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Abstract. In this paper, we introduce some new results on the fixed point and common fixed points of Geraghty
contraction mappings in b—metric b—complete spaces. Moreover, we give a representative example to illustrate
the compatibility of our results.
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1. INTRODUCTION

The famous extensions of the concept of metric spaces have been done by Czerwik [1] where
he introduced and studied the concepts of b—metric spaces. Bakhtin [2] uses b-metric spaces
as a generalization of metric spaces for find fixed point. After that, several papers have been
published on the theory of the fixed point in this space. For additional works and results in b-

metric spaces, we encourage readers to refer to the reference ([3, 4, 5,6,7, 8,9, 10, 11, 12, 13]).
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In this section, we recall some basic known definitions, notations and results in b—metric
spaces which will be used in the sequel. Throughout this article, N,R,R™ denote the set of

natural numbers, the set of real numbers and the set of positive real numbers, respectively.

Definition 1.1. [1]. Let Xbe a nonempty set and s > 1 be a given real number. A function
d: X xX — [0,0) is said to be a b—metric on X if the following conditions hold:
(i) d(x,y) =0 ifand only if x = y;
(i) d(x,y) =d(y,x) for all x,y € X;
(iii) d(x,y) <s(d(x,z) +d(z,y)) for all x,y,z € X.

In this case, the pair (X,d) is called a b—metric space.

It is worth mentioning that the class of b—metric spaces is effectively larger than that of the

ordinary metric spaces. The following example illustrates the above fact.

Example 1. [16]. Let (X,d) be a metric space and let B > 1,A >0 and p > 0. For x,y € X,
set p(x,y) = Ad(x,y) + ud(x,y)B. Then (X, p)is a b-metric space with the parameter s = 2P~

and not a metric space on X.

Definition 1.2. [17]. Let (X,d) be a b—metric space, x € X and (x,) be a sequence in X. Then
(1) {xn} converges to x if and only if r}gl}o d(xp,x) = 0. We denote this by r}glolo Xn =X or
Xp = x(n — o).
(i) {x,} is Cauchy if and only if nvlnizlgwd (Xp,xm) = 0.

(iii) (X,d) is complete if and only if every Cauchy sequence in X is convergent.

Remark 1.1. [17]. In a b—metric space (X,d), the following assertions hold:

(i) A convergent sequence has a unique limit.
(i1) Each convergent sequence is Cauchy.

(ii1) In general, a b—metric is not continuous.

Theorem 1.1. [18]. Let (X,d) be a complete metric space. Let f : X — X be given mapping

satisfying:

(1.1 d(fx, fy) < a(d(x,y))d(x,y), Vx,yeX,
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where o € o/ . Then f has a unique fixed point.

At o/ be the family of all functions « : [0,0) — [0, 1) satisfying the property:

r}l_l;lolo a(t,) =1 implies ,}glgotn =0.

Theorem 1.2. [19] Let (X,d) be a b—complete b—metric space with parameter s self-map.

Suppose that there exists B € 94 such that:

(1.2) d(fx,fy) < a(d(x,y))d(x,y), Vx,yeX,

where ot € B. Then f has a unique fixed point.

At (X,d) be a b—metric space with parameter s > 1 and % denote the set of all functions

B :[0,0) — [0, 1), satisfing the following condition:
lim B(t,) =~ implies  lim f, = 0
Jlim B(t,) =~ implies  lim 7, =0.
2. MAIN RESULTS

Theorem 2.1. Let (X, d) be a b—complete b—metric space with parameter s > 1. Let f : X — X

be a self-mapping satisfying:

2.0 d(fx,fy) <B(Z(x,y)Z(x,y), VxyeX,

where

Llxy) = max{d<x,y>, d(x, [ +d(y,fy)] e, fo)[1+d ()] dxfy) +d(y.fx) }

I+dxy) 7 1+d(fxfy) 2s

and B € AB. Then f has a unique fixed point.
Proof. Let xo € X be arbitrary and {x, } such that
Xp = fxp_1=f"x0, VneN.

If there exists n € N such that x,, | = x,,, then x,, is a fixed point of f and the proof is finished.

Otherwise, we have d(x,+1,x,) > 0 for all n € N. Using (2.1), we obtain

(2.2) d(xmxn+1) = d(fxnflyfxn) < ﬁ(g(xnflaxn))g(xnflaxn%
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where

_ A0 1, [0 1) [ +d (%, £50)] (01, L0 1)[1+d (3, 30)]
,Z(xn—l,xn)—maX{d(xn—laxn)7 14 d(xXp—1,%n) ’ L+d(fxn—1,fxn) ,

d(xnflvfxn) +d(xn7fxn71)
2s

= max d(x x) d(‘xn*17xn)[1+d(x}’laxn+l>] d(anl,xn>[1+d(xn7xn+l)]
b 1+d(xn—17xn) , 1+d(xnaxn+1)

d(xn—lvxn—l—l) +d(xnaxn)
2s

Y

d(xn—laxn)[l +d(xn,xn+l)]
1+d(xy—1,%n)

$1d (Xn—1,%0) + d (X, X 1)) }
2s

d(x,_
_ max{d(xn_l,xn), M}

,d(xn—la-xn)v 2

< max{d(xn_l 3 Xn ) d (Xn, Xn1 1),

= max{d (Xn—1,%n),d (Xn, Xn+1)}

If max{d(x,—1,%),d(xn,Xn+1)} = d(xn,xn+1), then from (2.2) we would have

d(%n, Xn 1) < B(d (0, %n41))d (ns X 41)

1
2.3) < ~d(nx11)

< d(xnvxn-l—l)a

which is a contradiction. Hence, max{d(x,—1,%n),d (Xn,Xn+1)} = d(Xn—1,%n),

d(xmxn—H) < ﬁ (d(xn—l 7xn)>d(xn—l ,Xn)

1
(2.4) < —d(xy—1,%n)
s
< d(xp—1,%n).

Since {d(x,—1,x,)} is a decreasing sequence of non-negative reals. Hence, there exists p > 0
such that lim d(x,_1,x,) = p. We will prove that p = 0. Suppose on contrary that p > 0. Then,
n—soo
taking n — oo in (2.4) we have
p < limsup (L (x—1,%))P-
n—soo

Then,

1
- <1<limsupB(ZL(xn—1,%1)) < —.
N

n—yoo

Y | =
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From B € %, then limsup B (£ (x,—1,%,)) = 0. Hence, lim d(x,_1,x,) = 0, which is a contra-
n—soo

n—soo
diction, that is, p = 0. Now, we prove that the sequence {x,} is a b—Cauchy sequence. Suppose

the contrary. Then there exists € > 0 for which we can find subsequences {x,,,)} and {x,() }
of {x,} such that n(k) is the smallest index for which n(k) > m(k) > k and

(2.5) d(Xm()> Xn(k)) = €-

This means that

(2.6) d(Xm(k)s Xn(k)—1) < €.

Using (2.5) and the triangular inequality, we get

€ < d(Xm()s Xn()) < S Xm(iys Xm(i) 1) + & CXm(ie)+1>%n(k))]-

Then, we get

™

2.7) — <limsupd(x m(k)+15%, (k))

s k—so0

From the definition of .Z(x,y) and the above limits,

limsup 2 (X, (k) s Xn (i) -1)

k—yo0

zlimsupmax{d(x X ) d(xm(k)afxm )[1+d(xn -1 fxn )]
o m(k)s*An(k)—1)» 1—|—d()€m ) ’

d(Xm(kys [Xm(i)) [1+d (Xn()—15 [Xn(i)—1)] d(x m(k),fxn(k)q) +d (Xt =15 S Xm(x)) }
1+ d(fxm(k)afxn(k)—l) , 2s

d(Xm(kys Xm(k)+1) 1 +d () —1,%n(k))]
1+ d(X(k)s Xnk)—1) ’
d(Xn(k) s Xm(k)+-1) 1+ d (X ()15 Xn(k))] d(xm(k)vxn(k))+d(xn(k)—1axm(k)+l)}
14d (k)15 %n(x)) 7 2s

= limsup max{d(xm(k) s Xn(k)—1)

k—>oo
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d(xm(k) » Xm(k)+1 ) [1 + d(xn(k)—l 1 Xn(k) )]
1+ d(xm(k) 7xn(k)—1)

d(Cm(kys Xm(k)+ 1)1 +d )= 15%n)] S Xy Xn(k)—1) +d Xy~ 15%n(k))]
L+ d (X (k) 415X (k) ’ 2s ’

S (X (k)= 15 Xmk)) + d (i) Xm(r)+1)] }
2s

Y

= limsup max{d(xm(k) Xn(k)—1)s

k—roo

<eEe.

Using (2.7) and (2.1), we get

£ .
e=s(—) < shmsupd(xm(k)ﬂaxn(k))

§ k—so0

< limsup B (L (Xpn(e)s Xn(k)—1))-L Kom(k) s Xn(k)—1)

k—oo

< elimsup B (&L (X (k) Xn(k)—1))

n—yoo

1 1

which implies that — < limsup B (<L (X(x),Xp(k)—1)) < —. From B € % we conclude that
S k—vo0 S

L (Xm(k)s Xn(k)—1) — 0, as a result, d(x,,k),%,k)—1) — 0. Using (2.5) and the b—triangular in-

equality, we get

€ <d(Xp(k)sXn(k)) < S Xm()s Xn(k)—1) T dXn(e)=1>%n(k))]-

Hence, klim d(Xpn(k)sXn(r)) = 0, a contradiction to (2.5). Thus, {x,} is a b—Cauchy sequence.
—yo0
The completeness of X implies that there exists 8 € X such that x, — 6. Next, We will show

that 0 is a fixed point of f. Using b—triangular inequality and (2.1), we get

d(e,fe) < S[d(eafxn) +d(fxnaf9)]

<sd(0, fx,)+sP(L(x,,0))L (xn,0).

Taking n — oo in the above inequality, we obtain

(2.8) d(6,10) <slimsupd(0,x,+1)+ slimsup B(Z(x,,0))limsup.Z(x,,0),

n—yoo n—oo n—oo
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where
limsup.%(x,, 0)
gt d(xn, fx)[1+d(8,76)] d(xn, fxa)[1+d(6,/6)]
_hinfipmax{d(x”’e)’ [+d.0) 1+d(fu,/6)
d(xn, f0)+d(6, fxn)
2s
- d(%n, Xn1)[1+d(6,10)] d(xn,Xn11)[1+d(6,/0)]
29 Shgfipmax{d(x”’e)’ [+d(n0) 0 +d(enf0)
| d(x1,£8) +d(6.%:.41)
2s
' d(%n; Xn11)[14d(6,f0)] d(xn,Xn11)[1+d(6,/0)]
Shi‘fipma"{d(x”’e)’ [+d(0,0) T+da,fo)
S[d(30,0) +d(6,/0)] +d(6,5,,1)
2s
<d(6,10).
Using (2.8), we get
(2.10) (0, £0) < slimsup B(.Z(xy,0))d(8, £6).

1 1
which implies that — < limsup 3(-Z(x,,0)) < —. From 8 € % we conclude that
S n—oo S

lim .2 (x,,0) = 0. Hence, f6 = 6.
n—oo
Finally, suppose that the set of fixed point of f is well ordered. Assume on contrary, that 0

and @ are two fixed points of f such that 8 # &. Using (2.1), we get

d(0,P) =d(f6,fP) < B(L(6,9))L(6,P),

_ max{d(e, @), OSON+d(P,fP)] d(6,£0)[1+d(P.fP)] d(8,/P)+d(,10) }

1+d(6,P) " 1+d(fO, fP) 2s
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T
:max{d(@,cp),d(qz’e)}
— d(6,®).

d(6, )

Hence, we have d(0,®) <

, a contradiction. So, 8 = @ and the fixed point of f is
s

unique. U

Example 2. Let X = {3,4,5} and d : X x X — [0, ) be defined as follows:

(i) d(3,4) =d(4,3) =3
(i) d(3,5) = d(5,3) =%
(i) d(4,5) = d(5,4) = 32
(iv) d(3,3) = d(4,4) = d(5,5) =0

5
It is easy to check that (X ,d) is a b—metric space with constant s = 1 Take f3=f5=3,f4=5

4
and B(t) = ge_’, t >0and (0) € [0,5). Then we have

A(f3.14) = d(3.5) = = < 1 = (£(3.4) 2(3.4).
(3, 5) =d(3.3) =0 < B(L(3,5) £ (3.5),
A(f4,15) = d(5,3) = o < 3o = B(£(4.5).2(4,5).

Hence, the conditions of Theorem 2.1 are satisfied.

Theorem 2.2. Let (X,d) be a b—complete b—metric space with s > 1. Let f, g be self-mappings
on X which satisfy

(2.11) sd(fx,gy) < B(L(x,y)L(x,y), Vx,y€eX,

where

d(x, fx)[1 +d(y,gy)] dx, fx)[1+d(y,gy)] }
1+d(x,y) ’ 1+d(fx,gy) ’

and B € AB. If f or g are continuous, then f and g have a unique common fixed point.

L(x,y) = maX{d(x,y),
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Proof. Let xg be arbitrary. Define the sequence {x,} in X by xp,11 = fx2, and x2,,12 = gXon+1

forallm=0,1,.... Using (2.11), foralln =0,1,2,..., we get

(2.12) sd(xXon+1,X2n+2) = 8d(fx20,Sx2m+1) < B(ZL (x20,X2041))-L (X2, X2n+1),

where

L (X0, X2n41)

d(xan, fx00)[1 +d(x0n11,8%2n11)] d(xX2n, fXon)[1 +d(X2n41,8%0011)] }
1 +d(x2n>x2n+l) ’ 1 +d(fx2n7gx2n+l)

d(x2n,%2n+1)[1 +d(x2n41,%20+2)] d(X2n,%2041)[1 +d (02041, X2n42)] }
1+ d(xon,%20+1) ’ 14+ d(x2n41,%20+2)

= max{d(xzn,xznﬂ),

= max{d()@n,xznﬂ),

< max{d(x2n,X2n+1),d(X2n+1,%20+2) }

If 2 (x2n,X2n+1) = d(X2n+1,X2n42), then

sd(xon41,X2n+2) < B(L (x2n,%2n41))d (X2n+1,X2n42) < d(Xon+1,X2m+2),

a contradiction. So, we have £ (x2,,%20+1) = d(x21,X2541). Using (2.12), we get

[

(2.13) d(x2n41,%m+2) < B(ZL (x2n,%2041))d (X20, %20 41) < Ed(x2n7x2n+l)-

Also, we get d(xpni1,%2n42) < d(X2n,X%00+1). Similarly, d(xp,13,%0042) < d(X2042,%20+1)-
Hence, we have d(x,,x,+1) < d(x,—1,x,). Therefore {d(x,,x,+1)} is a nonincreasing sequence,
hence there exists p > 0 such that d(x,,x,+1) — p as n — co. We will show that p = 0. Suppose
on the contrary that p > 0. Taking n — o in (2.13), we get

(2.14) p < Timsup(Z (xan, X2011)P

n—yoo

which implies that % <1 <limsup(-Z (%21, %00+1)) < % From 8 € 4 we conclude that

r}glgo L (xpn,x2n+1) = 0. Hence, p = nlgrolo d(x2,%2n+1) = 0, a contradiction.

This is, nlgrol° d(x24,%20+1) = 0. Now, we prove that the sequence {x, } is a b—Cauchy sequence.
Suppose the contrary. Then there exists € > 0 for which we can find subsequences {me(k)} and

{X2n() } Of {x2,} such that n(k) is the smallest index for which n(k) > m(k) > k and

(2.15) d(Xom(k)s X2n(k)) = €-
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This means that

(2.16) d(Xom(k)s Xon(k)—1) < €.
Using (2.11) and (2.15), we get

€ < d(Xon(k)s Xom(k))

< sd (%) Xon(k)+1) 54 (Xon(k)+1>%2m(k))
2.17)

= 5d (Xon(k)s X2n(k) +1) T 5A([X2n(k)> 8X2m(k) 1)

< sd (Xgu (k) Xan(k)+1) T B(L (2nt)s Xom(k)=1))L (X2n(i) s Xom(k)~1)
where

d(%2n(k)s S%2n(0)) [T+ d (X2m(k) -1 8X2m(k)—1)]
1+ d (Xon(k)s X2m(k)—1)
d(X2n(k)s fX2n() )1+ d (Xom(k )—ngzm(k)—l)]}
L+ d( (), 8%2m(k)—1)
d (%2 (k) s X2n(k)+1) [+ d (X2m(k)—1:X2m(k))]
1+ d(xX2n(k)s X2m(k)—1)
d(%2n(k)s X2n(k)+1) [1 +d (Xm() - 17x2m(k))]}
L+ d (%) 15 %2m(k)) '

Y

&z (in(k) »x2m(k)71> = max { d (in(k) 1 X2m(k)—1 )s

Y

= max{d(xZn(k) s X2m(k)—1 )

Taking k — oo, we get
limsup .2 (X, (k) Xom(k) 1) = Hmsupd (Xpu k), X2m(k)—1)-

k—roo k—roo

Using the b—triangular inequality, we get
(2.18) d(Xon(k)s Xom(k)—1) < 5(d(Xan(k)s Xam(k)—2) T dXom(k) -2, %2m(k)-1))-
Taking k — o in (2.18), we get

(2.19) limsupd(xzn(k),xzm(k)_l) < sE.

k—yo0
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Using (2.17) and (2.19), we obtain

€ <Tlimsup(B (L (x2n(k)sX2m(k)—1))-L Xan(k)s X2m(k)—1))

k—oo
(2.20) = limsup B (-2 (Xpn(k), Xom(k)—1)) imsupd (X2 (k) s X2m(x) 1)
k—yoo k—yo0

< selimsup B (L (X (k) Xom(k)—1))

k—yo0

1
which implies that — < limsup B (-2 (xp,(k)s Xom(x)—1)) < —- From 8 € % we conclude that
s

k—ro0
lim 2 (X (k) X2m(x)—1) = 0. Hence,

(2.21) lim d (X2 4) s X2m(i)-1) = 0-
Using (2.15) and the b—triangular inequality, we get

(2.22) € < d (o) Xom(k)) < S(d (X)X 2m(k)—1) + & (Xam()—1:X2m(k)))-

Taking k — o in (2.21) and using (2.22), we obtain

lim sup d(XZn(k) ,sz(k) ) =0.
k—yo0

This contradicts (2.15). This implies that {x;, } is a b—Cauchy sequence and hence there exists

0 € X such that lim x,, = 6. If f is continuous, we get

n—soo
(2.23) [0 = lim fxp, = lim xp,1 = 6.
Using (2.11), we obtain

(2.24) sd(0,80) =sd(f0,80) < B(Z(60,0))Z(6,0),

where

Z(0,0) = max{d(e,e), d(0,10)[1+d(6,g0)] d(6,f0)[1+d(6,80)] }

1+d(0,0) " 1+d(£6,g0)
<d(6,g0).

From 8 € & we conclude that

sd(6,860) < B((6,6))d(6,80) <d(6,g0).



5178 JIRAPORN LIMPRAYOON, DUANGKAMON KITKUAN

Hence, g6 = 0. If g is continuous, then, by a similar argument to that of above, one can show
that f, g have a common fixed point. Now, we prove the uniqueness of the common fixed point.

Let y = fy = gy, is another common fixed point for f and g. Using (2.11), we obtain

(2.25) sd(0,y) =sd(f6,gy) < B(ZL(6,y))Z(0,y),

where

2(6.) ZmaX{d(G,y),d(e’f 0)[1 +d(.fy)] d(6.70)[1+d(y.fy)] d<e,fy>+d<y,fe>}

1+d(6,y) ’ L+d(f0,fy) ’ 2s
=d(6,y).

Hence, 6 = y and the common fixed point f and g is unique. 0

Corollary 2.1. Let (X,d) be a b—complete b—metric space with s > 1. Let f be self-mapping
on X which satisfy

(2.26) sd(fx, fy) < B(ZL(x,y)Z(x,y), VxyeX,

where

L(x,y) = max{d<x,y>, d (e, f)[L+d(y, fy)] d(x o)1 +d 0 fy)] }

I+d(xy) 7 1+d(fx fy)
and B € AB. If f is continuous, then f has a unique fixed point.

Proof. Taking f = g in Theorem 2.2, we get the following result. U

Example 3. Let X = [0,1] and d : X x X — [0,) be defined by d(x,y) = |x —y|?, for all
x,y € [0,1]. Apparently, (X,d) is a b—metric space with parameter s = 2. Take fx = %Cfor all

1
xeXand B(t) = gfor allt > 0. Then,

<B(ZL(x,y)ZL(x,y).

Then, the conditions of Corollary 2.1 are satisfied.
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