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Abstract. In this paper, we investigate the geometry of semi-incline lightlike submanifolds of indefinite Cosym-
plectic manifolds and acquires portrayal the hypothesis for such manifolds. Next, we give the integrability states of
appropriations on semi-incline lightlike submanifolds of indefinite Cosymplectic manifolds. At last, we likewise
acquire necessary and sufficient condition for foliation controlled by appropriations to be absolutely geodesic and
give a few precedents.
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1. INTRODUCTION

The hypothesis of submanifolds of semi-Riemannian manifolds is intriguing to think about
the geometry of lightlike submanifolds due to the way that the crossing point of typical vector
pack and the digression group is non-inconsequential. In this way, the examination turns out to
be more fascinating and surprisingly unique in relation to the investigation of non-degenerate
submanifolds. The geometry of lightlike submanifolds of inconclusive Kaehler manifolds was
displayed in a book by Duggal furthermore, Bejancu [7]. B. Y. Chen has introduced the notion
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of slant immersions by generalizing the concept of holomorphic and totally real immersions [2]
and [3]. Later, the concept of slant immersion of a Riemannian manifold into an almost contact
metric manifold was introduced by A. Lotta in [13]. Riemannian geometry of contact and sym-
plectic manifolds was studied by D. E. Blair in [1]. The slant submanifolds of a Cosymplectic
manifold was studied in [9] and lightlike submanifolds of indefinite Cosymplectic manifolds
was studied in [12] and [10]. To define the notion of slant submanifolds, one needs to consider
the angle between two vector fields. A lightlike submanifold has two (radical and screen) distri-
butions. The radical distribution is totally lightlike and therefore it is not possible to define angle
between two vector fields of radical distribution. On the other hand, the screen distribution is
non-degenerate. Using these facts the notion of a slant lightlike submanifold of an indefinite
Hermitian manifold was introduced by B. Sahin [15]. The geometry of semi-slant submanifolds
of Kaehler manifolds was studied by N. Papaghuic in [14] and totally geodesic foliations was
studied by Johnson and Whitt in [11] . The theory of slant, Cauchy-Riemann lightlike sub-
manifolds of indefinite Kaehler manifolds has been studied in [7]. Lightlike submanifolds of
indefinite Sasakian manifolds were studied in [6]. Lightlike submanifolds of indefinite Kaehler
manifolds includes slant, Cauchy-Riemann lightlike submanifolds as its sub-cases. Lightlike
geometry has its applications in general relativity, particularly in black hole theory, which gave
impetus to study lightlike submanifolds of semi-Riemannian manifolds equipped with certain
structures in [8]. The geometry of slant and semi-slant submanifolds of Sasakian manifolds was
studied by J.L. Cabrerizo, A. Carriazo, L.M. Fernandez and M. Fernandez in [4] and [5]. On
the other hand the theory of slant, contact Cauchy-Riemann lightlike submanifolds of indefinite
Sasakian manifolds have been studied in [16]. Thus motivated sufficiently, we introduce the
notion of semi-incline lightlike submanifolds of indefinite Cosymplectic manifolds. Recently
S.S. Shukla and A. Yadav introduce the notion of semi-slant lightlike submanifolds of indefinite
Sasakian manifolds [18] and indefinite Kaehler manifolds in [17]. Motivated by above, we are
interested to study semi-incline lightlike submanifolds of indefinite Cosymplectic manifolds.
We arranged the paper in the following manner:

In section second, we give a brief theory of lightlike geometry which involves definition and
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some results also fundamentals which are needed for the paper. In section three, we investi-
gate the geometry of semi-incline lightlike submanifolds of indefinite Cosymplectic manifolds.
Section four is devoted to the study of foliations determined by distributions on semi-incline
lightlike submanifolds of indefinite Cosymplectic manifolds. In section five, we provide some

examples of semi-incline lightlike submanifolds of an indefinite Cosymplectic manifold.

2. PRELIMINARIES

An odd-dimensional semi-Riemannian manifold M is said to be an indefinite almost contact
metric manifold if there exist structure tensors (@,,V,n,g) , where ¢, is a (1,1) tensor field, V a

vector field, 17 a 1-form and g is the semi-Riemannian metric on M satisfying

2.1) 07X = —X+1(X)V, no¢. =0, n(V) =¢, 9.V =0,

(2.2) 8(0:X,0.Y) = g(X,Y) —en(X)n(Y),

forall X,Y € I'(TM), where € = 1 or —1. It follows that

(2.3) gV,v) =g,
(2.4) gX,V)=n(X),
(2.5) g(X, ¢*Y) = _g(¢*X7Y)7

forall X,Y € TM, where TM denotes the Lie algebra of vector fields on M. An indefinite almost

contact metric manifold M is called an indefinite Cosymplectic structure iff [1],
26 (Fxo =0

A semi-Riemannian manifold endowed with an indefinite Cosymplectic structure is called an
indefinite Cosymplectic manifold.

For any X € I'(TM), we get
2.7) VyV =0,

where V denote the Levi-Civita connection on M.

Let (M, g,¢.,V,n,) be an e-almost contact metric manifold. If € = 1, then M is said to be a
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spacelike €-almost contact metric manifold and if € = —1, then M is called a timelike £-almost
contact metric manifold. In this paper, we consider indefinite Cosymplectic manifolds with
spacelike characteristic vector field V.

(M™*™ g) is called a lightlike submanifold if the metric g induced from g is degenerate
and the radical distribution Rad(TM) is of rank r, where 1 < r < m. Let S(TM) be a screen

distribution which is a semi-Riemannian complementary distribution of Rad(TM) in TM, i.e.,

Consider a screen transversal vector bundle S(7M), which is a semi-Riemannian complemen-
tary vector bundle of Rad(TM) in TM~. Since, for any local basis &; of Rad(T M), there exists a
local null frame N; of sections with values in the orthogonal complement of S(TM*) in S(TM™)
such that g(&;, N;) = 0;J, it follows that there exists a lightlike transversal vector bundle ltr(TM)

locally spanned by N;. Let tr(T M) be complementary (but not orthogonal) vector bundle to TM

in TM|y. Then,

(2.9) tr(TM) = Itr(TM) @ oy S(TM™),

(2.10) TM‘MZ TM@Orthtr(TM),

(2.11) TM|pr = S(TM) @opip, (Rad(TM) ® gy 1tr(TM)) Doy S(TM™).

Although S(TM) is not unique, it is canonically isomorphic to the factor vector bundle
TM|Rad(TM) .We say that a submanifold (M, g,S(TM),S(TM"')) of M is

(i) r-lightlike if r < min(m,n),

(ii) coisotropic if r = n < m,S(TM*) =0,

(iii) isotropic if r=m < n,S(TM) =0,

(iv) totally lightlike if r = m = n,S(TM) = 0 = S(TM™").

The Gauss and Weingarten equations are

(2.12) VyY = VyY +h(X,Y), VX,Y € D(TM),

(2.13) VyV = VLV —AyX, VW € T(tr(TM)),
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where (VxY,AyX) and (h(X,Y),V4V) belong to T(TM) and ['(tr(TM)) respectively. V and
V! are linear connection on M and on the vector bundle tr(TM) respectively. The second
fundamental form 4 is symmetric F(M)- bilinear form on I'(TM) with values in I'(rr(TM))

and the shape operator Ay is bilinear endomorphism of I'(TM) . From (2.12) and (2.13), we

have

(2.14) VY = Vy¥ + 0 (X,Y) + 1 (X,Y), VX,Y € T(TM),
(2.15) VxN = —AyX + V4 (N) +D*(X,N), YN € L(tr(TM)),
(2.16) VxW = —AwX + V5 (W) + D\ (X,W), YW € T(tr(TM)),

where H(X,Y) = L(h(X,Y)), h(X,¥) = S(h(X.Y)), D'(X,W) = L(V4W), D'(X,N) =
S(VEN). L and S are the projection morphism of t7(TM) on Itr(TM) and S(TM™*) called
the lightlike connection and screen transversal connection on M respectively. For any vector

field X tangent to M, we put
(2.17) 0.X = PX+FX,

where PX and FX are tangential and transversal parts of ¢.X respectively. Now, by using

(2.12),(2.14)- (2.16) and metric connection 6, we obtain

(2.18) g (X.Y),W)+g(Y,D'(X.Y)) =g(AwX,Y),

Denote the projection of TM on S(TM) by P. Then from the decomposition of the tangent

bundle of a lightlike submanifold, we have
(2.20) VxPY = V4 PY +h*(X,PY),
forall X,Y e I'(TM).

(2.21) Vx& = —A2X+©§g ,
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where & € I'(Rad(TM)).

Using above equation , we get

(2.22) 2(H (X, PY),§) = g(ALX, PY),
(2.23) g(h*(X,PY),N) = g(ANX,PY),
(2.24) g(h'(X,8),6) =0, At =0.

Note that in general V is not a metric connection. Since V is metric connection, by using (2.14),

we have

(2.25) (@Xg)(Y7Z) :g(hl(X7Y)7Z)+g(hl(sz>7Y)'

3. SEMI-INCLINE LIGHTLIKE SUBMANIFOLDS OF INDEFINITE COSYMPLECTIC

MANIFOLDS

This new class of lightlike submanifolds of an indefinite Cosymplectic manifold includes
slant, contact Cauchy-Riemann lightlike submanifolds as its subcases which have been studied
in [16], [5]. In this section, we introduce the definition of semi-incline lightlike submanifolds of
indefinite Cosymplectic manifolds and some properties. At first, we state the following lemmas

for later use:

Lemma 3.1. Let M be an r-lightlike submanifold of an indefinite Cosymplectic manifold M
of index 2q with structure vector field tangent to M. Suppose that Rad(TM) is a distribution
on M such that Rad(TM) N ¢.Rad(TM) = 0. Then ¢.ltr(TM) is a subbundle of the screen
distribution S(TM) and ¢..RadTM N ¢.ltr(TM) = {0}.

Lemma 3.2. Let M be a g-lightlike submanifold of an indefinite Cosymplectic manifold M of
index 2q with structure vector field tangent to M. Suppose ¢.Rad(TM) is a distribution on M
such that Rad(TM) N ¢.Rad(TM) = {0}. Then any complementary distribution to ¢.RadTM @
O.ltr(TM) in S(TM) is Riemannian.



SEMI-INCLINE LIGHTLIKE SUBMANIFOLDS OF INDEFINITE COSYMPLECTIC MANIFOLDS 5953

The proofs of lemma 3.1 and lemma 3.2 follow as in lemma 3.1 and lemma 3.2 respectively
of [5], so we omit here them.

As mentioned in the introduction, the purpose of this paper is to define semi-incline lightlike
submanifolds of an indefinite Cosymplectic manifold. To define this notion, one needs to con-
sider angle between two vector fields. As we can see from Section one, a lightlike submanifold
has two distributions viz. radical and screen. The radical distribution is totally lightlike and
therefore, it is not possible to define angle between two vector fields of radical distribution. On
the other hand, the screen distribution is non-degenerate. Thus one way to define semi-incline
lightlike submanifolds is to choose a Riemannian screen distribution on lightlike submanifolds,

for which we use lemma 3.2.

Definition. [17] Let M be a g-lightlike submanifold of an indefinite Cosymplectic manifold M
of index 2¢ such that 2¢ < dim(M) with structure vector field tangent to M. Then we say that
M is a semi-incline lightlike submanifold of M if the following conditions are satisfied:

(i). ¢+RadTM is a distribution on M such that RadTM N ¢,RadTM = {0},

(ii). there exist non-degenerate orthogonal distributions D and D, on M such that S(TM) =
(¢«RadTM @ ¢ultr(TM)) Do D1 Do D2 Sorn {V }5

(iii). the distribution D is an invariant distribution, i.e. ¢.D; = Dy,

(iv). the distribution D, is incline with angle 6(s#= 0), i.e. for each p € M and each non-
zero vector X € (D3), the angle 6 between ¢.X and the vector subspace (D), is a non-zero

constant, which is independent of the choice of p € M and X € (D),

This constant angle 6 is called the incline angle of distribution D, . A semi-incline lightlike
submanifold is said to be proper if Dy # {0}, D> # {0} and 6 # 7.

From the above definition, we have the following decomposition
(3.1)  TM = RadTM &y, (0.RadTM & ¢.1tr(TM)) Soreiy D1 Boren D2 Boren {V}-

In particular, we have
(i) if D1 =0, then M is a incline lightlike submanifold,

(ii) if D1 = 0 and 6 = 7, then M is a contact CR-lightlike submanifold.
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Proposition 3.3. There exist no proper semi-incline totally lightlike or isotropic submanifolds

M in indefinite Cosymplectic manifolds M with structure vector field tangent to M .

Now, for any vector field X tangent to M, we put ¢.X = PX + FX, where PX and FX are
tangential and transversal parts of ¢.X respectively. We denote the projections on RadTM,
O0.RadTM, ¢.ltr(TM), Dy and Dy in TM by P, , P> , P3, Py , and Ps respectively. Similarly, we
denote the projections of t+(TM) on Itr(TM) and S(TM*) by Q; and Q> respectively. Then,
forany X € I'(TM), we get

(3.2) X = PX + P, X + PsX 4+ PX + PsX +1(X)V.

Now, applying ¢. to (3.2), we have

(3.3) 0. X = 0.PLX + 0. P X + 0. P3X + 0. P4X + ¢.P5X
By above, we have

(3.4) X = 0PLX + 0P X + 0. P3X + 0 PaX + fPsX + FPs X,

we obtain that ¢.P X € I'(§.RadTM), ¢.P.X € I'(RadTM), ¢.P3X € T'ltr(TM), ¢.P4X €
[(Dy), fPsX € T(D,) and FPsX € I'(S(TM*)). Where fPsX and FPsX are the tangential
and transversal component of @, PsX.

For any W € I'(rr(TM)), we have

(3.5) W =01W+Q,W.
Operating ¢, in (3.5), we have

(3.6) oW = 0.0 W+ 9.0, W.
Now, we obtain using (3.6), we have

3.7) 0.W = 0.01W + BO,W +COLW.

We get 0.01W € T(9,ltr(TM)), BQ:W € I'(Dy) and CQ,W € T'(S(TM™*)). where BQ,W and
CQ,W are the tangential and transversal component of ¢,.Q>W Now, by using (2.6), (3.4), (3.7)
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and (2.14)-(2.16) and identifying the components on RadTM, ¢.RadTM, ¢.itr(TM), Dy , D, ,

Itr(TM), S(TM~) and V, we have some expression given as follows:
(3.8) P (ﬁx@f'] Y) + P (ﬁx(])*PzY) + P (@X ¢*P4Y) + P (@XfP5Y)

= Pi(ArpyX) +Pi(Ag.pyX) + 0P VxY,

(3.9) Py (VX0 PY )+ Py (Vx . PoY ) 4 P (Vx 0. PyY ) + Py (Vx fP5Y)

= Py (AppyX) + Pa(Ap.py X) + 0P VyY,

(3.10) Py(Vx 0. PY) + Py (Vx @, PoY )+ Py (Vx 0. PY )+ P3(Vx fP5Y)

= Pi(ArpyX) + Pi(Ag.pyX) + ¢h (X, V),

(3.11) Py(Vx§.PY) + Po(Vx 0. PY )+ Py(Vx 0. PyY ) + P4(Vx fP5Y )

= Py(ArpyX) + Pa(Ap py X) + 0P VxY,

(3.12) Ps(Vx@.PY)+Ps(Vx @, PoY )+ Ps(Vx ¢, PyY )+ Ps(Vx fP5Y)

= Ps(ArpyyX) + Ps(Ag.pyX) + 0 PsVxY + BRI (X,Y),

(3.13) R(X,0.PY) 4R (X,0.PY )+ (X, 0.PY) + R (X, fP5Y)

= ¢,P3VxY —Vho,PsY —D! (X, FP5Y),

(3.14) W (X, P1Y ) + 1 (X, 0. PoY ) + (X, 9 PaY ) + (X, fP5Y )

= Ch*(X,Y) — V5§ FPsY —D'(X,¢.P3Y) + FPsVxY,

(3.15) N(VxPY)+1(Vx$PoY) +1(Vx . PsY) +1(Vx fP5Y)

= N(Ap.pyX) +N(Arpy X).

Theorem 3.4. Let M be a g-lightlike submanifold of an indefinite Cosymplectic manifold M of
index 2q with structure vector field tangent to M. Then M is a semi-incline lightlike submanifold
if and only if

(i) 0RadTM is a distribution on M such that RadTM N ¢,.RadTM = {0},
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(ii) the distribution D is an invariant distribution, i.e. ¢.D1 = D,

(iii) there exists a constant § € [0, 1) such that P*X = —&X.

Moreover, there also exists a constant i € (0,1] such that BEX = —uX, for all X € T'(Dy),
where Dy and D, are non-degenerate orthogonal distributions on M such that S(TM) =
(0sRadTM @ ¢, 1tr(TM)) ®orip, D1 Dorin D2 Boren {V} and § = cos*, where 0 is a incline angle
of D,.

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold
M. Then distribution D, is invariant with respect to ¢, and ¢,RadTM is a distribution on M
such that RadTM N ¢.RadTM = {0}. Now for any X € I'(D,) we have |PX| = |¢.X|cos0,
which implies

|PX]|

(3.16) cos0 = .
9:X|

Using equation (3.16), we obtain

_IPXP? _ g(PX,PX) _ g(X,P’X)

29 = — —
O TI0XE T 20k, 0.X)  g(X,02X)

Using above, we get
(3.17) g(X,P*X) = cos®0g(X, 92X).

Since M is semi-incline lightlike submanifold cos*@ = § € [0, 1) and therefore from (3.17), we
have

g(X,P’X) = 2g(X,92X) = g(X,1¢7X),
which gives

(3.18) g(X,(P* = 8¢7)X) =0.

Since (P? — §¢2)X € I'(D,) and the induced metric g = g|p,«p, is non degenerate, from (3.18),
we get (P2 — §¢2)X = 0 which gives

(3.19) P’X = 8¢2X = —5X.
Now, for any vector field X € I'(D,), we have

(3.20) 0.X = PX+FX,



SEMI-INCLINE LIGHTLIKE SUBMANIFOLDS OF INDEFINITE COSYMPLECTIC MANIFOLDS 5957

where PX and FX are tangential and transversal parts of ¢.X respectively. Applying ¢. to

(3.20) and taking tangential component, we get

(3.21) —X = P’X + BFX.
From (3.19) and (3.21), we get

(3.22) BFX = —uX,

1-6=pel01).
Which proves (iii)
Conversely. Suppose that conditions (i), (ii) and (iii) are satisfied. From (3.21), for any X €

I'(D,), we get

(3.23) —X = P’X — uX,
which implies

(3.24) P>X = —8X,
l—u=206¢€]0,1). Now, we have

COSQ — g(‘P*X?PX) _ g(Xaq)*PX) _ g(X’sz) o g(X7¢*2X> _ g(‘P*X?(P*X)

o.XIIPX| — [9.X|IPX| — |0.XI[PX] — "[9.X|[PX|  |¢X][PX]

From above equation, we obtain

29

2 = .
(3.25) cos0 5\PX|

Therefore using (3.16) and (3.25), we obtain cos*6 = §.

So M is a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold.

Corollary 3.5. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic
manifold M with incline angle 0, then for any X,Y € T'(D5), we have

(i) g(PX,PX)=rcos’0g(X,Y),

(ii) g(FX,FX)=sin>0g(X,Y).

Proof. The proof of above Corollary follows as in proof of Corollary 3.2 of [17].
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Lemma 3.6. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic man-
ifold M. Then for any X,Y € T(TM —{V'}), we have

(i) &(VxY,V)=2(Y,9.X),

(i) g(IX,Y],V) =2§(X,9.Y).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold

M. Since V is a metric connection, from (2.7) and (2.14), for any X,Y € I'(TM — {V }), we have
(3.26) g(VxY,V) = g(¥,0.X),

using (2.5) and (3.26), for any X,Y € I'(TM — {V}), we get

(3.27) g([X,Y],V)=28(X,9.Y).

Theorem 3.7. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic man-

ifold M with structure vector field tangent to M. Then RadTM is integrable if and only if

P (Vx¢.PY) =P (Vy¢.PX)
Py(Vx0.PY) = Py(Vy¢.PX)

Ps(Vx¢.PY) = Ps(Vy ¢.PX),
and

R(Y,0.P X) =H (X, ¢.PY)

WY, 0.PLX) = I* (X, 0P Y),
forall XY € T'(RadTM).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold

M. Let X,Y € T(RadTM). From equation (3.8), we have
P{(Vx9.PY) = ¢.P,VxY,

which gives

Pi(Vx0.PY) — P (Vy¢. P X) = ¢.P5[X,Y],
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using (3.11), we obtain

Py(Vx¢.PY) = . PVyY,

which gives

Pi(Vx0.PY) — Py(Vy 9. P X) = 0. P4[X,Y],
now, using (3.12), we get
Ps(Vx¢.PY) = fPsVxY +Bh*(X,Y),
which gives
Ps(Vx¢.PY) — P5(Vy$.PX) = fP5[X,Y],

in view of (3.13), we have

W(X,9.PY) = ¢.PsVxY,

which gives

R(X,0.PY) — k' (Y, 0.P X) = ¢.P5[X,Y],
also, using (3.14), we get
B (X,0,PY) =Ch (X,Y)+FPsVyY,
which gives
B (X,0.PY) —h*(Y,9,PX) = FP5[X,Y],

which completes the prove of the Theorem.

Theorem 3.8. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic man-
ifold M with structure vector field tangent to M. Then Dy & {V'} is integrable if and only if
Pi(Vx§.PiY) = P (Vy§.PiX),
Py(Vx$.PY) = Py(Vy §.PsX),

Ps(Vx¢.PsY) = P5(Vy¢.PiX),
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and
W (Y, 0.PX) = h' (X, 9.PY),
WY, 0. PaX) = 1 (X, 0o PaY ),
forallX,)Y e (D& {V}).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold

M. LetX,Y € I'(D; & {V}). From (3.8), we have
P{(Vx9.PY) = $.PVxY,
which gives
Py(Vx$.PY) — P (Vy§.PX) = ¢.Ps[X,Y],

using (3.9), we get
P(Vx¢.PY) = ¢.PVyY,

which gives

Py(Vx0.PY) — Py (Vy 0. PX) = 9. P[X,Y],
now, using (3.12), we obtain
P5(Vx 9. PY) = fPsVxY + B’ (X,Y),
which gives
Ps(Vx¢.PY) — Ps(Vy$.PX) = fP5[X,Y],

in view of (3.13), we have

B (X, 0.PY) = ¢.P3VxY,

which gives

WX, 0.PY) — h (Y, 0.PX) = §.P3[X,Y],
also, using (3.14), we get
B (X,0.PY) =Ch(X,Y)+FPsVyY,

which gives

B (X, 0.PY) — (Y, 0.PX) = 0, P5[X, Y],
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which completes the prove of the Theorem.

Theorem 3.9. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic man-

ifold M with structure vector field tangent to M. Then D, & {V'} is integrable if and only if
P (VxfPsY —VyfPsX) = Py, (Appy X — AppxY ),
Py(Vx fPsY —VyfPsX) = Py, (ArpyX — AppixY),
Py(VxfPsY —Vy fPsX) = Py, (AppyX — AppixY),
KX, fPsY)—Hh (Y, fPsX)=D'(Y,FPsX)—D!(X,FPsY),

forall XY e T(Dy®{V}).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold

M. LetX,Y e T(Dy&{V}). From (3.8), we have
Py (VxfPsY —Vy fPsX) = ¢.P,VxY,
which gives
Pi(VxfPsY —VyfPsX) — P{(AppyX — ArpxY) = 0. P [X,Y],

from (3.9), we have

Py(VxfPsY) — PyAppyX) = 0. P VxY,
which gives
Py(VxfPsY —Vy fPsX) — Py(ArpyX — ArpxY) = 0.P[X,Y],
in view of (3.11), we have
Py(Vx fPsY) — Py(ArpyX) = 9.P4VxY,
which gives
Py(Vx fPsY —Vy fPsX) — P4(ArpyX — AppxY) = ¢.P4[X, Y],
now, from (3.13), we obtain

R (X, fPsY)+D'(X,FPsY) = ¢.P3VxY,
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which implies
W (X, fPsY)—h' (Y, fPsX) —D'(Y,FPsX) +D'(X,FPsY) = ¢.P5[X,Y],
which prove all the required results of the Theorem.
Theorem 3.10. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic

manifold M with structure vector field V tangent to M. Then induced connection V is not a

metric connection.

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold
M. Suppose that the induced connection is a metric connection. Then, for all X,Y € I'(TM),
we have
VxPY € ['(RadTM) and h'(X,Y) = 0.

Thus from (2.6), for any Z € I'(¢.RadTM) and W € I'(¢.ltr(TM)), we get
(3.28) Vwo.Z — 0.VwZ = §(Z,W)V.
Using (2.14) and (3.28) and taking tangential components, we have
(3.29) ViwdsZ — 0.PIVwZ — 0.PVwZ — 9. PV Z
— fPsVwZ+Bh (Z,W)+3(Z,W)V.

Since TM = RadTM @,y (9xRadTM & ¢ ltr(TM)) S oren D1 oren D2 Goren {V '}, and using
(3.29)

(3.30) Vw0 Z — 0.PVwZ =0,0,P\ViyZ = 0,0, PsVwZ =0,
and
(3.31) fPsVwZ —Bh*(Z,W)=0,3(Z,W)V = 0.

Now, taking W = ¢.N and Z = ¢,.£ in (3.31), we have
§(N,g)V =0.

which gives V = 0.

By above, we can see this is a contradiction. Hence M does not have a metric connection.
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4. FOLIATIONS ON SEMI-INCLINE LIGHTLIKE SUBMANIFOLDS OF INDEFINITE

COSYMPLECTIC MANIFOLDS

In this section, we proceed to obtain necessary and sufficient conditions for foliations de-
termined by distributions D; @ {V } and D, @ {V} on a semi-incline lightlike submanifolds of

indefinite Cosymplectic manifolds to be totally geodesic.

Definition. A semi-incline lightlike submanifold M of an indefinite Cosymplectic manifold M
is said to be mixed geodesic if its second fundamental form & satisfies #(X,Y) = 0, for all
X €I'(D;y) and Y € I'(Dy). Thus M is mixed geodesic semi- incline lightlike submanifold if
h'(X,Y)=0and #*(X,Y) =0, forall X e I'(D;) and Y € T'(D,).

Theorem 4.1. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic mani-
fold M with structure vector field tangent to M. Then RadTM defines a totally geodesic foliation
if and only if

B(VxOPrZ+Vx . PZ+Vx fPZ,0.Y) = 8(Ap,pzX + ArpzX, .Y,

forall X,Y € T(RadTM) and Z € T'(S(TM)).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold
M. To prove RadTM defines a totally geodesic foliation it is sufficient to show that VxY €
['(RadTM), for all X,Y € I'(RadTM). Since Vis metric connection, using (2.2), (2.6), (2.14)
and (3.4), for any X,Y € I'(RadTM) and ZI'(S(TM)), we obtain

3(VxY.Z) = —g(Vx(0.PZ+ 0.PZ+ 9.PsZ+ [PZ+ FPSZ),4.Y),
which implies
g(VxY,Z) = —§(Ap.p,zX +ArpzX — Vx 0. PZ —Vx$.P\Z —Vx fPsZ), .Y ),
which completes the prove of the Theorem.

Theorem 4.2. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic man-
ifold M with structure vector field tangent to M. Then Dy & {V '} defines a totally geodesic foli-
ation if and only if
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(1) §(ArzX.0.Y) =&(VxfZ.9.Y),
(if) Agp,wX and Vx 0.N have no component Dy &{V}, forall X,Y e (D, &{V}), Z € (D>),
W eT(¢ultr(TM)) and N € T(ltr(TM)).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold
M. The distribution D; & {V'} defines a totally geodesic foliation if and only if VxY € I'(D; &
{V}), forall X,Y e I'(D; & {V}). Since V is metric connection, from (2.2), (2.6) and (2.14),
forany X,Y € I'(D; & {V}) and Z € I'(D;), we obtain

which gives us
g<@XY72) :g<AFZX_@XfZ7¢*Y)7

using equations (2.2), (2.6) and (2.14), for any X,Y € T'(D; ®{V}) and N € T'(ltr(TM)), we

have
8(VxY.N) = —(9.Y.Vx¢.N),
by which we obtain
3(VxY.N) = ~(9.Y,Vx9.N),
now, using (2.2), (2.6) and (2.14), forany X,Y € I'(D; ®{V}) and W € I'(§.ltr(TM)), we have
F(VxY, W) = —g(9.Y.Vx9.W),
which implies
Z(VxY, W) = —2(9.Y,ApwX),

which completes the prove of the Theorem.

Theorem 4.3. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic man-
ifold M with structure vector field tangent to M. Then (D, ® {V}) defines a totally geodesic
foliation if and only if

38(Vx9.Z,fY) = —5(h'(X,9.2),FY),

g(fY,Vx¢.N) = —g(FY,h*(X,¢:N)),

(Y, Ap.wX) = —g(h*(9.Y, D’ (X, . W)),
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forallX,Y eT(Dy®{V}), Ze€(Dy), N €T (ltr(TM)) and W € T(9.ltr(TM)).

Proof. Let M be a semi-incline lightlike submanifold of an indefinite Cosymplectic manifold
M. The distribution D, & {V'} defines a totally geodesic foliation if and only if VxY € ['(Dy®
{V}), forall X,Y € I'(D; ®{V}). Since V is metric connection, from (2.2), (2.6) and (2.14),
forany X,Y € I'(D, ®{V}) and Z € T'(D;), we obtain

8(VxY.2) = —g(Vx9.Z.9.Y),
which gives us
g(@XY,N) = _g<@X¢*ZafY) _g(hs(Xv(P*Z)?FY)a

using (2.2), (2.6) and (2.14), for any X,Y € I'(D, &{V}) and N € I'(itr(TM)), we have
3(VxY.N) = —g(9.Y. Vx9.N),
by which we obtain
g(VxY,N) = —g(fY,Vx¢.N) = §(FY, i’ (X, 9.N)),
now, using (2.2), (2.6) and (2.14), forany X,Y € I'(D,®{V}) and W € I'(§.ltr(TM)), we have
g(VxY. W) = =g(9.Y. Vx9.W).
which implies

g(VxY,W) = —g(fY,ApwX) — Z(FY,D°(X,$.W)),

which completes the prove of the Theorem.

Theorem 4.4. Let M be a mixed geodesic semi-incline lightlike submanifold of an indefinite
Cosymplectic manifold M with structure vector field tangent to M. Then Dy ® {V'} defines a
totally geodesic foliation if and only if

(i)  Vx0.Z has no component in then D> & {V},

(i) (Y, Vx0.N) = —G(FY, 1 (X, 0.N)),

(ii)) (Y, ApwX) = ZFY,DS(X,0.W)),

forallX,Y eT(Dy®{V}), Ze€ (Dy), NeT(ltr(TM)) and W € T(§.ltr(TM)).
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Proof. Let M be a mixed geodesic semi-incline lightlike submanifold of an indefinite Cosym-
plectic manifold M. Then
h(X,Y)=0,

forall X e I'(Dy) and Y € I'(D;). The distribution D, & {V'} defines a totally geodesic foliation
if and only if VxY € T(D, & {V}), for all X,Y € ['(D, & {V}). Since V is metric connection.
Using (2.2), (2.6) and (2.14), for any X, Y € I'(D, & {V}) and Z € I'(Dy ), we have

§(VxY.2) = g(Vx9.Z,0.7),
which implies
8(VxY,Z) = —g(Vx9.Z, fY) = g(I* (X, $:2), FY),

now, using (2.2), (2.6) and (2.14) forany X,Y € I'(D, ®{V}) and N € T'(ltrr(TM)), we get

Z(VxY.N) = —g(9.Y, Vx9.N)
the above equation gives

2(VxY,N) = —g(¢.Y,Vx9.N,) — §(FY,I* (X, 9.N)),

now, using (2.2), (2.6) and (2.14) forany X,Y e I'(D, & {V}) and W € T'(§.ltr(TM)), we obtain

F(VxY. W) = —g(9.Y. V9. W),

which gives

g(ﬁXKW) = _g(q)*YaA(I)*WXv) _g<FY7DS<Xa¢*W))>

which completes the prove of the Theorem.

5. EXAMPLES

Example 1. Let (R?ImH,g,(l)*,n,V) denote the manifold Rémﬂ with its usual Cosymplectic

structure given by

n =dz,V =0z,
% m
g=non-Y (@xed +dyod)+ Y (X ©dxd +dy @ dy)
i=1 i=q+1
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(Xidx; +Yidy;)+Zdz) = Z (Y;dx; — X;dy;)
=

Ms

9,

1

~.
~.

where (x;,y;,z) are the cartesian coordinates on R;‘;’"“.

Now, we construct some examples of semi-incline lightlike submanifold of an indefinite

Cosymplectic manifold.

Example 2. Let (R?, 2,0.,m,V) be an indefinite Cosymplectic manifold, where g is of signa-
ture (—,+,+,+,+,+,—,+,+,+,+,+,+) with respect to the canonical basis {dx, dxy,dx3,
dxy,dxs,0x6,dy1,0y2,dy3,0y4,0dys,0ys,dz}. Suppose M is a submanifold of R? given by
—x' =y =u, P =ur,y = uz, X} = —y* = uy,x* =y = us, x> = ugsinuz,y’ = ugcosuz,x° =
sinu6,y6 = cosug,Z = Ug.
The local frame of TM is given by {Z,,Z,,7Z3,74,Z5,Z¢,Z7,7Z3 }, Where
Zy = (—0dx1+9dy2), Zr =dxp
= 9dy1, Zy = (dx3— dys)
= (dxg+dy3), Zg = (sinudxs+ cosudys + cosugdxe — sinugdye)
Z7 = (ugcosu70xs — ugsinu79ys), Zg =V = dz
Hence RadTM = span{Z;} and S(TM) = span{Zy,73,724,725,726,Z7 ,V }.
Now Itr(TM) is spanned by N = dx| +dy, and ~ S(TM™) is spanned by
= (dx3+Jya),
= (x4 — dy3)
W3 = (sinu70xs + cosuz0dys — cosugdxe + sinugdye)
Wy = (ugsinuegdxe — ugcosugdye)
It follows that ¢.Z; = Z, + Z3 and ¢.N = %(Zz — Z3), which implies that ¢.Rad(TM) and
¢.ltr(TM) are distribution on M. On the other hand, we can see that D; = span{Z4,Zs}
such that ¢.Zy = —Zs, ¢.Z5 = Z4 , which implies that Dy is invariant with respect to ¢, and
D, = span{Zs,Z7} is a incline distribution with incline angle %. Hence M is a semi-incline

2-lightlike submanifold of R}3

Example 3. Let (R?7 g,0.,1m,V) be an indefinite Cosymplectic manifold, where g is of signa-
ture (—,+,+,+,+,+,—,+,+,+,+,+,+) with respect to the canonical basis {dx,dxy,dx3,

dx4,0x5,0x6,0y1,0Yy2,0y3,0y4,0ys,0y6,0z}. Suppose M is a submanifold of R}* given by
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)Cl = y2 = l/tl,.xz = I/tz,yl = u3,x3 = y4 = u4,x4 = —y3 = u5,x5 = M6C0S9,y5 = u7sin9,x6 =

u7sin9,y6 = uesin®,z = ug.

The local frame of TM is given by {Z,,7,,723,24,Z5,Z¢,7Z7,Z3}, where

Z1 = (dx1+9y2), Zr = dxp

Z3 = dy1, Zy = (9x3+ dys)

Zs = (dx4—3dy3), Zg = (cosOdxs+sinOdyg)

Z7 = (sinBdxg — cosO0dys), Zg =V = dz

Hence RadTM = span{Z,} and S(TM) = span{Z,,73,724,725,2¢,Z7 ,V }.

Now [tr(TM) is spanned by N = —dx; + dy; and S(TM~) is spanned by

Wi = (dx3 — dys),

Ws = (dx4 + dy3)

W3 = (sinu@dxs — cos0dyg)

Wy = (cos0dxg — sin6dys)
It follows that ¢.Z; = Z, — Z3 and ¢,.N = %(Zz + Z3), which implies that ¢,Rad(TM) and
O.ltr(TM) are distribution on M. On the other hand, we can see that D\ = span{Z4,Zs}
such that ¢.Z4 = Zs, ¢.Z5 = —Z4 , which implies that Dy is invariant with respect to ¢, and
D, = span{Zg,Z7} is a incline distribution with incline angle 26. Hence M is a semi-incline

2-lightlike submanifold of R%3.
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