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Abstract. A new graph characteristic, (a,d)-total edge irregularity strength of graphs is introduced. (a,d)-edge
irregular evaluations of some families of graphs has been made, upper and lower bounds of the above parameter
are determined.
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1. INTRODUCTION

A graph labeling is a mapping ¢ : ¥ — {1,2,...,h} subject to certain conditions,if the do-
main Z is the set of vertices (or edges), then ¢ is called a vertex labeling (or an edge labeling).
If 2 is the set of vertices and edges, then o is called a fotal labeling. For an edge h-labeling
¢ 1 E(G) — {1,2,...,h}, the associated weight of a vertex x € V(G) is wy (x) = ¥ ¢(xy), where
the sum is taken over all vertices y adjacent to x.

In 1988, Chartrand et al. [6] introduced edge A-labeling ¢ of a graph G such that wy (x) #
wy (y) for all vertices x,y € V(G) with x # y. Such labelings were called irregular assignments
and the irregularity strength s(G) of a graph G is known as the minimum /% for which G has an
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irregular assignment using labels atmost 4. Many authors were much attracted by this parameter
and investigated the bounds of s(G) [1, 2, 3, 5, 7, 8]. Baca et al. [4] modified this irregularity
strength and introduced the concept of total edge irregularity strength for a graph G. A total -
labeling w : VUE — {1,2,...,h} of a graph G is said to be an edge irregular total h-labeling if
for each two distinct edges xy and x y their weights y(x) + w(xy) + w(y) and w(x') + w(x'y') +
y(y') are distinct. The minimum 4 for which the graph G has an edge irregular total A-labeling
is called the total edge irregularity strength of G, denoted by res(G).

In [4], they have given the bounds of the total edge irregularity strength for all graphs and the

result is as follows:
Pﬂ%ﬂ >tes(G) > |E]|,

where |E| is the cardinality of the edgeset of a graph G. Ivanco and Jendrol [10] proved that

tes(T) = max{ PE(?HZ-‘ , A(TZ)H }, where T is a tree.

Motivated by this parameter,Indra Rajasingh and Teresa Arockiamary Santiago were inves-
tigated and determined the exact value of this parameter for uniform theta graph in [9] and
F.Salama determined the same for polar grid graph in [13]. Recently, Lucia Ratnasari ef al.[11]
found that the exact value of tes of an odd arithmetic book graph B, (C3 57, . 2n+1) Of n sheets

is equal to P’L“T”’Lﬂ and tes of an even arithmetic book graph B, (Cy 68

8...2002) s equal to
n24+2n+3
3

. Also, Yeni Susanti et al. [14] determined the exact values of tes of staircase graphs
and its related graphs.

Due to the involvement on the total irregularity strength of graphs, we introduce a new pa-
rameter, namely (a,d)-total edge irregularity strength of graphs.

Let G = (V,E) be a graph of order n and size m. A total h-labeling v : V(G)UE(G) —
{1,2,...,h} is called (a,d)-edge irregular labeling if there exists a bijective function o :
E(G) - {a,a+d,a+2d,...,a+ (m—1)d} defined by 6(xy) = w(x) + w(y) + w(xy) called
arithmetic progression edge weight of the edge xy, where a > 3,d > 1.

We define the (a,d)-total edge irregularity strength of a graph G, denoted by (a,d) —tes(G),
as the minimum % for which G has a (a,d)-edge irregular h-labeling.Also, we define another
parameter called (a,d)-total vertex irregularity strength of a graph G, denoted by (a,d) —tvs(G)
in [12]
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The main aim of this paper is to show the bounds of the (a,d)-total edge irregularity strength

and to determine the precise value of this parameter for some families of graphs.

2. (a,d)-EDGE IRREGULAR LABELING OF GRAPHS

The following theorem provides the upper and lower bounds of (a,d) —tes(G).

Lemma 2.1. Let G = (V,E) be a graph of order n and size q. For integers a > 3 and d > 2,
[ww <(a,d)—tes(G) <a—2+(m—1)d.

Proof. The upper bound of (a,d) —tes(G) can be obtained by assigning label 1 to all the vertices
of G, further assign labels a —2,a —2+d,a—2+2d,...,a—2+ (m—1)d to the edges of G at
random.

Assume that the graph G has (a,d) — edge irregular labeling T. Thus the edge weights are
a,a+d,a+2d,...,a+ (m—1)d. Since the heaviest weight a + (m — 1)d is the sum of three
labels, (a,d) — tes(G) > [M] O

Theorem 2.2. Let B, be a path of order n > 3. Then (3,2) —tes(P,) = [2"3—_1W .

Proof. Letvy,vy,...,v, be the consecutive vertices of P,. Define total labeling

T V(P)UE(R,) — {1,2,..., [251]} as follows:

n—1

71 (v3ip1) =2i+1, if0<i<

W

S
|
()

Ty (v3i0) =2i+1, if0<i<

(O8]

T1(va;) =2i, if1<i< LgJ ,

-2
71 (V3ig1v3ig) =2i+1, if0<i< n3 :
. . . n—3
71 (V3igov3igs) =2i+2, if0<i< 3 |
. : ._|n—4
71 (V3ipavsipa) =2i+2, if0<i< 3
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Under the labeling 7; the edge weights are as follows:
we, (vivie1) =2i+1, if1<i<n-—1.

The weights of the edges of P, forms an arithmetic progression with common difference 2

and hence (3,2) —tes(P,) < [%51]. Lemma 2.1 shows that (3,2) —tes(P,) > [#5-], this

concludes the proof. 0

Definition 2.3. The corona product Gy © G, of two graphs G| and G» is a graph G obtained by
taking one copy Gy which has n vertices and n copies of G, and then joining i'" vertex of Gy to

every vertex in the i'" copy of G,.

Definition 2.4. A special type of graph C(n,t) is defined by the corona product of the path P,
by tKj i.e., C(n,t) = P, ®tK].

Theorem 2.5. Let P, be the path on n vertices, then (3,2) —tes(C(n,t)) = {%-‘ ,n>2.

Proof. Let C(n,t) = P, ®tK] be the corona product of path P, by tK;. Let V(C(n,t)) = {v;: 1 <
i<nfU{u;;j:1<i<n1<j<t}tand E(C(n,t))={viviz1: 1 <i<n—1}U{viu;j: 1 <i<
n,1 < j <t} be the vertex set and edge set of C(n,t). Define total labeling 7, : V(G)UE(G) —
{1,2,..., {%W } as follows:

(vi)=1+(G{—1), ifl<i<n.

T(vivig1) =t4+2i—1, if1<i<n—1.
For1<i<|4].1< <,

BB (i—1D)(+2)+(j—1), iftisodd,
T (voittzi j) =
%+(i_1)(t+2)+(j—1), if t is even.

For1 <i<[4],1< <1,

T(vaic1ti-1,;) = 1+ (= 1)(t+2)+(j—1).
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For1<i<n, 1< )<y,

”L’z(viuw-), if 1 1s odd,
T (uij) =
T (viui ;) +1, ifiiseven.

The labeling 7, induces edge weight function o : E(G) — {3,5,...,n(2r+2) — 1} is as fol-

lows:

o(vivig1) = (2t +2)i+1, if1 <i<n—1.

o(viuij)=({I—1)2t+2)+2j+1, if1<i<n, 1<j<rt.

Thus weights of the edges of C(n,r) forms an arithmetic progression sequence and hence
@gy4a«wM»g[ﬂﬁgi]memzmmwumuam—wqamm;jﬂﬁﬁi]

Hence the proof. O

Definition 2.6. A friendship graph F, is a graph which consists of n triangles sharing a common

vertex.

Theorem 2.7. If F, is a friendship graph of order 2n+ 1, then (3,2) —tes(F,) = {6”3“W n>3.

Proof. Let F, be a friendship graph of 2n+ 1 vertices and 3n edges. Let V(F,) = {u,v;: 1 <
i <2n}and E(F,) = {vai—1vai: | <i<nm} U{uv;:1<i<2n} be the vertex set and edge set of

F,. Define total labeling 73 : V(F,) UE(F,) — {1,2,. ’—6”“ |} as follows:

1, ifi=1
3(vaic1vai) =
(o) if2<i<n
’L'3(I/l) =3
For1 <i<2n,
)
i if i is odd,
»(vi) =141, if i=2,

[[%5H], ifiisevenand i72.
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For 1 <i<2n,
.
1, if i is odd,
T3(uvi) = ¢ [O4H]ifi=D,
i—1, ifiis even and i # 2.

\

Then the edge weight function o : E(F,) — {3,5,...,6n+ 1} is as follows:

3, ifi=1,
o(vai_1v2i) =
20t 42i—1, if2<i<n
Forl1<i<2n
i+4, ifiis odd ,
o(uv;) =

{6”3—+1] +i+2, ifiiseven.

Thus weights of the edges of F;, forms an arithmetic progression with common difference 2 and
hence (3,2) —tes(F,) < [®4!]. Lemma 2.1 shows that (3,2) —tes(F,) > [#5"]. Hence the

theorem. [
Theorem 2.8. If K, , is a star graph of order n+ 1, then (3,2) —tes(Ky ,) =n, n > 2.

Proof. Let V(K ) ={u,vi: 1 <i<n}and E(K;,) = {uv; : 1 <i <n} be the vertex set and
edge set of K, respectively. Define total labeling 74 : V(K ,) UE(K) ) — {1,2,...,n} as

follows:

Then the edge weight function o : E(K| ,) — {3,5,...,2n+ 1} is as follows:

o(uv;)) =2i+1, 1<i<n.
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Since 74(u) = 1, the remaining labels of edges and vertices are from %,5%1, . .,27” and
forms an arithmetic progression.

".(3,2) —tes(Ky ) < n. On the otherhand, to obtain the weight 3 it is essential to label the

vertex u to 1. Thus, (3,2) —es(Kj ) < n. This concludes the theorem.

Theorem 2.9. If L, is a ladder graph of order 2n, then (3,2) —tes(L,) = [¥53], n > 2.

Proof. LetV(L,) ={u;,vi: 1 <i<n}and E(L,) ={ujuir1: 1 <i<n—1} U{vvi;1:1<i<
n—1} U {uv;: 1 <i<n} be the vertex set and edge set of L, respectively. Define total labeling
T5: V(L) UE(L,) — {1,2,..., [%52]} as follows:
Ts5(u;) = t5(vi) = t5(uv;) =2i—1, 1 <i<n.

’L'5(u,~u,~+1) =2i— 1, 1<i<n-—1.

TS(V,'VH_]) =2i+1, 1<i<n-—1.
Thus the edge weight function ¢ : E(L,) — {3,5,...,6n— 3} is as follows:

G(u,-vi) =6i—3, 1<i<n.
G(uiu,url) =6i—1, 1<i<n-—1.
oc(viviy1)=6i+1, 1<i<n-—1.

Thus weights of the edges of L, forms an arithmetic progression and hence (3,2) —tes(L,) <

[92-3]. Lemma 2.1 shows that (3,2) —tes(L,) > [¥52]. O

Theorem 2.10. If f, is a fan graph of order n+ 1, then (3,2) —tes(f,) = [4”3’11 n>3.

Proof. Fan graph f, is defined as B, + K. Let V(f,,) = {u,vi : 1 <i<n}and E(f,) = {vivis1 :
1 <i<n—1}U{uv;:1<i<n} be the vertex set and edge set of f, respectively. Define total

labeling 76 : V (f,) UE(f,) — {1,2,..., [#51] } as follows:

i if i is odd, {4,1_ 1}

TG(Vi): ) 1§l§ 6
i—1, ifiiseven,
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%(w)%“"‘lw, [4’1_1%13"3”'

3 6

|+2, n=0,1 (mod 3),
Rl TR T ) = |

- 1
wf R

(

|+3, n=2 (mod3).

|4t ] —2i, n=0,1 (mod 3), n—5
T6(Vn7ivn+1—i) =

1<i<
SRS 3

L4”3_1J —2i—1, n=2 (mod 3),

{4"3’1] , n=0,1 (mod 3),

|-, n=2 (mod 3),

2i+2, n=0 (mod 3),

. n—>5
To(uvram1,;) =12i+3, n=1 (mod3),, 1<i< 3 |-

2i+4, n=2 (mod 3),

Forn=0,1 (mod 3)
i if 11s odd, dn—1
Tﬁ(uvi): , lflglr 6 —‘
i+1, ifiiseven,

Forn=2 (mod 3)

i+1, ifiisodd, 4n—1
T6(uvi): , 1§i§’7 6 -‘
i+2, ifiiseven,

Then the edge weight function o : E(f,) — {3,5,...,4n— 1} is as follows:

G(Vivi+1) =2i+1, 1<i< ’V
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L4”3’1J—|—2i, ifn=0,1 (mod 3) C Tdn—1
G(uvi): , 1<i< 6 .
|41 +2i+1, ifn=2 (mod 3),
: ) 2[2 +1, ifn=0 (mod 3)
O(Vir4n—17V[4n—1 = .
e +1
el 2[4-1) 43 ifn=1,2 (mod 3),
2[#-A)+1+2i, ifn=0 (mod3)  [n-5
G(MV(L;"_H): , 1<i< 3 .

2[4 43426, ifn=1,2 (mod 3),

-5
O(Vp—ivp1-i) =4n—1-2i, 1<i< ’Vn 3 —‘ .

o(uvy) =4n—1.

Thus weights of the edges of the fan graph f, are 3,5,...,4n — 1, which forms an arithmetic

progression and hence (3,2) —tes(f,) < [#51]. Lemma 2.1 shows that (3,2) —tes(f,) >

{4"3_ 1 |, this concludes the proof. O
Definition 2.11. Let vi,v,...,v, be the consecutive vertices of P,. Then the graph Pn2 can be

obtained by adding an edge from every i'" vertex to (i +2)" vertex.
. 2\ _ | 4n
Theorem 2.12. Let P, be the path on n vertices, then (3,2)-tes (P;) = | %] —1,n> 3.

Proof. LetV ={v;/1 <i<n}bethevertex setandlet E = {v;jv;iy1 /1 <i<n—1}U{vjvi1p/1 <
i <n—2} be the edge set of P2, n > 3.
Define total labeling 77 : VUE — {1,2,..., L43—”J — 1} as follows:

For1<i<n-—1,

3 ifi=0 (mod 3),

m(vi)=q 4L ifi=1 (mod 3),

2 ifi=2  (mod 3).




(a,d)-TOTAL EDGE IRREGULARITY STRENGTH OF GRAPHS 4445

(

=3 ifn=0 (mod 3),

i) =444 ifn=1 (mod 3),

M3 ifn=2 (mod 3).

\

(% (VZV3) =1

For1 <i<n—2,i#2

20 ifi=0 (mod 3),

T(vivie1) = { 4L, ifi=1 (mod 3),

\‘”3“, ifi=2 (mod 3).
T7(Vn,1Vn) = L%J —1 and 1'7(\/1\13) =3.

For2<i<n-3,

%, ifi=0 (mod 3),
T (vivis2) = ¢ #2L ifi=1 (mod 3),

\MTH’ ifi=2 (mod 3).

2 ifn=0 (mod 3),

T7(Vn2vn) = ¢ 4 ifn=1 (mod 3),

S50 ifn=2 (mod 3).
\

Under the labeling 77, edge weights of P? are 3,5,...,2m+ | where m = 2n — 3, which are
in arithmetic progression with @ = 3 and d = 2. Thus, 77 is a (3,2)-labeling of P? and hence
(3,2)-tes (P?) < [%] — 1. The lower bound of (3,2)-tes (P?) can be obtained by the lemma

2.1 (e) (3,2)-tes (P?) > [#52] = |%| — 1 and hence (3,2)-tes (P?) = |%| - 1. O

Theorem 2.13. If C, X K; is the Cartesian product of the cycle C, and K;, then (3,2)-tes
(Chx Kp) = (%—‘ , n>3.
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Proof. LetV ={u;v;/1 <i<n} be the vertex set and let E = {u;u;1,vivir1,uvi/1 <i<n}be
the edge set of C,, X K, where n > 3.

Define total labeling 73 : VUE — {1,2,..., [6”3—+1W} as follows:

For1 <i< {%W—I—l,

415 +1, ifi=1,2 (mod 3),

Tg(ui) = 4
A3 ifi=0 (mod 3).
For1 <i< L%J—l,
415 +3, ifi=1,2 (mod 3),
W(Un—it1) =4
A ifi=0 (mod 3).
For1 <i< (g-‘,
13(vi) = n+2i.
For1 <i< ng,
Tg(vn_i+1) :n+2(i—l— 1).
For1 <i< {g-‘-i—l,
|41, ifi=0,1 (mod 3),
Tg(uiti11) = _
4] ifi=2  (mod 3).
For1 <i< L%J -2,
|45 +2, ifi=0,1 (mod 3),
TS(unfiJrlun—i) =
4i—

(417 42, ifi=2 (mod 3)

and ”L’g(unul) =1.

For1<i<|%],
18 (Vivip1) = 2n—3.

For1<i<|[5]—1,
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TS(VnJrlfiVn—i) =2n—1and Tg(vnvl) =2n—1.

e (u1vi) = 18 (Upvy) = n.
For2 <i<|[4],

tg(uvi) =25 +n+2.
For1<i<[4]-2,

T (Un—iva—i) =2 [£] +n.

Then the edge weight function 6 : E(C, X K) — {3,5,...,6n+ 1} is as follows.
G(Ltil/tH_I) =4i—1,1<i< (%—I

O (Upy1—ittn—i) =4i+5,1<i< |3 -1

Q

uiuy) =5, forn >3

Q

(

(

(uvy) =2n+3,

(uvi) =2n+ (4i—3),2<i <[]
( ( 1
(

(

Q

O(up—iy1vp—it1) =2n+(4i+3), 1 <i< VZIJ

o(vivip1) =4n+(4i—1),1 <i

S(vpvp—i) =4n+ (8i+1),1 <i< LgJ —1

o(vivy) =4n+5, forn > 3.

Thus, the weights of the edges of C, x K, forms an arithmetic progression and hence (3,2)-tes
(Ch X Kp) < L6"+1J Lemma 2.1 shows that (3,2) —tes(C, X K») > {6"“] this concludes the

proof. 0

Theorem 2.14. (3,2)-tes [CP,(m)| = {—2"’"432" 1]

Proof. A Caterpillar graph CP,(m) is a tree in which the removal of all pendant vertices results
in a chordless path P,. The m edges from each vertex of P, to the pendant vertices are called
leaves. Let V[CP,(m)] = {u;,vi j/1 <i<n,1 < j<m} be the vertex set and let E[CP,(m)]| =
{wimiv1/1 <i<n—1}U{uv; ;j/1 <i<n,1 < j<m} be the edge set of the caterpillar CP,(m)
respectively.

Define total labeling 79 : VUE — {1,2,..., [MW} as follows:
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Casel: Foranyn>2andm=1,1<i<n

H‘(%L i=0
To(u;) = l—f—’_ﬂ-‘, i=1
l—f—(ﬂ, i=2

(mod 3),

(mod 3),

(mod 3).

To(vi,) = land o(v;1) =i+ [F2],2<i<n.

For1<i<n-—1,

(

i+ 5], i=0
To(uiuit1) = ¢ i+ [5H, i=1
\H—%L i=2

(mod 3),

(mod 3),

(mod 3).

Tg(ul\/l?l) =1and ’L'9(M,'V,'71) =i+ {%—‘ 2<i<n.

Case 2: Suppose m =0 (mod 3) and n > 2. Let m = 3k for some integer k > 0, then define 79

Tg(ul) =1.

(

(6k+2)[L] -1,
i_]—‘ +(2k_ 1)7

(6k+2) [5+

as follows:
For2 <i<n,
To(ui) = <
For2<i<n-—1,
To(uittiy1) =

| (6k+2) [4]—(2k+1),

‘L’9(u1u2) =2k+1.

((6k+2) [£] = (2k—3),
(6k+2) [51] +3,
| (6k+2) [57

i=0

i=1

=2
=0
i=1

To(vy,j) = To(uvyj) =j, 1 < j<m.

(mod 3),
(mod 3),

(mod 3).

(mod 3),

(mod 3),

14+ (2k+3), i=2 (mod 3).
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For2<i<nand1<j<m,
(

(6k+2)[£] — Bk+ ), i=0 (mod 3)V,

To(vij) = To(uvij) = (6k+2) [5L] + j, i=1 (mod 3)V,

| (6k+2) [4]—(5k+1)+j, i=2 (mod 3)V,.
Case 3: Suppose m =1 (mod 3), m > 1 and for any n > 2. Let m = 3k + 1 for some integer

k > 0, then define 79 as follows:

’L'g(ul) =1.

For2 <i<n,
4

(6k+4) [5H] +(2k+1), i=1 (mod 3),

To(ui) = q (6k+4)[£] — (2k+3), i=2 (mod 3),

RN [ — |

\(6k+4)[ —1, i=0 (mod 3).

[OSTE

Tg(u1u2> =2k+3.

For2<i<n-—1,

;

(6k+4)[{]—(2k—1), i=0 (mod 3),
To(uiuit1) = § (6k+4) [5] +3, i=1 (mod 3),
\(6k+4)(§}—(4k—1), i=2 (mod 3).

’L'g(vl’j) = Tg(ul\/l?j) =j,1<j<m.

For2<i<nand1<j<m,

¢

(6k+4)[{] —Bk+1)+j, i=0 (mod3)V;

To(vij) = To(uivij) = 4 (6k+4) [5] —k+ J, i=1 (mod 3)Vj

| (6k+4) [§] = (Sk+2)+j, i=2 (mod 3)Vj.

Case 4: Let n > 2 and m =2 (mod 3). Take m = 3k + 2, for some integer k > 0. Define
T:VUE —{1,2,..., ’—2"’”2&-‘} as follows:

To(u1) =1 and wo(u;) = (2k+2)i—1,2<i<n.

To(uiup) = (2k+3) and o (uijuiy1) = 2k+2)i— (2k—1),2<i<n—1.
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To(v1,j) = To(uv1,;) = j,1 < j<m.

For2<i<nand1<j<m,

To(vij) = To(uivij) = (2k+2)i— (3k+2) +

Then the edge weight function o : E[CP, (m)] —{3,5,...,2nm+2n+ 1} is as follows.

o(uuir1) =2m+1)i+1,1<i<n—1
o(uyvij)=2(m+1)i-2m+2j—-1,1<i<n, 1<j<m.

The weights of the edges of CP,(m) forms an arithmetic progression and hence (3,2) —

tesCP,y(m) < [22220-11 T emma 2.1 shows that (3,2) —tesCP,(m) > [22520=11 "this con-

cludes the proof. 0

Theorem 2.15. (3,2)-tes [CPy(m1,ms,...my)] = [2("1'*’"2*";”1")“"*1}, n>2,mi#£0,1<

1 <n.

Proof. The Caterpillar graph CP,(my,ms,...m,) is a tree in which m; are the leaves on the
th vertex of P, , 1 <i<n. LetV = {ui,vi j/1 <i<n,1 <j<m,} be the vertex set and
E={uui1/1 <i<n—1}U{upy;;/1 <i<n,1<j<m,} bethe edge set of the caterpillar
CP,(my,my,...m,) respectively.

Define total labeling 710 : VUE — {1,2,..., P(mﬁmﬁ“;m”)ﬂn_ﬂ } is as follows:

’C]o(ul) =1

T10(u ) ’7 (my+my+. 3—0—m,)+21 l—‘ 2<i<n.

(u
(v ) = [P L] <G <1< < & g 0.
Tlo(uluz) =2m +2— ’V—(ml+;12)+3-‘ .
For2<i<n-—1,
”L'lo(u,-u,-H) = 2(m1 + my + ... + mi) + 2 + 1 — [2(m1+m2+.3+m,‘)+2i—1—‘
’72(m1+m2+...+m,-+1)+2i+1-‘

3 .

For1 <i<n,1<j<m;andm; #0,

[z(mﬁmﬁ';mi)”i*l—‘ —m;+ J, if2(my+...4+m))+2i—1=0 (mod 3),
Tlo(uivi,j) = ‘
H’"l*mﬁ'g*’”")“‘ﬂ —mitj—1, if20m+...Am)+2i—1=1,2 (mod 3).
Then the edge weight function o : E[CP,(m,my,...m,)] — {3,5,..2(m +my+...+m,) +

2n— 1} is as follows:
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o(uiuiy1) =2m+my+...4+m)+2i+1,1<i<n-—1
o(uvij) =2(m+my+...+m)+2(i+j)—2mi—1,1<i<n, 1< j<m;and m; #0.
The weights of the edges of CP,(m,my,...,m,) forms an arithmetic progression and hence

(3,2) — tes|CP,(my,my,...,my,)] < [ﬂmﬁmﬁ“;m’q”z"*l-‘. Lemma 2.1 shows that (3,2) —

tes|CP,(my+my+...+my)] >

P(m' +m2+"5+m”)+2n71_‘ , this concludes the proof. O

Theorem 2.16. (3,2)-tes {G(n,2)} =2n+1, forn >5.

Proof. The generalized Petersen graph on n vertices with skip 2, denoted by G(n,2) is defined to
be a graph with V = {u;,v;/1 <i < n} as the vertex set and E = {u;v;, vivii1,uittir2/1 <i<n}
as the edge set respectively.It has 2n vertices and 3n edges.

Define total labeling 711 : VUE — {1,2,...,2n+ 1} as follows:

Case 1: When # is odd,

Tll(ul) = ’L’ll(u3) =1.

Forl1 <i<n,

3, iiseven,
T (wi) =
5, iisodd,i#1,3.

T1(vi)=2n+1,1<i<n.
T (vivie1) =2i— 1,1 <i<n.

T11 ulvl) (usz) =1and Tll(u3V3) =5.

=

1 (uvi) = ( w+14<z<n

(
(
(
(
(
(
(
(

(Q.

11 (u2i—1upiv1) = 1ifi=1,2 and 711 (uy—uy) = 1.
T11 MZLJ up) = 4(L§J_1)—1

711 (Upus) = (L J—l)—l

T (i 3ttnies) = 4i—3,1 <i < [5] -

Tt (Unr1-2ittn—1-2;) =4i— 1,1 <i < L%J -2

Case 2: When n is even,

’Cn(ul) = ‘L'M(u3) =1.
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Forl1 <i<n,

5, iiseven,
711 (u;) =
3, iisodd,i#1,3.
T1(vi)=2n+1,1<i<n.
T (vivipr) =2i—1,1<i<n.

’L'“(ulvl) = T]](MQVZ) =1 and

5, whenn=26,

T11(u3v3) =
3, whenn#6.
‘L'Hu,v,) ’—2-‘—14<l<n
T11 u1u3) (un,lul) =1 and ’L'H(u3u5) = Tll(un,3un,1) =3,

(

(
i1 (uaissuains) = 4i+1,1 <i <[] -2,
T1 (U1 ity —1-2i) =4 —1,2 <i < [4] - 1.
(

711 (pitpj2) =n+4i—11,2<i < [ ]

1, n=~=o6,
711 (uoug) =
n—7, n#6.

T (pg2—ittnra—2i) =n+4i—9,2<i< | 2],

3, n=~=o6,
711 (unt2) =
n—5, n#o6.
From the above labeling, the upper bound of G(n,2) is obtained.
(ie) (3,2)-tes {G(n,2)} <2n-+1.
The lower bound of G(n,2) is obtained by using the lemma 2.1
(ie) (3,2)-tes {G(n,2)} > 2n+ 1. Hence the proof.

Open Problem 1. Determine the precise value for (3,2) —tes(Py)).
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