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Abstract. In this paper, a modified algorithm based on the residual power series procedure is employed to find an
accurate approximate solution for nonlinear delay differential equations (NDDESs). This modification is considered
as a powerful procedure for improving the efficiency of the residual power series method (RPSM) by using the
Laplace transform and Padé approximant to be an effective procedure that has the ability to give accurate results
closed to the exact solutions with easy computational work. Some numerical examples are presented to check the
validity and the applicability of this modification and the results obtained are compared by the results obtained by
other method in literature to illustrate and prove it is efficiency and reliability for solving this kind of equations.
Keywords: NDDEs; RPSM; MRPSM; Laplace transform; Padé approximant.
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1. INTRODUCTION

Delay differential equations are considered as an important type of functional differential
equations. The derivative of the unknown function in these type of equations at a certain time

is given in terms of the function at previous times. DDEs arise in several branch of applied
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science and engineering such as biological models, physics, medical and biochemical, and con-
trol system [1, 2, 3]. DDE:s attracted the attention of the researchers in the last few years and a
great efforts have been conducted to obtain accurate approximate solutions. High accurate ap-
proximate solutions are achieved by Gheng and Wang (2010) using variational iteration method
(VIM). Evan and Raslan (2005) obtained appropriate approximate solutions for some classes of
DDEs via Adomian decomposition method [5]. Anakira et al (2013) employed for the first time
the optimal homotopy asymptotic method to solve these type of equations and appropriate re-
sults were obtained [6]. Recent years witnessed a great efforts and works from the researchers to
develop a numerical or approximate analytical method which is valid for this type of equations
and great efforts have been achieved using different methods [7, 8, 9, 10, 11, 12, 13].

The residual power series method is an effective and reliable procedure for solving a large
classes of differential equations with easy computational work without needed to perturbation,
discretization or linearization. This procedure give us the solutions in a form of polynomial. the
last few years witnessed alot of works conducted by residual power series method for solving
different classes and types of differential equations [14, 15, 16, 17, 18, 19, 20].

The main objective of this paper is to find accurate solutions which is closed to the exact
one by applying a new modification based on the standard RPSM by applying the Laplace
transformation to the truncated series obtained by RPSM, followed by employing the Padé ap-
proximants to convert the transformed series into a meromorphic function, and finally obtaining
an analytic solution using the inverse Laplace transform. The capability of this modification is
tested throughout several examples which provide us the solution in a form of series that is
closed to the exact solution.

This paper formulated in the following form, Section 2 present a brief overview and some
basic rules of RPSM, Padé approximants and Laplace transform. In Section the cabability of
this procedure is tested throughout several examples to illustrates it is simplicity and efficiency.

Lastly, the conclusion and discussion are in Section 4.

2. DESCRIPTION OF THE SOLUTIONS PROCEDURES

2.1. Residual Power Series Method RPSM. In this part, we will explain the solution proce-

dure of RPSM [15]. The RPSM consists in expressing the solutions of of the given problem in



NONLINEAR DELAY DIFFERENTIAL EQUATIONS 4675

a form of a power series expansion about the initial point ¢ = fy for the given problem

(D W' (1) = f(t,u(t), u(0)=t, t€[0,d],

where f :[0,a] x R— > R are nonlinear continuous function, u(¢) are unknown functions of
independent variable ¢ to be determined, and a > 0. To reach our goal, we assume the solution

in the following form

) u(t) ="y un(1),

where u,,(t) are terms of approximations, note that, when m = 0, we have uy(t) = u(ty) = co,
which is the initial guess approximation, then we evaluate u,,(t),Vm = 1,2, ... and approximate

the solution u(¢) of the given problem by k’th truncated series
k

3) ue(1) =Y cm(t)"

To apply the RPSM, we write the given problem (1) in the following form:

“4) u'(t)— f(t,u(t) =0.

Now, the kth residual function will be obtained by substituting the k’th truncated series (3) into

Eq. (4), as given below

k k
(5) Resi(t) = Z ment™ ' — £z, Z um(t)),
m=1 m=0
and the following oo ’th residual function:

(6) Res™(1) = lim Res*(¢)
k—yo0
Clearly, it is easy to see that Res™(t) = 0 for each ¢ € (79, T), are infinitely differentiable func-

tions at ¢ = ty. Moreover, %Res‘”(to) = %Resk (to) =0,m = 1,2,....k, this relation is consid-

ered a basic rule in the RPSM and its applications.

Now, in order to obtain the first order-approximate solutions, we put k = 1, and substituting

t = 0 into Eq. (5), and using the fact that Res™(0) = Res' (0) =0, to evaluate c; = f(0,co) =



4676 N. R. ANAKIRA

f(0,u(0)). Thus, using first-truncated series the first approximation for the given problem can

be written as

@) u(t) = u(to) + f (10, uto) )t

Similarly, the second-order approximation will be will be obtained by substituting k = 2 into
Eq. (2) tobe anzzo un (1) and by differentiate both sides of Eq. (5) with respect to # which yields
to £ Res?(0) =2c, — %f(O, co) — clﬁf(O, co)- In fact, 4 Res*(0) = Res™(0) = 0.

Thus, we can write ¢y = %(%f(O,u(O)) +c) %f(o, u(0))). Therefore, by consider the val-
ues of ¢ and c; into Eq.(3) when k£ = 2, the second-order approximate solution for the given

problem becomes:
(8) u(t) = u(0) 4 c1t + ot

The same proccess will be repeated to compute more components of the solution-order to obtain

higher accuracy. The next theorem shows convergence of the RPS method.

Theorem 2.1. [15] Suppose that u(t) is the exact solution for the given problem (). Then, the

approximate solution obtained by the RPS method is just the Maclaurin expansion of u(t).

Corollary 2.1.1. [15] If u(t) or some components of u(t) is a polynomial, then the RPS method
will be obtained the exact solution. It will be convenient to have a notation for the error in the
approximation u(t) ~ uy(t). Accordingly, we will let Rem*(t) denote the difference between u(t)
and its k th Maclaurin polynomial; that is,

) Rem (1) = u(t) — wy (1) = i up (0)1™.

m=k+1

The functions Rem*(t) are called the kth remainder for the Maclaurin series of u(¢). In fact,
it often happens that the remainders Rem* (t) become smaller and smaller, approaching zero, as

k gets large

2.2. Padé approximation. The [L/M] Padé approximants of a function u(x) [22, 23] is given
by
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where Py (1) and Qy(¢) are polynomials of degrees at most L and M, respectively. We know the

formal power series
u(t) = Z ait'.
i=1

The coefficients of the polynomials P () and Qy(¢) are obtained from the equation

(10) u(t)— 5;(8) :O(tL+M+1)

PL(t)
Oum(t)

the fractional values remain unchanged, then we can define the normalization condition as

When the fraction of the numerator and denominator

is multiplying by a nonzero constant

(11) Om (0)=1.

Hence, we note that Py (¢) and Qp(¢) have no public factors. If we express the coefficient of

Pp(t) and Qp (1) as

PL(t) = po+ pit + pat> + -+ prt*
QM(I‘) :qo+q1t—l—qzt2+---+thM

(12)

then, by Eq.s (17) and (18), we may multiply (16) by Qps(x), which linearizes the coefficient
equations. We can write out Eq. (16) in more detail as

(
apy1+argr+---+ap-ymr1gu =0

ar+2+arv1q1+--+ar—p2gu =0

(13)
(| ar+mtarim—1q1+---+arqu =0
)
apg = po
ap+apq1 = p1
a+aiqi1 +aoq = p2
(14) q q p

(| aL+ar—1q1+---+aoqrL = pL
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To solve these equations, we start with Eq. (19), which is a set of linear equations for all the
unknown ¢'s. Once the ¢'s are known, then Eq. (20) gives an explicit formula for the unknown
p's, which complete the solution.

If Eq. 19 and Eq. 20 are non-singular, then we can solve them directly and obtain Eq.21 [?],

where Eq. 21 holds, and if the lower index on a sum exceeds the upper, the sum is replaced by

Zero:
ar—mM+1 ar—m+2 ar+1
det
ay, ar+1 ar+m
L i L ' L j
(15) L L Z_;:Maj—MXJ Zj:M_1aij+1xJ Zj:oajxj i
M - — —
ar-m+1  4AL-mM+2 -~ 4L+l
det
ar ar+1 -ee AL4M
M M1 1

Now, we can obtain Padé approximants diagonal matrix of different order using software such

as Mathematica, Matlab and son.

3. NUMERICAL RESULTS AND DISSECTIONS

This section is devoted to present some numerical examples to check the validity and perfor-

mances of our procedure.
3.1. Numerical Results.

3.1.1. Example 1. Consider the following first-order nonlinear delay differential equation

taken from Anakira et al [6]

t

(16) W' (1) = —2u2(2

)+ 1,u(0)=1
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To obtain approximate solution using RPSM, we consider the general form of the solution in

the following kth-truncated series

k
17 u(t) = Z cmt™ =141t + ot + e3> + -+ et
m=0
Now, the unknown coefficients c,,,m = 1,2,---  k will be determined by constructing the fol-

lowing kth residual functions

k k
(18) Res™ (1) = Z mept™ 1 —2( Z cm(%)m)z—l- 1.
m=1 m=0

To find the first ten-order RPSM approximate solution, we substitute k = 10 into Eq. (17)

10 10
t
19 Res™(t) = mept™ ' =2 Cm(=)™M? +1.

Based on the description of the RPSM method formulated in section 2, the value of the
co = up(0) = 1 which is the initial guesses or the given initial condition. Now to find ¢, we use
Eq.(24) to the evaluate the Res™(0) = 0 and by consider c) = 1 we obtain ¢; = 1, Based on the
fact that %Resm(O) =0, and using ¢y = 1 and ¢; = 1 we have the value the constant ¢, = 0, then

we find the value of the constant c3 by using %Res’”(O) = 0 and substituting co =1, ¢} =1

and ¢, = 0, we obtain ¢3 = —%, we follow the same procedure by applying %Resm(O) =0to
find the constant cq4, - - -, c1¢. to obtain following 10th order-approximate solutions
3,5 .9
t t t t
(20) mWﬁn—§+§—ﬁ+a

which gives the exact solution in the limit of infinity terms of the order of the approximate
solutions. To improve the performance of the RPSM, we employ an effective and powerful
procedure depend on RPSM truncated series solutions by taken the laplace transform to the first

four terms of Eq. (27) to obtain

1 1 1 1 1
21 L{tg(f)} = = — — 4+ — — =+ —
e2y) {ur0(z)} 2 o + 6 8 + 10

assume that s = %, yields to

(22) L{upg(t)y =22 =2+ =2 +710.
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Then, using the Padé approximants of [%]

Z2

23 Lu = ———.
(23) "= 5

Now use z = %, and applying the inverse of Laplace transform, we obtain the exact form of the

given problem
(24) u(t) = Sin(r)

3.1.2. Example 2. The second example considered in this section, is the following second-

order nonlinear delay differential equation
t
(25) u (1) :1—2u2(§), u(0)=1, «(0)=1.

To solve this problem by means of RPSM, we consider the general form of the solution in the

following k’th truncated series

k
(26) we(t) =Y cnt™ =1+cit+ oot + o3t +-- 4t
m=0

The coefficients ¢,,,,m = 1,2, -,k will be determined by constructing the following k’th resid-
ual functions

5, 2 - I \my2
27 Res™(t) = mcpt" " +2 cm(=)™)"—1.
@7 ()= Y men (Y en(3)")

The first ten-order RPSM approximate solution will be obtained by using k = 10 into Eq. (27)
0 ) 10 toy

28 Res™(t) = moc, "+ 2 cm(=)™)"—1.

(28) (6)= Y mcn (X en3)")

depend on the RPSM method formulated in section 2, the value of the ¢y = up(0) = 1 which
is the initial guesses or the given initial condition. Now to determined the value of ¢, we use
Eq.(24) to the compute the Res™(0) = 0 and by consider ¢y = 1, we have ¢; = 0, depend on the
fact that %Resm(O) =0, and using ¢y = 1 and ¢; = 1 we obtaine the value the constant c; = —%,
then we find the value of the constant c3 by using %Resm(O) = 0 and substitutingco =1, ¢} =

k—1
dtk,lResm(O) =0

1 and ¢, =0, we have c3 = 0, the same procedurewill be repeated by applying -

to compute the constant cy4, - - -, c19. to obtain following 10th order-approximate solutions

(29) uf)=1— -y
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which leads to the exact solution in the limit of infinity terms of the order of the itrations of the
approximate solutions. To improve the performance of the RPSM, we apply an effective and
powerful procedure depends the truncated series solutions of the RPSM by applying the laplace

transform to the first four terms of Eq. (27) to obtain

1 1 1 1 1
30 L{iu@) = — — 4 — — —+ —.
(30) WO} =5 -5+%- 5+

Lets = %, yields to
31 L{uo)}=z2—-22422 -7 +2°

Then, using the Padé approximants of [%]

4

32 Lu = ——.
(52) ! 2+1

Using z = %, and applying the inverse of the Laplace transform, we obtain the exact solution
(33) u(t) = cos(t).

3.1.3. Example 3. In this example, the third-order nonlinear delay differential equation taken
from Anakira et al [6] is given in the following form

(34) u"'(t)zZuz(%)—l, w0)=1, W(0)=1, u"(0)==0, xc[0,1].

To solve this problem by means RPSM, the general kth-truncated series form of the RPSM

solution is considered

k
(35) we(t) =Y cnt™ =1+cit+ ot + et +-- -+t
m=0
The coefficients ¢;,,m = 1,2,---  k can be determined by constructing the following kth residual
functions
(36) Res™ Z m(m (m—2)cut™™ S Z cm

To determine the the first ten-order RPSM approximate solution, we put k = 10 into Eq. (23)

(37) Res™ Z m(m (m—2)cyt™™ S Z cm

depend on the description of the RPS method formulated in section 2, the value of the

co=up(0) =1, ¢;=u(0)=1, c; =u"(0) == 0, which are the initial guesses or the given
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initial conditions. To find c¢3, we use Eq.(42) to evaluate the Res™(0) = 0 and by consider
co=1, ¢y =1 and ¢ =0, we obtain c3 = —%, depend on the fact that %Resm(O) =0,
and using co =1, ¢y =1, ¢ =0and ¢c3 = —% we have the value the constant ¢4 = 0,

The value of the constant c5 will be obtained by using %Resm(O) = 0 and substituting

co=1, c1=1, =0 c3= —%, and ¢4 = 0, we obtain ¢5 = l—éo. The same procedure
will be repeated by applying 5:_11 Res™(0) = 0 to find the constant cg, - - - , ¢j9. to obtain follow-

ing 10th order-approximate solutions

A ¢’ £

(38) ult) =1~ 6+ 130 " 5040 362880

which is converge to the exact solution in the limit of infinity terms of the order of the approx-
imate solutions. To improve the accuracy of the RPSM, we will use an effective and powerful
procedure based on RPSM truncated series solutions by applying the laplace transform to the

first four terms of Eq. (27) to obtain

R TS S B
39 L{u(t)} = 5 — 5+ = — =+
(39) luo}=5-a+t 5~ 850

Consider s = %, yields
(40) L{up(t)} =22 —* +22 = +71°.

Then, using the Padé approximants of [%]

Z2

41 Lu = .
(1) "= 5

Now, we use z = %, and then applying the inverse of Laplace transform yields to the exact form

solution
(42) u(t) = sin(t)

The results obtained show that the prsented procedure give us accurate solutions closed to
the analytic solution using a few number’s of iterations of the RPSM solutions, this advantage
overcomes the difficulties of calculating more iteration solutions to achive more accurate results
and improve the efficiency of the standard RPSM that is observed from the absolute errors

displayed in Figs.1-3.
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FIGURE 1. Absolute errors related to example 1, 2 and 3, respictively

4. CONCLUSIONS

In this study, an effictive and powerful procedure based on the RPSM has been employed
successfully for the first time to find an accurate approximate solution for classes of NDDEs
which is closed form of the analytic solution. The performance and efficiency of this procedure
repsented by it is simplicity of application that are verfied and satisfied throughout the numerical
results. This procedure converges rapidly to the exact solution and needs less computational

work comparing by other methods which is consider one of the best advantage.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] C. Ly, Z. Yuan, Stability analysis of delay differential equation models of HIV-1 therapy for fighting a virus
with another virus. J. Math. Anal. Appl. 352(2)(2009), 672-683.

[2] L. Glass, M.C. Mackey, Pathological conditions resulting from instabilities in physiological control systems.
Ann. N. Y. Acad. Sci. 316(1) (1979), 214-235.

[3] N.K. Patel, P.C. Das, S.S. Prabhu, Optimal control of systems described by delay differential equations. Int.
J. Control, 36(2) (1982), 303-311.

[4] Q. Wang, F. Fu, Solving delay differential equations with homotopy analysis method, in: K. Li, X. Li, S. Ma,
G.W. Irwin (Eds.), Life System Modeling and Intelligent Computing, Springer Berlin Heidelberg, Berlin,
Heidelberg, 2010: pp. 1447153.

[5] D.J. Evans, K.R. Raslan, The Adomian decomposition method for solving delay differential equation. Int. J.

Computer Math. 82(1) (2005), 49-54.



4684 N. R. ANAKIRA

[6] N.R. Anakira, A.K. Alomari, I. Hashim, Optimal homotopy asymptotic method for solving delay differential
equations. Math. Probl. Eng. 2013 (2013), 498902.

[7] N.R. Anakira, H. Abdelkarim, M. Abu-Dawas, Homotopy Sumudu Transformation Method for Solving Frac-
tional Delay Differential Equations, Gen. Lett. Math. 9(1) (2020), 33-41.

[8] M.S. Bahgat, Approximate analytical solution of the linear and nonlinear multi-pantograph delay differential
equations. Physica Scripta, 95(5) (2020), 055219.

[9] N.R. Anakira, A. Jameel, A.K. Alomari, et al. Approximate solutions of multi-pantograph type delay differ-
ential equations using multistage optimal homotopy asymptotic method. J. Math. Fundam. Sci. 50(3) (2018),
221-232.

[10] A.F. Jameel, N.R. Anakira, A.K. Alomari, et al. A new approximate solution of the fuzzy delay differential
equations. Int. J. Math. Model. Numer. Optim. 9(3) (2019), 221-240.

[11] R. Malikov, G. Abdirashidova, A. Abdirashidov, Approximate solution some delay differential equations
using combination of the Laplace transform and the variational iteration method. Int. Sci. J. Theor. Appl. Sci.
85(5) (2020), 406-411.

[12] N.R. Anakira, A.K. Alomari, I. Hashim, Application of optimal homotopy asymptotic method for solving
linear delay differential equations, in: Selangor, Malaysia, 2013: pp. 1013?1019.

[13] N.R. Anakira, Optimal homotopy asymptotic method for solving multi-pantograph type delay differential
equations. Adv. Differ. Equ. Control Proc. 19(3) (2018), 191-204.

[14] I. Komashynska, M. Al-Smadi, A. Ateiwi, S. Al-Obaidy, Approximate analytical solution by residual power
series method for system of Fredholm integral equations. Appl. Math. Inf. Sci, 10(3) (2016), 1-11.

[15] M. Al-Smadi, Solving initial value problems by residual power series method. Theor. Math. Appl. 3(1)
(2013), 199-210.

[16] A. El-Ajou, M. Al-Smadi, N.O. Moa’ath, et al. Smooth expansion to solve high-order linear conformable
fractional PDEs via residual power series method: Applications to physical and engineering equations. Ain
Shams Eng. J. 11(4) (2020), 1243-1254.

[17] B. Chen, L. Qin, F. Xu, J. Zu, Applications of general residual power series method to differential equations
with variable coefficients, Discr. Dyn. Nat. Soc. 2018 (2018), 2394735.

[18] M.A. Bayrak, A. Demir, E. Ozbilge, Numerical solution of fractional diffusion equation by Chebyshev col-
location method and residual power series method. Alexandria Eng. J. 59(6) (2020), 4709-4717.

[19] R.M. Jena, S. Chakraverty, S.K. Jena, H.M. Sedighi, Analysis of time?fractional fuzzy vibration equation of
large membranes using double parametric based Residual power series method, Z. Angew. Math. Mech. 101

(2021), €202000165.



NONLINEAR DELAY DIFFERENTIAL EQUATIONS 4685

[20] M. Al-Smadi, O.A. Arqub, S. Hadid, Approximate solutions of nonlinear fractional Kundu-Eckhaus and
coupled fractional massive Thirring equations emerging in quantum field theory using conformable residual
power series method. Physica Scripta, 95(10) (2020), 105205.

[21] M. Alshammari, M. Al-Smadi, O.A. Arqub, et al. Residual Series representation algorithm for solving fuzzy
duffing oscillator equations. Symmetry, 12(4) (2020), 572.

[22] S. Momani, V.S. Erturk, Solutions of non-linear oscillators by the modified differential transform method.
Computers Math. Appl. 55(4) (2008), 833-842.

[23] S. Al-Ahmad, N.R. Anakira, M. Mamat, I.M. Suliman, R. AlAhmad, Modified differential transformation

scheme for solving classes of non-linear differential equations, TWMS J. Appl. Eng. Math. in press.



