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Abstract. In this paper, we study the effect of the behavior of predators on prey-predator interaction. We assume
that there is one prey population that suffers from the fear of predators which could force it to move in to the refuge;
and three are two predator populations, one of them is aggressive in its attack and the other one using sit-and-wait
procedure, which is less aggressive. All the model’s equilibrium points have been found and their stability was
established. The possibility of transcritical and Hopf bifurcation was also investigated and numerical simulations
were given. The effect of prey refuge and fear also are detected. The cost of them is to allow the model to reach
to double transcritical point. The effect of the competition between prey populations is to convert the model from
the stable limit cycle to a spiral stable equilibrium point of afraid prey with predator. When it becomes large it
converts the model to the stable trivial solution.
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1. PRELIMINARIES

Theory predicts that organisms should modulate behavior to maximize their expected fitness
[1]. Since death is the most definite negative effect on fitness, it is very important for individuals
to avoid predation and therefore a strong selection for proper anti-predator response is to be
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expected. Behavioral adjustments to predator presence are very widespread responses used by
organisms in many taxa [10]. The optimal behaviorally mediated anti-predator response is of
course highly dependent on what kind of predator an organism is encountering. For example,
[11] showed that damselfly larvae that swim to escape fish predators have a very low chance of
survival, while the same escape response in the presence of invertebrate predators resulted in
much higher chances of survival. Their study illustrates that a good anti-predator response to
one type of predator can be maladaptive in the presence of another predator type. It is therefore
vital for the prey to be able to identify and correctly assess the risk linked to a specific predator.
Since many organisms encounter several different types of predators, plasticity in the behavioral
response to predators is expected to be beneficial for prey populations [4, 13]. In order to study
the effects of preys’ behavior changes due to the fear of predators and the effect of predator
populations, we developed a mathematical model with one prey population and two predator
populations. It is assumed that the prey population fears the predator and each predator follows
a different type of attack; one of them is very aggressive and the other one follows the sit-and-

wait strategy which considered to be less aggressive in its nature [2, 3, 5].

2. MATHEMATICAL MODE BUILDING AND ANALYSIS

To develop our model we assume that there is one prey population and two predator pop-
ulations. It is assumed that the prey population suffers from fear of predator which affect its
reproduction and cause it to move inside a refuge for sometimes which affects the availability
of food and causes the rise of inter-species competition [7], therefore the reproduction term of

the prey population takes the form

bN

—dN — sN?
14+e1Pi+eyPs
Where the term
1
e;P,P) =
f( ! 2) 1+eP+eP

represents the fear of the prey from the predator. It is also assumed that one predator is ag-
gressive in nature and therefore its attack follows Holling type-II functional response, and the

other one is less aggressive in its behavior and therefore it follows a modified Holling type-1I
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functional response in its attack [8]. Taking these assumption into consideration, our model is

represented by the following set of differential equations

AN bN bIN(1—m)P,  byN(1—my)P,

— = —dN —sN? —
dt 1+eP+eP 1+ N 1+ 0N+ yP
dPl bllgN(l —ml)Pl
1 — =—C|P
(D i c1r + I+ N
dP2 — P b214N(1 —mz)Pz

E 2t 1+ N+ 7yP,
where N represents the prey which afraid and stay in refuges, P; and P> represent bold and

aggressive predator respectively. The next table is demonstrated the meaning of each parameter:

2.1. Equilibrium Points. The system (1) has the following equilibrium points:
(i) Eo(0,0,0), the trivial equilibrium point.
(i) E1(° " 4
c
() Ez(blx3(1—nil)—alc1
predator. Where P[" is the root of equations HrX 24+ HiX +Hy =0, where, H, =
er(aicr —biAs(1—my))?, Hy = biAZ(1—my) (b1 (1 —my) + erd) —20u4b1 (1 —my) +
creiAs(oud —s) + odct, Hy = As(b1 (1 —my)(d —b)As +c1(ou (b —d) +5))

0,0), representing the existence of prey which stay in refuge.

,P,0), representing the existence of afraid pray and first

(iv) E3(N*,0,P;), representing the existence of afraid pray and second predator which is
faster than first predator. Where N* represents the solution of equation N* = AX> +
BX?+CX +D =0, A = Myyers(0pcy — byAy(1 —my)), B = —(by(1 —my) + yd)(1 —
mz)ezbzlf + oM ([200(1 —mo) + y(apd +5)]e — s7%) — Oc%c%ez,

C=c 14((b_d)72 - '}/<b2(1 —mz) — ezd) +2b282(1 —mz)) —20626‘2(62 — %’}/)

,D= c%('y —ep) . Consequently we can choose all factors to be positive or negative. We
will consider the equation N* = AX; 3+ BX5 24 CX; +D = 0. Consequently by using
Descartes’s Sign Rule it can be chosen D > 0 withB<0and C > 0or D <0 with B> 0
and C > 0 to get positive solution and, it can be taken D > 0, with any sign of b and ¢

except B > 0 and C < 0 to get a unique positive solution.
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Parameters | The meaning

b The birth rate of prey.

d The death rate of prey.

s The competition rate between prey.

by, o (units; 1/time), (units; 1/prey) respectively are describe the
effect of capture rate and handling time on the feeding rate
of the bold predator.

by, 0r (units; 1/time), (units; 1/prey) respectively are describe the
effect of capture rate and handling time on the feeding rate
of the aggressive predator.

Y measures the effect of anti-bold predator behaviour of prey.

c1, € The death rate of bold predators and aggressive predators
respectively.

el, e fear parameter of prey from bold predator and aggressive
predator respectively.

mp, mp refuge parameter of prey according of fear from bold preda-
tor and aggressive predator respectively.

biA3 The increment rate of the bold predator.

byAy The increment rate of the aggressive predator.

(v) E¢(N*,P{,P;), representing the coexistence of all populations, where, N*

C1

TABLE 1. Table of meaning of parameters

bl/lg(l—ml)—oclcl C1
M X + My =0, such that,

My = ejcicoda? (oicy —biA3(1—my)),

N*
, Pl = * f(X), where f(X) is the root of equation M>X? +

M, = 7’)/[7 (Cz((xl (Y* 62) “+ 0ner 7b214€2(1 71112)) o 146? +2,3(06161 (061 - 062)6% -+ (2blc%(l 7m1)(()/7 62)061 -+ %06262)] +

7’)/[(061(((1 7m|)+’}/d) 75761}.4(‘2 71.42b1b261 (l 7m1)(1 7"12)) C% +),32 (26102(06] — %OCQ) + ((l 7m1)()/7€2)b1)}

—A2yler (b2 (1 —ma) + yd) Ag) (my — 1)byicica 7yell33b%c%(l —my)?
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My = 23lai(a—on)((0n—a)+ay)cs+er (2(ca—ar)(y(hs— Laud) — auba(1 —ma)) + oy (¥((b—d) o +5)] daca —
(Asauba(1—ma)y) Aaca — bAseaA2cd ((and — s)y+bao (1 —m2)) (ma — 1) — 24 — 32(1 — m1)A3 [(3 (o — ) (ot — S an)es] —
22— 32(1—m)A [~ 3o (ama—2an)y] +eals (ond — Lond — L) y+2ba(an — S o) (1 —ma)) + Aadacay [(b—d)ou + 5] +
Asdgcay[—baon (1 —ma)] + S A3b1b2eactAZ (vd + (1 — m2)b2) (1 — ma) + bicicaAd (1 —my)? [(3au —200) — 3y(a1 — S)en] +
brereadi (1—=m)* [((yd +2b2(1 —m2))ez + (b —d)y —ba(1 —=m2) V) As + 23673 (1 —m ) (Y — e2)] -
Notice that it is need to take the negative solution of f(x) to get P is positive. So
biA3(1 —my) — ajcy is positive, this implies M, is negative. To get unique negative
solution this need to take M is positive. In addition it can be chosen M is negative with

M is negative and M 12 —4MM, > 0 to get two negative solution.

2.2. Local stability of the equilibrium points.

Theorem 1. The stability of the system (1)is given by:

(@)
(ii)

(iii)

(iv) E3(N*,0,P5) is locally asymptotically stable if —cy +

Ey(0,0,0) is locally asymptotically stable if b—d < 0.

b—d —d)(1—
E|(——,0,0) is locally asymptotically stable if —c| + %M <0and —cr +
s
bydg(b—d)(1—my)
at-a - <O
C1
blﬂg(l —*ml) — 01
—cy+ % < 0and OtlzsN*2 + 0 (2sN* — b1 P{ (1 —my) 45> 0.

biA3N*(1—my)
(raN)

[’YZSPZ*Z + (S'Y(20€2N* +2) +b2(’}’/14 — (Xz)(l — mz))Pz* +S(1 + OClN*)Z} = 0.

Ex(

, P}, 0) is locally asymptotically stable if

< 0 and

(V) E4(N*,P},Py), is locally asymptotically stable by using Qualitative Matrix Stability

method.

Proof

From equations (1), the Jacobian matrix of the system is given by:

* * *
Sl SZ S3
D — b17L3P1(1—m1) o b]lg,N(l—ml)
J(Ei) = (1+aqN)? T o) 0
b214P2(17WL2)(1+')/P2) 0 —cr + bzl4N(17H12)(1+062N)
(I+aN+7P,)? 2 (I+0uN+yP,)?
b g _ biP(l=m) _ byPy(1-my) _ bioyPi(1-my)
Where, S = o p7am —d — SN T+ N TNy, T N(=s + (tam? T
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byopPy(1—my) \ o _ _ arpbi(1—my) be « _ _ ar(ba(1=mp)(1+,N) bey
(1+oc2N+yP2)2)’ SZ - N( (I+aN) + (1+e1P1+e2P2)2)’ S3 - N( (1+0pN+yP,)? (1+e1P1+e2P2)2)'

By evaluating the Jacobian matrix at each equilibrium points, we get:

(i) The Jacobian matrix at Ey(0,0,0) is given by:

b—d 0 0
J(E0> = 0 —C1 0 5
0 0 —C)2

clearly the eigenvalues of the matrix are b —d, —c; and —c; and it is obvious that
E(0,0,0) is asymptotically stable if b—d < 0 .
b—d
(i1) The Jacobian matrix at E} (—,0,0) is given by:
s

d—p b=d <belal(d—b)—S(b€1+b1(1—m1)) h—d (b€2062(d—b)—s(bez—|—b2(l—mz)>

s s+ay (b—d) s s+0p(b—d)
JE)=1 0 —c1+ %@ngw 0 ,
0 0 —C2 + M

s+0h (b*d)

clearly this is upper triangular matrix, so the eigenvalues of the matrix are d — b, —c| +

—d)(1— —d)(1— b—d
%M and —cy + %&ﬁd{m which implies that E ( ,0,0) is asymp-
totically stable if b—d > 0, —c; + 2BLZGUI) < and —c, + 2HEGU) g,

(iii) The Jacobian matrix at E>(N*, P}, 0) is given by:

y byoy P (1—my) x bi(1—my) b s ba(1=my) b
N*(=s+ W) N ((11+oc1Nl*) + (1+eellP;f)2) N ((1+(x2N%‘) + (1+ei3°,*)2)
J(Er) = b 0 0
byAaN* (1—m)
0 0 —2t =N

b22,4N* ( 1 7”12)

It is obvious that —c, + (o)

is one of the eigenvalue of the Jacobian matrix.

The other eigenvalues is gotten from reduced matrix, which is:

bla]P*(I*ml) bl(]—m ) be
N =+ Tty ) N (am) + ey
biAgP{ (1—my) 0
(1+oy N*)2

The characteristic polynomial is:

22 (OtzsN*z-‘rOc](ZSN*—blP*(l—m1)+s) b](]—m1)(1+6‘1P*)2+€1b(1+061N*)
P(A) = A"+ (TN P N*A+ (raN ) (TreiP )’
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Clearly, this point is locally asymptotically stable if

(a?sN*2 + oy (2sN* — by Pf (1 —my) +35) > 0.
v € Jacobian matrix at £3 , 0, 1S given by:
(iv) The Jacobi ix at E3(N*,0,Py) is given by

byop Py (1—my) bi(1-my) be by (1—my)(1+0pN*) be
N (=s+ Tranvame)  N(Graw) T irarr) NV Ciravam T iranr)
J(E;) = 0 —cp + AU 0
b27L4P2*(17m2)(1+7P2*) 0 7yb27L4P2*N*(17m2)

(I+ 0 N*+yP;)? (1+N*+yP; )?

b1 23N*(1—my)

Itis clearly that —c; + =)

is one of the eigenvalue of the Jacobian matrix. The

other eigenvalues is gotten from reduced matrix, which is:

N*(_S+M) _N*(bz(l—mz)(1+a2N*)+ bes )

(1+0pN*+yPy)? (1+0oN*+7P5) (1+eP5)?
byAaP5 (1—my)(1+7P5) —Yba A PIN* (1—-mp)
(1+ o N*+yP;)? (1+ o N*+yP;)?

The characteristic polynomial is:

2, V>sP3” + (sY(200N* +2) +ba(YAs — 00) (1 —m2)) P +5(1 + 04 N*)?
(1 + o N* + ’}/Pz*)z
boAs(1—my)N*P; (syon(1+ e2Ps )N* +s(14 2Py )N* [sy(1 + e2P5)* + ber o ) N
(1+e2P5 21+ 0oN* + 7F5)?
baAa(1 —mp)N*P; (2beayPy + be3 (1 —ma) Py +2bres(1 —ma) Py +bey + by (1 —my))
(1+e2Py)?(1+ opN* +yPy)3

2 P(A)=2 N*2A+

Clearly, this point is locally asymptotically stable if

[’}/zspz*z + (S’)/(ZOQN* +2) +b2(’}/l4 — OCQ)(l — m2))P2* +S(1 + OClN*)z} > 0.
(v) The Jacobian matrix at E4(N*, P, Py ) is given by:

bioy Py (1—-my) by Py (1—my) bi(1-my) b
N(=s+"Tanr + Trevomr) NV (Grar) T mrarianr) B
b AP (1—
TE) = G 0 0 ’
byAaPy (1—my) (14YP}) 0 —Ybr M PEN* (1—my)
(1+N*+vP;)? (1+aN*+vP5)?
by(1—my)(1+a,N* o
where B* = —N*( 2E1 +2221)v(*iy1>22*) ) 4 e Iflfjez Pz*)2> To prove the stability of the coex-

istence equilibrium point we will use the Qualitative matrix stability method.

Qs=sign(Js)=| + 0 0
+ 0 -

Then:
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FIGURE 1. The signed digraph with the color test.

(i) From Q3 we have g;1 = —, ¢22 =0, g33 = —. Thus condition (1) and (2) of theorem
are satisfied.

(i1) Since, g12 = —q21 =, 913 = —q31, 923 = g32 = 0 which means every pair of inter-
acting nodes have opposite sign and this implies that condition (3) of theorem is
satisfied.

(iii) From it is clear that condition (4) of theorem is satisfied.

(iv) det(J3) # 0 since the solution of Jx = 0 is only the trivial solution.

Thus from figure there are two predation links between N and P; and between N and P;.

since these links are connected by node P; and P, , then the entire signed digraph forms

a predation community.

Color test

We color each node with a negative feedback loop with gray and the other nodes by

white as in figure .
Applying the color test to our model we find that:

* The node N is gray and the other nodes P and P, are white.

* However, condition (if) is not satisfied because there is no predation link between white
nodes.

* The gray node N is connected by a predation link to both white nodes P; and P.
In conclusion, the signed matrix Q3 fails the color test. Hence the Jacobian matrix
Jy corresponding to the equilibrium point E4(N*,P,P;) ,where Q3 = sign(Js) is

qualitative stable. Then the equilibrium is locally asymptotically stable.



EFFECT OF PREDATORS’ BEHAVIOR ON PREY-PREDATOR INTERACTION 8103
2.3. Global stability of the equilibrium points. The global stability of stability points will
be analysed by transforming the system of equations (1) into a linear system and then choosing
a suitable Lyapunov function to analyse each equilibrium point or by using Dulac’s criteria,
following the same strategy as [?].

Theorem 2. The global stability of the system of equations (1) is given by: E; = (N*,0,0) =
b—d

(——,0,0) is global asymptotically stable.
s
Proof
By letting N = N*+n, P = P{' 4+ p1and P, = P; + p> , where n, p1 and p» are small perturbations
about N*, P|" and P; respectively, the system of equations (1) is turned into a linear system which
is of the form ri; = J(E;)n;, where J(E;) is the Jacobian matrix of equations (1). Thus, the linear

system of equations (1) is,

dn bl(XlP*(l—ml) bzazp*(l—mz) bi(1—my) be
ar [(_ T (1+<1x11v*)2 +(1+a21%7*+yP2*)2)] N*n— [(1+(X1N*)+(1+e1Pf—:—e2P2*)2 N'p1

o bz(l—MQ)(1+(X2N*) bey *
|: (1+C(2N*+YP2* + (1+61P1*+€2P2*)2) N P2

G dpr  biAP(1—my)
dt (14 oN*)?

de _ [b214P2"(17m2)(1+}/P2*)] _ |:7b214P2*N*(17m2):|
dt (1+aN*+7yP5 )2 (N )2 | P2

b—d
Global stability of E(N7,0,0) = (——,0,0). We define a Lyapunov function as V (n, p1, p2) =
o pr pP >
N + 71 + 5 It is obvious that V (n, p1, p2) is a positive definite function. Differentiating V

. nn
with respect to time t we get, V(n,p1,p2) = N + p1pP1 + p2p2. By substituting for 7, p; and
P2 in equations of system (3) gives,
V(n,p1,p2) = —(£n2+azp)na, which is negative semi-definite. Therefore, E;(N*,0,0) is glob-

ally asymptotically stable.

2.3.1. Hopf bifurcation.

Theorem 3. The system (1) undergoes a Hopf bifurcation at the positive equilibrium:
b] (1 — ml)oclPl*
(1 + OCIN*)2

(i) Ex(N*,P{,0) when s =so =



8104 MARIAM AL-MOQBALL IBRAHIM M. ELMOJTABA, NASSER AL-SALTI

by (1 —my)(0n — YA4) Py

i) E3(N*,0,P)) when s = sg =
(i1) 3( 2) 0 (I—FOQN*—}—'}’PZ*)Z

Proof

(i) The eigenvalues of the linearized system around the equilibrium point E; are:

i = ou(s) £iB(s)
where:
1

os) = Etrac(J)

B(s) = /det(J)—(a(s))?
where J is the Jacobian of the linearized system at the equilibrium point Ej.
bi(1—myp)oy Py
From 2.2, Trase J(E,) = N* (—s+ (1 =m)on P

(1 =+ 061]\7*)2
. b17t,3(1—m1)N*Pl* (bl(1—ml)(l-i-e]Pl*)z-i-bel(1+O£1N*))

) , and determinant

J(Er) (IFaN")3 (1+e P} )2 , Now at s, &(so) =0,
ﬁ(s ) B bllg(l —ml)N*Pl* (bl(l —ml)(l —l—elPl*)2+bel(l —|—OC1N*)) 20
0 (1+ o N*)3 (14 e, P} )?
da —N*
and $|s:So =5 # 0.

Therefore from Hopf Theorem the proof is concluded.

(i1) The eigenvalues of the linearized system around the equilibrium point E3 are:

2= (s)Eiy(s)
where:
1
o(s) = Etrac(])

y(s) =/det(J)—(0(s))?

where J is the Jacobian of the linearized system at the equilibrium point E3.

by(1— AP} )
From 2.2, Trase J(E3) = N* (—s + 2((1 +Zzzg\(,ixiy;;;2) 2 ), and determinant

by(1—m)N* [e3P; (Y2sN* P53+ 0 ysN* +YsN*+by (1—my) ) +R*]
(1+N*+yP;y )3 (1+e2 Py )?

(e2YPs*(2sN* 4+ b) + Py (200 YsN*2 + YN* (0ab + 2s) +2by +2by(1 —m2) ) + b(1 + apN*))  +

J(E3) =

, where R* is equal

VASN* P} + apysN*2 + ysN* + by (1 —my) , Now at s,
. d —N*
d(s)(s0) =0, y(sg) > 0if (o — yA4) > 0 and d—‘f|350 = £ 0.

Therefore from Hopf Theorem the proof is concluded.
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2.3.2. Transcritical bifurcation.

Theorem 4. The system (1) undergoes a Transcritical bifurcation at the positive equilibrium
biAz(b—d)—ci(ai(b—a)+s)

(i) E1(N*,0,0) = (24,0,0) when (a) m; =

b123(b—d)
brdu(b—d)—cr(on(b—a)+s
(b) my = = 4( )~ calon [+
byAs(b—d)
) N* (biAs — aier) —c
E * P* =
(i) E>(N*,Pf,0) when my b1 AN
* * N (sz — a2C2) —
(iii) E3(N*,0,P;) when my = byAyN*

Proof

(1)(a) The eigenvalues of the linearized system around the equilibrium point E; are:

d—p b=d (belal (dfb)fs(beﬁrbl(lfml)) b—d <begaz(dfb)fs(be2+b2(lfmz))

S s+0 (b—d) s s+ap(b—d)
JE) =] 0 B 0 |
d—b b=t (helon (dfsf;l;fgze:l%bl(lfml)) b=d (hezaz(d—s}z)r;zﬁ};ef;)hz(l,mﬁ)
@ Z(&,my,)=1| o 0 0

Let us define v = (v{,v2,v3)T and w = (wy,wa,w3)T are the right and left eigenvectors

of A, =0. From (4) and _# (&7, m,,)v =0 as well as /T(@@l,mlo)w =0, then,

(Agbr (1 —mp)(b—d) — (oa(b—d) +5)c2)v3

((d—b)v1+H3**, V3,0> =(0,0,0)T

s+op(b—d)
where Hi* = (bel(d—l;)ﬁs—ﬁs)vz + (a2b262_EZ(aizlo;?fo;gs_)mZ)S)(b_d)V3 and
be\ M3((d —b) — r
((d—b)wl, e1s(( Sl) c1s)wi ,Hz**) — (0,0,0)”
3

(Otzbzez—ez(O{zd—S)b-i—bg(l—mz)S) (d—b)wl + (l4b2(1—mz) (b—d)—(Olz (b—d) +s)co)w
s(op(b—d)+s) s+op(b—d)

where Hox* = 2wz, So the

left eigenvector is (0,w5,0)7 and the right eigenvector is
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(b2€1/13—bdell3+C1S)V2 r
T (d—b) ,v2,0) . Here, wy and v, are any non-zero real numbers. Now,

system (1) can be rewritten as in the following vector form:

X = f(X),
where X = (N, Py, P>)T and

bN biN(1— P b)N(1-— P
N N2 N —m)P boN(1 —ma)Py
l+e P +eP, A %+061N) 1+ 0N +yP>

b1 3N 1—m1 Pl

X) = —c1 P
f(X) CIH—bAH'lalN

N(1-— P

Cepy g M (1—m)P

1+ N +7vP;

Taking derivative on f(X) with respect to m;, we get

b NP,
1-51-06111\’ 0
fml(X): —% ) thenféalamlo(X): 0
0 0

Hence, w’ £, i, (X)=0.
Next, taking derivative on f;,, (X) with respect to X = (N, Py, P;)7, then,

biN*

R
N*

ng , (X) = 0 _ M

1,Mm1, 1+ o N*

0 0 0
We have, w’ (ng, my (X) ~v> = % #0 Furthermore, we find 22f(X) = D(J(E;)) =
1

D(D(f(X))) and then subistitute the value of m, and E, so we end by

W D2 oy, () ()] = 2“2‘;“_%5512?&3”2 40

where, (v,v) is a Kronecker product of (vi,v2,v3)7. Therefore, according to the So-
tomayor’s theorem for local bifurcation [9], system (1) has a transcritical bifurcation at

steady state &1 when the parameter m; passes through the bifurcation value m,,.



EFFECT OF PREDATORS’ BEHAVIOR ON PREY-PREDATOR INTERACTION 8107

(i)(b) The eigenvalues of the linearized system around the equilibrium point E are:

d—bp b= (be1al(d—b)—s(be1+b1(1—m1)> b—d <bezaz(d—b)—s(be2+b2(1—m2))

s s+ (b—d) s st+op(b—d)
— o b]l3(bfd)(lfm1)
/(éal) 0 c1+ W 0 5
b2/14(b7d)(17m2)

0 0 —Ot+ T L b-d)

db bt (B ) b (-t bt
&) F(&,my)=| o e + thaloaom) 0
0 0 0

Let us define v = (v, v, V3)T and w = (w1, wy, W3)T are the right and left eigenvectors

of A3 = 0. From (5) and _# (&7,my,)v =0 as well as /T(é"hmlo)w =0, then,

o M3b1(1—my)(b—d) — (o (b—d)+s)ci)v T
d—>b H 0)=1(0,0,0
(( )Vl+ 4 > S-‘-“](b-d) V2, (; ’ )
where HZ* _ (bez(dfi)é:fczs)m + ((xlbzel—el(a;?(;?f;f;;(jsml)s)(bfd)ﬂ and

T
<(d—b)w1, beada((d f) —Co8)W) 7H5**> —(0,0,0)"
54

where Hsws = (el Bmlatin, 4 (b (oG oriofh ok, So the

left eigenvector is (0,wy,0)7 and the right eigenvector is

(b26214 —bd€2).4+c2S
sAq(d—b)

T
Jv3 ,O,V3> . Here, w; and v3 are any non-zero real numbers. Now,

system (1) can be rewritten as in the following vector form:

X = f(X),

where X = (N, Py, P>)T and
bN bIN(1—m)Py  byN(1 —my)P
N N2 N —m)P boN(1 —ma)Py
I+e P +eP, A %-I—OllN) 1+ 0N +yP
b1 3N 1—m1 P1
X) = —c1P
f(X) b+ I+ N
byAaN (1 —my)P;
1+ N +vP;
derivative on f(X) with respect to m;, then,

Taking

—Co P+

boN*
(1+ N7
Dfé"l,mzo (X) = 00 0
by A4N*
(1 + (sz)

00

0 0 —
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We have, w” (D fsrms, (X) .v) — RV g

Furthermore, we find 22f(X) = D(J(E;)) = D(D(f(X))) and then subistitute the

value of my, and E1, so we end by

where, (v,v) is a Kronecker product of (v{,v,v3)7. Therefore, according to the So-
tomayor’s theorem for local bifurcation, system (1) has a transcritical bifurcation at

steady state &1 when the parameter m; passes through the bifurcation value m,,.

(i) The eigenvalues of the linearized system around the equilibrium point E, are:

-

TN (v T {Tre P (+wN") T (e )
APy (1—
S (&)= bl 0 0
byAN* (1-my)
0 0 —a2+ = 5ar) -

% byoy Py (1—my) s [ b1(1—my) b [ b

N (‘SJF ](11+E¢IN*)2]) -N ((11+(x|N]*)+(1+:11P,*)2) -N (MN*+(1+:12P]*)2>

(6) 7 (&2,m,) = bl
0

0
0

Let us define v = (vq,v2,v3)7 and w = (wy,wy,w3)T are the right and left eigenvec-
tors of A3 = 0. From (6) and _# (&,my,)v = 0 as well as /T(é’z,mzo)w =0, then,

; byoy P (1—m;) « bi(1—my) bey bes b AP (1—my) T

N (—s+ A0 Z 00, N N* 0) =(0,0,0

( ( (1+ a;N*)2 ) <(1+oc1N*)+(l+elP1*) R kche (7L4N*+( +e1Pf)2)V" (1rogN )2 ( )
and

b]O{]Pl*(lfml) b]ﬂgPl*(lfml) b](lfml) bel (o) b€2 r
*(_ A SN e R —
(N( S mran e M T arave N \Gran) T ararz )"V v T ararz)t) =0

So the left eigenvector is (0,0,w3)” and the right eigenvector is

0 _A4N*[(1+61P1*)2(17ml)b]+€1b(1+a1N*)]Vz
V2 (1t N)(ca(1+e P} )2+ AgesbN*)

T
) . Here, w3 and v, are any non-zero real

numbers. Now, system (1) can be rewritten as in the following vector form:

X = f(X),

where X = (N, Py, P,)" and
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bN —dN—SN2—b1N(1_m1>P1 _sz(]—mz)Pz
1+eP+ePs b }1-1-0611\/) 14+ N+ 7P
N(1—my)P, .
X) — - 143 1)P1 Tak
fX) C1P1+b . 1EL1061N) aking
2MN(1 —my) Py
—P
O T N+ P,
derivative on f(X) with respect to my, we get
boNP>
1+ 0N+ yP 0
fmz(X) = 0 ; then f527m20 X)=1]o0
bryAMNP> 0
1+ oN+yP,

Hence, w’ J&.my, (X)=0.

Next, taking derivative on f;,, (X) with respect to X = (N, Py, P>)T, we get,

byN*
00 ————
(I-I—OézN*)
Dfé’z,mzo(X): 0 0 0
00 — by AuN
(1+(X2N)

by (1—my)(1+e1 Py?)*+be (1+O£1N*)]bzl42N*2\/2W3

T aN TN el Te P e v 7 O Furthermore, we find

We have, w’ (D 63,3, (X)~v> !
2?f(X) =D(J(E;)) = D(D(f(X))) and then subistitute the value of my, and E,, so we

end by

2c2(vi — yvaN*)v3ws

WD £y oy (X)(v,)] N*(1+aiN*)

£0.

where, (v,v) is a Kronecker of (v,v2,v3)7. Therefore, according to the Sotomayor’s
theorem for local bifurcation, system (1) has a transcritical bifurcation at steady state &

when the parameter m; passes through the bifurcation value mj,.
(iii) The eigenvalues of the linearized system around the equilibrium point E3 are:

- b0 Py (1—my) gk i(l=my) be _ e b2(1=m)(1+0uN") be
N (=s+Travmmr) NV (Grav) t 1merr) N Ciravae) + (Ferm?)
_ L b N (1—my)
J(&3) 0 —c1t v 0
bydaPy (1—my) (14vP5) 0 —Ybo APy N* (1-my)
(1+ooN"+7P;)? (I+aN"+7P;)?
« byop Py (1—my) s b (1-my) be 50 by (1=mp)(1+0pN*) be:
N*(=s+ (|i;2§,*+yp23)z) —-N ((llﬂlel*) + (1+e2192*)2) —N*( 2(1+a22N*+yPZZ*) (I+ezi’;)2)
(7) 7 (&,my,) = 0 0

0
byAg Py (1—my) (14+7P}) 0 — by Ay PEN* (1=my)
(I+0pN*+yP;)? (I+0pN*+yP;)?
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Let us define v = (vq,v2,v3)T and w = (wy,wy,w3)T are the right and left eigenvec-
tors of A, = 0. From (7) and _# (&3,m,)v = 0 as well as /T(é"g,mlo)w =0, then,

by Py (1—-my) by(1-my) be by (1=mp)(1+ayN*) be: _ T
(1+a2,\2,$+7,,2*)2) 1— ((1+a1N*) (|+e2;’2*)2 2 —( TN ) T (1+e2§’;)2 v3] ,0, GT) = (0,0,0)", where

by dgPy(1=m)(147P5) | —ybp A PEN*(1—-my)
(Troov 2 T e V3 and

(N* [(—s+
G =

” b]OﬂPl*(l—ml) b]ﬂgpl*(]—i’m) " b](l—ml) be; % (&) be T
N*(—s —N’ ,—N’ =0
< S+ e M rane v Utan)  (Atrernz)"" N T rarz )™

So the left eigenvector is (0,w>,0)7 and the right eigenvector is

T
’ Azvy [e%PZZ(J/zSN*Pz*-FSYN*(l+(X2N*)+b2(l—m2))+G§] (1+7P2)V1
I '}’(1+062N*+YP2*) ’ YN*

, where G = P5(Y*Py2(2sN* + b) + y(20psN*? + N*(2s + b)) + 2by(1 — mp)) +
exb(1+ 0pN*) + yzsN*Pz* + ysN*(1 4+ aoN*) + by(1 —my) . Here, wy and vy are any
non-zero real numbers. Now, similarly system (1) can be rewritten as in the following

vector form:

X = f(X),

where X = (N, Py, P,)T and

bN —dN—SNZ—blN(l_ml)Pl _sz(l—mz)Pz
l1+e1P+e P bl %fl—OﬂN> 1+ 0N +yP>
N —mp P]
X) — Cop g 21
f(X) 011+bl]1v?_1a1N>P
pA4N(1 —mo) Py
—coP
T N+ P,
Taking derivative on f(X) with respect to m;, we get
bINP|
14+ o0yN 0
fm1 (X) = b]l},NP] ) then f(%,mlo (X) = O
14+ N 0
0

Hence, Wng'37m10 (X)=0.
Next, taking derivative on f;,, (X) with respect to X = (N, Py, P5)T. Then,

bN*

14+ o N*
b1 A3N*

_l—f—OCIN*
0 0 0

Dfé%,mlo (X) =
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(P[P sN* Py +ysN* (1=ma)|+G3 ) by A2N*viw,
Y(1+0u N*) (140 N*+yP5 ) (ci (14e2P5 )>+bye; A3N*

We have, w’ (D 1.y (X) v> = #0, where

Gy = e [BPy2(2sN* +b) + P; (Y(250oN*2 + N* (25 + apb) +2b) +2by (1 —my) +b(1+ aaN*)| + y2sN*Ps +
¥sN*(1 + 0,N*) + by (1 —my) Furthermore, we find 2% f(X) = D(J(E;)) = D(D(f(X))) and
then subistitute the value of m;, and E3, so we end by

c1(vi +v2)vawn
N*(l + OClN*)

WD gy iy (X) (v, )] #0

where, (v,v) is a Kronecker product of (v{,v,v3)7. Therefore, according to the So-
tomayor’s theorem for local bifurcation, system (1) has a transcritical bifurcation at

steady state &3 when the parameter m; passes through the bifurcation value m;,,.

3. NUMERICAL SOLUTION

In this section we will present some numerical simulations in order to show the theoretically
established results. The values of the parameters are taken from the following table, and some

of them will be varied in order to see their effect.

Parameters | value

b 0.4

d 0.2

s 0.0009

b1, o 0.05, 0.002
bs, 0 0.05, 0.002
Y 0.002

c1, C2 0.1,0.1

e1, e 0.002, 0.002
my, my 0.6, 0.6

A3 0.1

Ay 0.1

TABLE 2. Table of value of parameters
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value of m, The existence
point

[0,0.6) (N*,P},0)

0.6 (N*,P},P})

(0.6,1] (N*,0,P5)

value of m, The existence
point

[0,0.6) (N*,0,P5)

0.6 (N*,P},P})

(0.6,1] (N*,P},0)

As we have see in figure 2, which demonstrate the effect stability of the trivial solution when
the inter-species competition is very big and b —d < 0, i.e. when the death rate is greater than
the birth rate. In Figure 2 (i) s = 0.0009 and in (ii) s = 0.8 with b > d . While in Figure
2(iii) s = 0.0009,b < d. Figure 3 illustrate the stability of the existence of prey only (N*,0,0)
under some conditions. The stability of the solution which reach the point (N*, P}",0), which
represents the existence of prey and the first predator, is shown in figure 4. Figure 5 shows
the stability of the solutions when it reach the point (N*,0,P5) which represents the existence
of prey and second predator. The stability of the solutions when it reaches the coexistence
point is illustrated in figure 6. The limit cycles are illustrated in figures 7,8 and 9 for the
solutions of existence of prey with first predator, with the second predator and when it reaches
the coexistence point, respectively. Figure 10 shows the effect of transcritical parameter which

is refuge parameters m; and m, as illustrated in next table:
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value of s The existence point The situation

[0,0.000314) (N*,P},0) limit cycle.

(0.000314,0.0036] (N*,P},0) Local asymptotically
stable point.

(0.0036,1) (N*,0,0) Local asymptotically

stable point.

value of s The existence point The situation

(0,0.000279995] (N*,0,P5) limit cycle.

(0.000279995,0.0036] | (N*,0,P5) Local asymptotically
stable point.

(0.0036,1] (N*,0,0) Local asymptotically

stable point.

The effect of hopf bifurcation parameter which is the inter-species competition parameter
is demonstrated in figures 11 and 12. The next table explains this result. We can see that
when the value of this parameter changes the solutions changes from a stable limit cycle to an
asymptotically stable point of the prey with one predator where we have the phenomenon of
hopf bifurcation. When it further changes the solutions moves towards the point where the prey

exists alone, where we have a transcritical bifurcation.

Figures 15-18 show the effect of fear parameters | and e;. As we can see when e is small
the solution reach the point of existence of prey with the first predator. If the value of fear pa-
rameter e; increases, the solution reaches same point but with decreasing in amount of predator
population. If the value of the fear continues to increase, then the solution will reach to the point
of existence prey only. Same situation happens if the value e, increased but here the solution

reach the point of existence of prey with the second predator.
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FIGURE 2. The stability of trivial point N = P} = P, = 70,5 = 0.0009,¢; = e> =
o =0 ::’}/:0.00Z,Cl =C :)L3 :)L4 :0.1,m1 :O.6,m2:0.6,b=0.4,d:
0.41
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FIGURE 3. The stability of prey N =Py = P, =70,5s = 0.004,e; = e, = 1 =
Oy =7 = 0.002,c; = = 7L3 = 14 =0.1,m = 0.6,m2 = 0.6,b = 0.4,d =
0.2,by = by = 0.05



FIGURE 4. The stability of prey with first predator N = P = P, = 70,5 =
0.0009,61 =e=01=0 =YY= 0.002,C1 = 213 :7L4 :O.I,ml :0.6,m2:

0.8

FIGURE 5. The stability of prey with second predator N = Pp = P, = 70,5 =
0.0009,61 =e=01=0 =YY= 0.002,C1 =Cy) = ),3 = 7L4 = 0.1,1’1’11 = 0.8,m2 =

0.6
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FIGURE 6. The stability of coexistence point N = P| = P, =70,5 =0.0009,¢; =
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FIGURE 7. The limit cycle of first predator with prey N = P = P, = 70,5 =
0.0003,61 =€) =0 =0 ==Y = 0.002,01 =C) = /l3 = 7L4 = 0.1,m1 =
0.6,m2=0.8,b=0.4,d =0.2
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20

(iii)
(iv)

FIGURE 10. Effect of transcriptional refuge parameter on model, N = P| =
P = 70,S = 0.0004,61 =ep=01=0m=N=7 :0.002,c1 =C) = 7L3 = 2,4 =
0.1,m; =0.8,m2=0.6

50 —

30—

FIGURE 11. Effect of hopt bifurcation parameter on model on the point of first

predator with prey.
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FIGURE 12. Hopf bifurcation diagram of model on the point of first predator

with prey.

P2
8
T

FIGURE 13. Effect of hopf bifurcation parameter on model on the point of sec-

ond predator with prey.
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FIGURE 15. Effect of fear parameter on model N = P = P, = 70,s =
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FIGURE 16. Phase plane
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FIGURE 17. Effect of fear parameter on model, N = P = P, = 70,5 =
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FIGURE 18. Phase plane of effect of fear parameter on model, N = P = P,
70,S = 0.0009,61 =e=0 =0 =YY= O.OO2,C1 =C) = 13 = 7L4 = O.l,ml =
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4. CONCLUSION

In this paper we formulated model of one prey with two predators population; aggressive
predator, bold predator and prey which is afraid and stay in refuge. We use holing type II func-
tional response and Beddington-DeAngeiis functional response[12] . We proved the locally and
globally stabilities of equilibria. In addition we hold a hopf and double transcritical bifurca-
tions of some parameters. The cost of fear and prey refuge is allow model to reach to double
transcritical. we notice that if fear is good when it is small. The effect of competition of prey
population is to convert the model from the stable limit cycle to a spiral stable equilibrium point

of prey with predator. When it becomes large it converts model to stable trivial solution.
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