, we
get L(a) C (Sal. If x € (Sa], then x <y for some y € Sa. Since y =04y € Xa+ Sa, we get
x € (Xa+ Sa] = L(a). So, (Sa] C L(a). Hence, L(a) = (Sa]. O

In consequences of Remark 2.6 and Lemma 2.7, we obtain the following corollary.

Corollary 2.8. If an ordered semiring S is left (resp. right) regular, then L(a) = (Sa] (resp.
R(a) = (aS]) forall a € S.

Now, we give some useful characterizations of left weakly regular and right weakly regular

ordered semirings as the following two lemmas.

Lemma 2.9. Let S be an ordered semiring. Then the following conditions are equivalent:

(1) S is left weakly regular;

(2) ANB C (XAB] for any left ordered ideals A and B of S;
(3) L = (XL?] for every left ordered ideal L of S;

(4) L(a) = (X(L(a))?] for any a € S.

Proof. (1) = (2) Assume that S is left weakly regular and let A and B be left ordered ideals
of S. If x € AN B, then by assumption, we get that x € (XSxSx] C (ESASB] C (XAB]. Hence,
ANB C (XAB].

(2) = (3) Let L be a left ordered ideal of S. By (2), we immediately obtain L C (ZLZ]. On
the other hand, we get that (£L?] C (ESL] C (XL] = L. Hence, L = (XL?].

(3) = (4) It is obvious.
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(4) = (1) Assume that (4) holds and let a € S. Then by assumption, Remark 2.1 and Lemma

2.3, we obtain that
a € L(a) = (X(L(a))?] = (X(Za+ Sa](Za + Sa]]
C (Z(Za® +aSa+ Sa* + SaSal]

(2.1) C (Xa® 4 aSa+ Sa* + ZSaSa]

Using the condition (2.1) and Remark 2.1, we obtain that

(2.2) a € (Za* +aSa+Sa® +XSaSa) C (Sa+ XSaSd]
Using the condition (2.2) and Remark 2.1, we obtain that

a* = aa € (Sa+ LSaSa)(Sa + LSaSa

(2.3) C ((Sa+XSaSa)(Sa+XSaSa)| C (XSaSal.
Using the condition (2.2) and Remark 2.1 again, we obtain that

(2.4) aSa C (Sa+ XSaSalS(Sa+ XSaSa] C (LSaSal.
Using the condition (2.3) and Remark 2.1, we obtain that

(2.5) Sa* C S(XSaSa] C (LSaSal.

Using the conditions (2.1), (2.3), (2.4), (2.5) and Remark 2.1, it turns out that

a € (Za* + aSa+ Sa+LSaSa
C (X(XSaSa] + (XSaSa] + (£SaSa) 4 (XSaSa]] C (ESaSa].
Therefore, S is left weakly regular. 0

We obtain the following lemma as a duality of Lemma 2.10.

Lemma 2.10. Let S be an ordered semiring. Then the following conditions are equivalent:
(1) S is right weakly regular;
(2) ANB C (XAB] for any right ordered ideals A and B of S;
(3) R = (XR?] for every right ordered ideal R of S;
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(4) R(a) = (XR(a)?] for any a € S.

3. MAIN RESULTS

Now, we give the notions of prime and semiprime subsets of an ordered semiring as follows.

Definition 3.1. A nonempty subset 7 of an ordered semiring S is called prime if for any a,b € S,

abe T impliesacTorbeT.
The following remark can be directly obtained by Definition 3.1.

Remark 3.2. A nonempty subset T of an ordered semiring S is prime if and only if for any

nonempty subsets A and B of S, ABC T impliesAC T orBCT.

Definition 3.3. A nonempty subset 7" of an ordered semiring S is called semiprime if for any

aceS, a*eT impliesa € T.
The following remark can be directly obtained by Definition 3.3.

Remark 3.4. A nonempty subset 7" of an ordered semiring S is semiprime if and only if for any

nonempty subset A of S, A> C T implies A C 7.

It is obvious that every prime subset of an ordered semiring is semiprime. The converse of

this condition is not generally true as shown by the following example.

Example 3.5. Let S = {0,a,b,c}. Define binary operations + and - on S by the following

tables:
+10 a b ¢ 0 a b c
0(0 a b ¢ 0[{0 0 0O
ala a b b and al0 a b c
b|b b b b b|0 b b c
clc b b c cl0 b b c

Define a binary relation < on S by

<:=1{(0,0),(a,a),(b,b), (c,c),(b,a), (b;c)}.
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\(j/-

Then (S, 4+, -, <) is an additively commutative ordered semiring with an absorbing zero 0. It is

C a

easy to see that {0, b} is a left ordered ideal of S which is not a right ordered ideal. We have that

{0,b} is a semiprime left ordered ideal but not prime because ca = b € {0,b} and c,a & {0,b}.

Now, we define the weakly prime property of one-sided ordered ideals of an ordered semiring

as follows.

Definition 3.6. A left (resp. right) ordered ideal 7" of an ordered semiring S is called weakly
prime if for any left (resp. right) ordered ideals A and B of S, ABC T impliesAC T orBCT.

It is clear that every prime one-sided ordered ideal is weakly prime. The converse is not true

as shown by the following example

Example 3.7. Let S = {0,a,b,c,d,e}. Define binary operations + and - on S by the following

tables:
+10 a b c d e 0 a b cd e
0(0 a b c d e 0/0 0 00O 0O
ala e e e e e al0 a b c d e
b|b e e e e e and b|0 b a c d e
clc e e e e e c|l0 ¢c d c d e
d|d e e e e e d|0 d c c d e
ele e e e e e e|0 e e e e e

Define a binary relation < on S by

< :={(0,0),(a,a), (b.b), (¢.c), (d,d). (e.¢), (€.0), (e.a), (e,b). (e,c), (e,)}.
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Then (S, +,-, <) is an additively commutative ordered semiring with an absorbing zero 0. All
left ordered ideals of S are as follows: {0,e}, {0,c,e}, {0,d,e}, {0,c,d,e} and S. We have that
{0,c,e} is a weakly prime left ordered ideal of S. However, it is not a prime left ordered ideal

since db = c € {0,c,e} but b,d & {0,c,e}.

In an ordered semigroup S, Kehayopulu [7] proved that if S is commutative, then the concepts
of weakly prime (two-sided) ideals and prime (two-sided) ideals coincide. It is not difficult to
prove that this condition is true in case of one-sided ordered ideals on a commutative ordered
semiring as well. However, we are able to use a condition which is more general than the

commutative condition as follows.

Remark 3.8. If an ordered semiring S is commutative, then xSy C Sxy for all x,y € S.

We give the following example to show that the condition xSy C Sxy for all x,y € S, is a

generalization of the commutative condition.

Example 3.9. Let S = {0,a,b,c,d}. Define binary operations + and - on S by the following

tables:
+10 a b ¢ d 0O a b ¢ d
010 a b ¢ d 0/0 0 0 O O
ala d d d d al0 ¢ ¢ ¢ d
and
bbb d d d d b0 b b ¢ d
clc d d d d c|0 ¢ ¢ ¢ d
d|ld d d d d dl0 d d d d

Define a binary relation < on § by

<:={(0,0),(a,a),(b,b),(c,c),(d,d),(a,c),(b,c),(d,a),(d,b),(d,c)}.
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Then (S,+,-,<) is an additively commutative ordered semiring with an absorbing zero 0.
Clearly, if x =0 or y = 0, then xSy = {0} = Sxy for all x,y € S. Obviously, if x=d ory =d,
then xSy = {0,d} = Sxy for all x,y € S\ {0}. Moreover, we get that xSy C {0,b,c,d} = Sxy
for all x,y € S\ {0,d}. Hence, xSy C Sxy for all x,y € S. However, S is not commutative since
ab # ba.

Now, we show that prime and weakly prime properties of left ordered ideals of an ordered

semiring are coincidence without the commutative condition.

Theorem 3.10. Let S be an ordered semiring. If xSy C Sxy for all x,y € S, then prime left

ordered ideals and weakly prime left ordered ideals coincide.

Proof. Assume that xSy C Sxy for all x,y € S. Let T be a weakly prime left ordered ideal of S.
We show that T is also prime. Let a,b € S such that ab € T. Then by Remark 2.1 and Lemma

2.3, we obtain that
L(a)L(b) = (Sa + Sa)(Zb + Sb] C ((Za + Sa)(Eb + Sb)]
C (Xab+ aSb+ Sab +XSaSb] C (Xab + Sab + Sab + XSSab]
= (Xab+ Sab] = L(ab) CT.
Since T is weakly prime, we have thata € L(a) C T orb € L(b) C T. Therefore, T is prime. [J

As a duality of Remark 3.8 and Theorem 3.10, we obtain the following remark and theorem.
Remark 3.11. If an ordered semiring S is commutative, then xSy C xyS§ for all x,y € S.

Theorem 3.12. Let S be an ordered semiring. If xSy C xyS for all x,y € S, then prime right

ordered ideals and weakly prime right ordered ideals coincide.

We give the following two examples to show that the concepts of semiprime and weakly

prime properties of one-sided ordered ideals are independent.

Example 3.13. We have that the semiprime left ordered ideal {0,b} defined as Example 3.5,
is not weakly prime because {0,b,c}{0,a,b} = {0,b}, {0,b,c} Z {0,b} and {0,a,b}  {0,b}
where {0,b,c} and {0,a,b} are left ordered ideals of S.
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Example 3.14. Let S = {0,a,b,c,d,e}. Define a binary operation - on S by the following table;
0 a b cd e
0/0 000 0O

al0 a e c e e
b|0 d b b d e
c|l0 a ¢c c a e
d|0 d e b e e

e|l0 e e e e e

Then (S, +, -, <) is an additively commutative with an absorbing zero 0 where -+ is the operation
and < is the relation defined as Example 3.7, respectively. We have that all left ordered ideals
of S are as follows: {0,e}, {0,a,d,e}, {0,b,c,e} and S. It is easy to show that {0,b,c,e} is a
weakly prime left ordered ideal of S. However, {0,b,c,e} is not semiprime because dd = e €

{0,b,c,e} and d & {0,b,c,e}.

In consequences of Example 3.13 and 3.14, we are able to say that the concepts of semiprime
property and weakly prime property of one-sided ordered ideals are independent.

In ordered semigroups, Kehayopulu [7] proved that if a two-sided ideal is both weakly prime
and semiprime, then it is prime as well. However, this condition fails in cases of one-sided
ordered ideals. On an ordered semiring, we refer the weakly prime left ordered ideal {0,c,e}
defined in Example 3.7 again. It is easy to see that {0,c,e} is also semiprime but not prime. In

case of an ordered semigroup, we give the following example.

Example 3.15. Let S = {a,b,c,d}. Define a binary operations - on S by the following table:
a b c d

ala b c d
b|b a c d
clec d ¢ d

did ¢ ¢ d
Define a binary relation on S by <:= {(x,x) | x € S}. Then (S,, <) is an ordered semigroup. It

is not difficult to verify that {c} is a left ideal of S which is both weakly prime and semiprime

but not prime.
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Now, we define the weakly semiprime property of one-sided ordered ideals of an ordered

semiring as follows.

Definition 3.16. A left (resp. right) ordered ideal 7' of an ordered semiring S is called weakly

semiprime if for each left (resp. right) ordered ideal A of S, A> C T implies A C T.

It is clear that every semiprime one-sided ordered ideal is weakly semiprime. In general, the
converse is not true as a consequence of Example 3.14.
Now, we show that semiprime and weakly semiprime properties of left ordered ideals of an

ordered semiring are coincidence without the commutative condition.

Theorem 3.17. Let S be an ordered semiring. If xSy C Sxy for all x,y € S, then semiprime left

ordered ideals and weakly semiprime left ordered ideals coincide.

Proof. Assume that xSy C Sxy for all x,y € S. Let T be a weakly semiprime left ordered ideal
of S. We show that T is also semiprime. Let a € S such that a*> € T. Then by Remark 2.1 and
Lemma 2.3, we obtain that
L(a)L(a) = (Xa+ Sa](Xb+ Sb] C ((Xa+ Sa)(Xa+ Sa)]
C (Za® +aSa+ Sa® + LSaSa] C (La® + Sa® + Sa® + LSSaal
— (Za®> +Sa*] = L(a®) C T.
Since T is weakly semiprime, we have that a € L(a) C T. So, T is semiprime. 0J

As a duality of Theorem 3.17, we obtain the following theorem.

Theorem 3.18. Let S be an ordered semiring. If xSy C xyS for all x,y € S, then semiprime right

ordered ideals and weakly semiprime right ordered ideals coincide.

Furthermore, we are able to obtain that every weakly prime left (resp. right) ordered ideal of
an ordered semiring is weakly semiprime. The converse of this condition is not true in general
as shown by the weakly semiprime left ordered ideal {0,b} of the ordered semiring (S, +, -, <)
defined in Example 3.13.

Now, we use prime, semiprime, weakly prime and weakly semiprime properties of one-sided

ordered ideals to characterize several kinds of regularities of ordered semirings.
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Theorem 3.19. Let S be an ordered semiring. Then S is left (resp. right) weakly regular if and
only if every left (resp. right) ordered ideal of S is weakly semiprime.

Proof. Assume that S is left weakly regular. Let A and L be left ordered ideals of S such that
A? C L. By assumption, if a € A, then a € (£SaSa] C (ESASA]. It follows that A C (ZSASA] C
(ZSAA] = (£SA?) C (ESL] C (XL] = L. Hence, L is weakly semiprime.

Conversely, assume that every left ordered ideal of S is weakly semiprime. Let L be a left
ordered ideal of S. By Remark 2.2, we get that (XL?] is a left ordered ideal of S as well.
Clearly, L? C (XL?]. Since (XL?] is semiprime, we get L C (ZL?]. On the opposite inclusion,
(XL?] C (ZSL] C (XL] = L. Hence, L = (XL?]. By Lemma 2.10(3), we obtain that S is left

weakly regular. 0

It is easy to verify that the ordered semiring (S,+, -, <) defined in Example 3.13 is left weakly
regular. Moreover, we have that the left ordered ideal {0,b} of S is weakly semiprime but not
weakly prime. This shows that the left weakly regular condition of § is not sufficient to get that
every left ordered ideal of S is weakly prime. We add a condition to obtain it as the following

theorem.

Theorem 3.20. Let S be an ordered semiring and the set of all left (resp. right) ordered ideals
of S be a chain. Then S is left (resp. right) weakly regular if and only if every left (resp. right)

ordered ideal of S is weakly prime.

Proof. Assume that S is left weakly regular. Let A, B and L be left ordered ideals of S such that
AB C L. Since the set of all left ordered ideals of S is a chain, we get that A C B or B C A.
If A C B, then by assumption and Lemma 2.10(2), we get A=ANB C (XAB] C (£L] = L.
Similarly, if B C A, then we are able to obtain that B=ANB C (XAB| C (XL] = L. Consequently,
L is weakly prime.

Conversely, assume that every left ordered ideal of S is weakly prime. Then we immediately
have that every left ordered ideal of S is weakly semiprime as well and thus S is left weakly

regular by Theorem 3.19. H

Theorem 3.21. Let S be an ordered semiring. Then S is left (resp. right) regular if and only if
every left (resp. right) ordered ideal of S is semiprime.
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Proof. Assume that S is left regular. Let L be a left ordered ideal of S and a € S such that a” € L.
By assumption, we get that a € (Sa?] C (SL] C (L] = L. Hence, L is semiprime.

Conversely, assume that every left ordered ideal of S is semiprime. Let x € S. We have that
x* € 8Sx? C Sx* C (Sx?]. Since (Sx?] is a semiprime left ordered ideal of S, we get that x> € (Sx?]

and so x € (Sx?]. Therefore, S is left regular. O

Lemma 3.22. Let S be an ordered semiring. If S is left regular and xSy C Sxy for all x,y € S,
then L(x) N L(y) C L(xy) for all x,y € S.

Proof. Assume that S is left regular and xSy C Sxy for all x,y € S. Let a,b € S. By Remark 2.6
and Lemma 2.10(2), we have that L(a) NL(b) C (E£L(a)L(b)]. Using Remark 2.1 and Corollary

2.8, we obtain that
L(a)NL(b) € (ZL(a)L(b)]
= (X(Sa](Sb]] C (£(SaSb]] C (X(SSab]]
C (X(Sab]] = (XL(ab)] = L(ab).

Hence, the proof is done. O

Theorem 3.23. Let S be an ordered semiring, the set of all left ordered ideals of S be a chain
and xSy C Sxy for all x,y € S. Then S is left regular if and only if every left ordered ideal of S is

prime.

Proof. Assume that S is left regular. Let L be a left ordered ideal of S and a,b € S such that
ab € T. Since the set of all left ordered ideals of S is a chain, we have that L(a) C L(b) or L(b) C
L(a). If L(a) C L(b), then by Lemma 3.22, we get that a € L(a) = L(a) NL(b) C L(ab) C L.
Similarly, if L(b) C L(a), then we have that b € L(b) = L(a) NL(b) C L(ab) C L. Hence, L is
prime.

Conversely, assume that every left ordered ideal of § is prime. Accordingly, we now have
that every left ordered ideal of S is semiprime as well. By Theorem 3.21, we get that S is left

regular. U

As a duality of Lemma 3.22 and Theorem 3.23, we obtain the following lemma and theorem.
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Lemma 3.24. Let S be an ordered semiring. If S is right regular and xSy C xyS for all x,y € S,
then R(x) NR(y) C R(xy) for all x,y € S.

Theorem 3.25. Let S be an ordered semiring, the set of all right ordered ideals of S be a chain
and xSy C xyS for all x,y € S. Then S is right regular if and only if every right ordered ideal of

S is prime.
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