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1. INTRODUCTION 

The study of domination in graphs was established by O. Ore [13] and C. Berge [1].            

T.W. Haynes, S.T. Hedetniemi and P.J. Slater [5] was introduced the Fundamentals of domination 
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in graphs. E.J. Cockayne and S.T. Hedetniemi [2] initiated Total domination in graphs. The inverse 

domination in graphs concept proposed by V.R. Kulli and S.C. Sigarkanti [8].  V.R. Kulli and  

R.R. Iyer [7] discussed the concept of Inverse total domination in graphs.  The concept of fuzzy 

graph was first introduced by Kaufmann [6] from the concept fuzzy relation introduced by      

L.A. Zadeh [17]. A. Nagoorgani and V.T. Chandrasekaran [12] was introduced the concept of 

domination in fuzzy graph using strong arcs. C.V.R. Hari Narayanan, S. Revathi and R. Muthuraj 

[4] was discussed connected total perfect dominating set in fuzzy graph. S. Ghobadi, N.D. Soner 

and Q.M. Mahyoub [3] was discussed inverse dominating set in fuzzy graph. A. Somasundaram 

and S. Somasundaram [15,16] discussed about domination in fuzzy graph with effective edges and 

also discussed Total domination in fuzzy graph using effective edges. R. Muthuraj et al. [10, 9] 

was discussed On Anti fuzzy graph and Total Strong (Weak) Domination on Anti fuzzy graph. S. 

Sabu and T.V. Ramakrishnan [14] proposed the theory of multi-fuzzy sets and it is used to 

characterize the problems in the field of taste recognition, decision making, pattern recognition, 

image processing and approximation of vague data.  R. Muthuraj and S. Revathi [11] was defined 

the concept of Multi fuzzy graph. In this paper we obtain the concept of Inverse domination on 

Multi fuzzy graph and Inverse total domination of a Multi fuzzy graph. We defined some properties 

and the necessary and sufficient condition for the inverse and inverse total domination number of 

a Multi fuzzy graph. 

 

2. PRELIMINARIES: MULTI FUZZY GRAPH 

In this section, the concept of multi fuzzy graph is introduced and discussed its related 

concepts. Throughout this paper, denote the edge between two vertices u and v as uv. 

2.1 Definition [12] 

A fuzzy graph G = (σ,) defined on the underlying crisp graph G* = (V, E), where              

E  V V, is a pair of functions σ: V→ [0,1] and :V×V→[0,1],  is a symmetric fuzzy relation 

on σ such that (uv) ≤ min {σ(u), σ(v)} for all u, vV. 
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2.2 Definition [14] 

  Let X be a non-empty set. A multi-fuzzy set A in X is defined as a set of ordered sequences: 

  A = {(x, µ1(x), µ2(x),.....,µi(x),….) : x ∈ X}, where µi : X → [0,1] for all i . 

2.3 Remark: 

i. If the sequences of the membership functions have only k-terms (finite number of 

terms), k is called the dimension of A.  

2.4 Definition [11] 

  A multi fuzzy graph (MFG) of dimension m defined on the underlying crisp graph              

G* = (V, E), where E  V V, is denoted as   G = ((1, 2, ….,m), (1, 2 , ….,  m)), and               

i : V → [0, 1] and i: V V→ [0, 1], i is a symmetric fuzzy relation on σ such that                      

i(uv)  min { i(u) , i(v) }, for all i = 1,2, 3, …,m; u, v V and uv E. 

2.5 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then the cardinality 

of a MFG G is denoted as G and is defined as 


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2.6 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then the vertex 

cardinality of a MFG G or the order of a MFG is denoted as V or O(G) or p and is defined as


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2.7 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let D  V. Then the 

cardinality of D of  G or the fuzzy cardinality of D of  G is denoted as D and is defined as


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2.8 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then the degree of 

a vertex u  V in G is defined as 


++++
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m21

G
m

(uv)μ...(uv)μ(uv)μ1
(u)d . 

2.9 Definition [11] 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. An edge  uv = e is 

said to be an effective edge if i(uv) = min { i(u) , i (v) }, for all  i = 1,2, 3, …,m.  

2.10 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let u  V of G. Then 

the neighbors (neighborhood) of u or an open neighbors of u V of G is denoted by N(u) and is 

defined as N(u) = {v V /  i(uv) = min { i(u) , i (v) }, for all  i = 1,2, 3, …,m}. 

The closed neighbors of u  V of G is denoted by N[u] and is defined as                                       

N[u] = N(u)  {u}. 

2.11 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. The vertex u  V of 

G is said to be isolated vertex if i(uv) < min { i(u), i(v)}, for some i = 1,2, 3, …,m and for all 

v V – {u}.  

In other words, the vertex u  V of G is said to be isolated vertex if N(u) =  or                  

 N(u)  = 0. 

2.12 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. The vertex              

u  V of G is said to be pendant vertex if   N(u)  = 1. An edge incident on the pendant vertex is 

called a pendant edge. 

2.13 Definition [11] 

  Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let u, v  D. We say 

that u dominates v in G if i(uv) = min { i(u) , i (v) }, for all i = 1,2, 3, …,m ;  uv E. 

A subset D of V is said to be a dominating set in G if for every v V – D there exist u  D 

such that u dominates v. 
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A dominating set D of V is said to be a minimal dominating set if no proper subset of D is 

a dominating set of G. 

The minimum fuzzy cardinality of a minimal dominating set in G is called the domination 

number of G and is denoted by (G) or simply  and the corresponding minimal dominating set is 

called the minimum dominating set of G. 

2.14 Definition [11] 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then a dominating set T 

of V is said to be a total dominating set T of G if the induced sub graph of T has no isolated vertex. 

A total dominating set T  of a MFG G is called minimal total dominating set on MFG G, 

if no proper subset of T is a total dominating set of G. 

   The minimum fuzzy cardinality among all minimal total dominating set on MFG G is 

called total dominating number of a MFG G and is denoted by Tγ (G)  and the corresponding 

minimal dominating set is called is called the minimum dominating set of G. 

2.15 Example 

 In the following MFG with dimension 3, 

D1 = {a}; D2 = {b, c}; D3 ={b, d}, D3 = {d}  are the minimal dominating sets of G with cardinality 

1.13, 0.94, 1.4, 0.93 respectively and the domination number is   = 0.93. 

D1 = {a, b}; D2 = {a, c}; D3 ={a, d} are the minimal total dominating sets of G with cardinality 

1.6, 1.6, 2.06 respectively and the total domination number is  = 1.6. 

 

Fig. 2.1 

MFG of dimension 3 
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3. MAIN RESULTS: INVERSE DOMINATION ON MFG 

In this section, the concept of inverse domination on MFG is defined and its domination 

number is obtained for MFG with examples. Throughout this section, domination on MFG using 

effective edges only considered. 

3.1 Definition 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let I be a minimum 

dominating set of a MFG G. If the subset I V – I is a dominating set of G then I is called an 

inverse dominating set with respect to I. 

 The minimum fuzzy cardinality taken over all minimal inverse dominating sets in G is called 

inverse domination number of G and it is denoted by .  

3.2 Example 

 Consider the following MFG G. 

 

    Fig. 3.1 

Let I = {a, b} be a minimum dominating  - set of a MFG G and in V – I, the sets,        

I1 = {c, e} and I2 = {d, e} and I3 = {c, d, e} are the dominating sets of G. By definition 3.1, I1 = 

{c, e} is the minimum fuzzy cardinality of all inverse dominating sets of G with respect to I. Hence, 

(G) = 1.85 and (G) = 2.15. 

3.3 Observation 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with at least one inverse 

dominating set, then (G) (G). 
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3.4 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with at least one inverse 

dominating set. Then, (G) + (G) p. 

Proof 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let I be the inverse 

dominating set with respect to I in V of G. Then, I V – I. Therefore,(G) p – (G).  Hence,  

(G) + (G) p.   

3.5 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then,(G)< p. 

Proof 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m.                         

Then by Theorem 3.4,(G) + (G) p. Hence,  (G)< p. 

3.6 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with at least one isolated 

vertex. Then, (G)= 0. 

Proof 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let I be the minimum 

dominating  - set of a MFG G and uI be the isolated vertex of G. Then, for all vV – I,           

i(uv) < min { i(u) , i (v) }, for some  i = 1, 2, 3, …, m. 

That is, there is no vertex in V – I dominate u. Hence, there is no dominating set of G in  

V – I. Hence, (G) = 0. 

3.7 Remark 

 The following theorem is the necessary and sufficient conditions for the existence of at least 

one inverse dominating set of a MFG G. 

3.8 Theorem 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let I be a minimal 

dominating set of G. Then G has an inverse dominating set if and only if the following conditions 
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hold. 

i. G has no isolated vertices, 

ii. n(I) n(V – I), where n(I), is the number of elements in the set I and vice versa. 

Proof   

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let I be a minimal 

dominating set of G. Let I V – I be the inverse dominating set of G. Then, by theorem 3.6, G has 

no isolated vertex as I V – I be the inverse dominating set of G. 

 Suppose n(I) >n(V – I). Let I be a minimal dominating set of G. If every vertex of V – I is 

dominated by exactly one vertex of I, then there exists at least one vertex u I such that either u 

dominates a vertex in V – I which is also dominated by some other vertex of I or u does not 

dominate any vertex of V – I. This is a contradiction to I is a minimum dominating set of G. Hence, 

n(I)  n(V – I). 

 Conversely, let the conditions hold for any MFG G. Let I be the minimum dominating set of 

G. Then by condition (i), every vertex of V – I can dominate its neighbor in I. By condition (ii),           

V – I contains a dominating set with respect to I. Hence, inverse dominating set I V – I exists in 

G. 

 

4. MAIN RESULTS: RELATED CONCEPTS OF INVERSE TOTAL DOMINATION ON MFG 

In this section, the related concepts of inverse total domination on MFG and its properties 

are discussed. 

4.1 Definition 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m.  Let T  be a minimum 

total dominating set of a MFG G. If the subset TI  V – T is a total dominating set of G, then TI is 

called an inverse total dominating set with respect to T. 

 The minimum fuzzy cardinality taken over all minimal inverse total dominating set in G is 

called inverse total domination number of G and is denoted by (G).γ  

TI
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4.2 Example 

            Consider a MFG G with dimension 3. 

Minimal total dominating sets of G are T1 = {a, b}, T2 = {c, d}, T3 = {e, f} and the minimum total 

dominating set of G is T1 = {a, b}. The minimal total dominating sets in V – T are 

f}{e,Td},{c,T
21

II == and inverse total dominating set of G is f}{e,T
2

I =  V – T = {c, d, e, f}, 

by the usual computations, the total domination number, and an inverse total domination number 

respectively as 1.7γ1.6,γ
I

TT == .
 

 

Fig. 4.1
 

4.3 Theorem 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then, for any inverse 

total dominating set in G, (G).γ(G)γ
ITT   

Proof 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m and T be the minimum 

total dominating set of V in G. Let (G)γT be the total domination number of a G and let TI be an 

inverse total dominating set of V – T of G. Then (G)γT be the inverse total domination number of 

G. Then, (G).γ(G)γ
ITT   
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4.4 Theorem 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with pendant vertex (end 

vertex). Then (G)γT = 0. 

Proof 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with pendant vertex (end 

vertex).Let T be the minimum total dominating set of V in G. Let uV be an end vertex of G and 

let u is adjacent to the vertex vV. Then uV – T and vT. Since, u, vT as T is the minimum 

total dominating set of T. Hence, uV – T and vT. The vertex uV – T has no neighbors in V – 

T. Hence, total domination set in V – T does not exist. Hence, (G)γT = 0. 

4.5 Theorem 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with at least one isolated 

vertex. Then T(G)= 0. 

Proof 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m and let uV be an isolated 

vertex. Then, it is not possible to have a total dominating set of V in G. Suppose, let T be a total 

dominating set of V in G. If uT, then  T  has an isolated vertex. Hence, uT. If uV – T, then 

there is no vertex in T has a neighbor as u. That is, there is no vertex in T dominate u. Hence, it is 

not possible to have a total dominating set in V of G. Hence, T(G)= 0. 

4.6 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with at least one inverse 

total dominating set. Then T(G) + (G)γ
IT

 p. 

Proof 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let TI be the inverse 

total dominating set with respect to T of V in G. Then, TI V – T. Therefore, (G)γ
IT

 p – T(G). 

Hence,  T(G) + (G)γ
IT

 p.   
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4.7 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m, then (G)γ
IT

< p. 

Proof 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Then by Theorem 4.6, 

T(G) + (G)γ
IT

 p. Hence,  (G)γ
IT

< p. 

4.8 Remark 

The following theorem is the necessary and sufficient conditions for the existence of at least 

one inverse total dominating set of a MFG G. 

4.9 Theorem 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m. Let T be a minimal total 

dominating set of G. Then G has an inverse total dominating set if and only if the following 

conditions hold. 

i. G has no isolated vertex, 

ii. G has no pendant vertex (end vertex), 

iii. For any uT, N(u)  T. 

iv. n(T) n(V – T), where n(T), is the number of elements in the set T and vice versa. 

v. At least n(T) vertices of V – T is not isolated. 

Proof 

Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m and Let T be the 

minimum total dominating set in V of G. Let TI  V – T be an inverse total dominating set of G. 

By theorems 4.4 and 4.5, G has no isolated and pendant vertex as TI  V – T is an inverse 

total dominating set of G.  

If N(u)  T, for some u  T, then does not exist any vV – T such that v dominates u. 

Hence, N(u)  T, for all u  T as TI  V – T is an inverse total dominating set of G. 

Suppose n(T) >n(V – T). Let T be a minimal total dominating set of G and TI  V – T be 

an inverse total dominating set of G. If every vertex of V – T is dominated by exactly one vertex 

of T, then there exists at least one vertex uT such that either u dominates a vertex in V – T which 
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is also dominated by some other vertex of T or u does not dominate any vertex of V – T. This is a 

contradiction to T is a minimum total dominating set of G. Hence, n(I) n(V – I). 

Given T is the minimum total dominating set in V of G and TI   V – T be an inverse total 

dominating set of G. Then, TI sub graph of  V – T  has no isolated vertices. There should be at 

least n(T) vertices in V – T are not isolated to dominate the vertices of T of G. 

  Conversely, let the conditions hold for any MFG G. Then by condition (i), the minimum total 

dominating set T of G exists. Condition (ii) assertion that it is possible to have TI in V – T. By 

condition (iii), every vertex of T can be dominated by its neighbor vertex in V – T. By condition 

(iv), T is the minimum total dominating set of G and hence V – T has equal or more number of 

vertices as T. By condition (v), there exists TI  V – T such that TI has no isolated vertices. Hence, 

V – T contains an inverse total dominating set with respect to T. Hence, inverse total dominating 

set TI  V – T exists in G. 

4.10 Remark 

 Consider the Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension mwith no 

isolated and pendant vertex and having n vertices. Then,  

Case i: Suppose n = 1, then obviously there is no total dominating set in G. This results that inverse 

total dominating set does not exist. 

Case ii: Suppose n = 2, then there exists a total dominating set in G. By definition of total 

dominating set in multi fuzzy graph, there exists no vertices belongs to V −T. Hence, inverse total 

dominating set does not exist. 

Case iii: Let n = 3. Let T be a minimum total dominating set of V in G with n(T) = 2. Then        

 V – T  has an isolated vertex. Hence it is not possible to have a total dominating set in V – T. 

Hence, inverse total dominating set does not exist. 

Case iv: Let n = 4. Let T be a minimum total dominating set of V in G. Let n(T) = 2. If n(T) > 2, 

then either V – T =  or   V – T  has an isolated vertex. Hence, it is not possible to have a total 

dominating set in V – T. So, if   n(T) = 2 and   V – T  has no isolated vertex then only V – T 

contains a total dominating set in G.  
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In general, if                               

i.  T is a total dominating set of V in G then, by the definition 2.23, n(T) 2. 

ii.  TI is an inverse total dominating set of G then n(G)  4. 

4.11 Remark 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a MFG of dimension m with n vertices and n 

edges, where n = 4, 8, 12, …. Let T be a minimum total dominating set of G. Then, an inverse total 

dominating set TI exists with respect to T and .
2

n
T)n(V)n(Tn(T) I =−==  

4.12 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a complete MFG of dimension m. Let TI be an 

inverse total dominating set with respect to the minimum total dominating set T of G. Then both  

 T  and  TI are connected. 

Proof 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be a complete MFG of dimension m. Let TI be an 

inverse total dominating set with respect to the minimum total dominating set T of G.  

Let uT, then u is adjacent to all vertices of V in G and also adjacent to all vertices of T. 

That is, there is a fuzzy path between all vertices of T in G. Hence,  T  is connected.  

Let vTI, then v is adjacent to all vertices of V in G and also adjacent to all vertices of TI. 

That is, there is a fuzzy path between all vertices of TI in G. Hence,  TI is connected.  

4.13 Theorem 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be any complete bipartite MFG with dimension m. 

Then, a minimum total dominating set T and an inverse total dominating set TI of G exists. 

Proof 

 Let G = ((1, 2, ….,m), (1, 2 , ….,  m)) be any complete bipartite MFG with dimension m. 

Then, V = V1 V2 and V1 V2 = . Let T = {u, v}, where 1 2u V and v V   be a total dominating 

set of G and TI = {x, y}  V – T, where 1 2x V - {u} and y V {v}  − be the total dominating set 

of G. Hence, both T and TI exist for any complete multi fuzzy graph. 
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5. CONCLUSION 

 The authors introduced the concept of multi fuzzy graph and its based definitions and the 

concept of domination on multi fuzzy graph. The application of multi fuzzy graph and operations 

and other dominations on multi fuzzy graph will be reported in forth coming papers. 
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