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Abstract. In this article, we discuss the notion of Cayley bipolar intuitionistic fuzzy graph and proved some results
and properties on it. We study and discuss many results and properties of bipolar intuitionistic fuzzy graph with
respect of algebraic structures. On the other hand we study Cayley bipolar intuitionistic fuzzy graph connectedness.
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1. INTRODUCTION

In 1965, Zadeh [1] studied and introduced fuzzy set theory. Fuzzy set theory has many appli-
cations in different disciplines including enginearing, mathematics, medical, life sciences and
so on. In 1983, Atanassov [2] gave the concept of intuitionistic fuzzy set’s. Many researchers
have used this concept and applied it to many articles, such that, in 2014, Yahya and Jahir
[3] studied the concept of isomoomorphism and complements on irregular intuitionistic fuzzy
graph. In 2015, Pathinan and Rosline [4] introduced and discussed the concept of vertex degree
of cartesion product of intuitionistic fuzzy graph.
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Massa’deh et al used this concept in more than one field in the mathematics subjects see
[5, 6, 7, 8]. Zhang [9], in 1994 discussed a bipolar fuzzy set concept so that a gerenalization
of fuzzy sets. Recently, the bipolar fuzzy set have been discussed in more than one area see
[10, 11, 12, 13, 14]. In 2015, Sankar and Ezhilmaran [15] have defined and used the concept
of bipolar intuitionistic fuzzy set’s, after that in 2020 Al naser et al [16] apply this concept to
fuzzy graph and it’s matrices. In 1878, Cayley graph concept introduced by Cayley for finite
group. Max. D unpublished lectures on the theory of group from 1909-1910 were re-introduced
Cayley graph through a new name and its Gruppenbild.

Shahzamarian et al [17] discussed roughness concepts in Cayley graphs on the other hand,
Namboothiri et al [18] studied Cayley fuzzy graph and investigated several properties.

In this article, we gave and study a Cayley bipolar intuitionistic fuzzy graphs and mentioned
many of their properties, also we introduce many results and properties of bipolar intuitionistic
fuzzy graph with respect to Cayley group and we discuss and study connectedness over Cayley

bipolar intuitionistic fuzzy graph’s.

2. PRELIMINARIES

Definition 2.1. [1] Given a non empty set Y. A bipolar fuzzy set i over Y is an object of the

form: u = {(a,u*(a),u (a);a€¥)}suchthatu™ : ¥ —[0,1],u~ : Y — [—1,0] are mappings.

Definition 2.2. [2] Let Y be a non empty set. § = {a,8,(a),0) (a);a € Y} is an intuitionistic

fuzzy set where 6, : Y — [0, 1] and 8, : Y — [0, 1] are mapping such that 0 < &, (a) + 6, (a) < 1.

Definition 2.3. [15] Let Y be a non empty set. A bipolar intuitionistic fuzzy set & =
{(a, 5J(a),6;(a),5f(a),6;(a),aE Y} where 5; Y = [0,1],6, :Y — [—1,0],5;iF 1Y —[0,1]
and 8, :Y — [—1,0] are the mappings such that 0 < 61 (a)+ 8, (a) <1,-1< 0, (a)+6, (a) <
0, we use the degree of positive membership 5: (a) to denote and to illustrate the degree of sat-
isfaction of the a element to illustrate the degree of satisfaction of the a element to a bipolar
intuitionistic fuzzy set § and the negative membership degree 6, (a) to illustrate the degree of
satisfaction of the a element to some implicit counter to illustrate the degree of satisfaction of
the a element to a bipolar intuitionistic fuzzy set. In similar way, we apply a positive degree of

a non-membership 6; (a) to denote the degree of satisfaction of the a element to the property
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corressponding to a bipolar intuitionistic fuzzy set and the degree negative of a non-membership
8, (a) to represent the degree of satisfaction of an element a to some implicit counter property
corressponding to a bipolar intuitionistic fuzzy set.

If §f (a) #0,8, (a) =0 & 8, (a) = 0,8, (a) = 0, then it is the situation that a regerded as
having only the positive membership property of a bipolar intuitionistic fuzzy set. If SJ (a) =
0,6, (a) # 0 and 8, (a) = 0,8, (a) = 0, it is the situation that a regerded as having only the
negative membership property of a bipolar intuitionistic fuzzy set. If 5J (a) =0, 5“* (@) =0
and & (a) # 0,8, (a) = 0, it is the situation that a regerded as having only the positive
non membership property of a bipolar intuitionistic fuzzy set. If 8, (a) = 0,8, (a) = 0 and
8,7 (a) = 0,8, (a) # 0, it is the situation that a regerded as having only the negative non mem-
bership property of a bipolar intuitionistic fuzzy set. It is possible for an element a to be such

that 8, (a) # 0,8, (a) # 0 and &, (a) # 0,8, (a) # 0 when membership and non membership

function of the property overlaps with it’s counter property over some position of Y.

Definition 2.4. [17] G* = (V,E) is a digraph such that V is a finite set, E CV x V. If G} =
(Vi,E1) & G5 = (Va,E») are two digraphs, then the cartesian product of G} and Gj gives a
digraph G} x G} = (V,E) where V =V; x Vo, E = {(v,v2) = (v,e2);v € Vi,v2 = €2 € Ex} U
{(vi,u) = (z1,u);vi > z1 €E,u € Vo}. Weusevu € Etov—u € E and if e =vu € E,v and

u are adjacent v is a starting vertex & u is an ending vertex.

Definition 2.5. [18] If G is a finite graph and H is a set such that its a minimal generating of
a graph G. A Cayley graph (G,H) has elements of G as it’s vertices and {(e,ep,);g € G,h €
H},vy,v; are adjacent if vo = vy - h;h € H. A generating set H is minimal if H generates G but

no proper subset of H does.

Definition 2.6. [18] Let (G, ) be a group & X be any subset of G. Then the Cayley graph
resulting from (G, *,X) is the graph G = (G,R) such that R = {(v,u);v 'u € X }.

Definition 2.7. [15] If §; and &, are two bipolar intuitionistic fuzzy set. Then:

(1) (81N &)(i) = {min{8,}, (i), &,, (i) }, max{8, (i), 8, (i)} }.
(2) (81U &)(i) = {max {5\, (i), 8y, (i)}, min{8;, (i), 5, (i) }}.
(3) (81N &)(i) = {max{5/(, (i), 8), (i)}, min{8; (i), 5,, (i)} }.
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@) (81U &)(i) = {min{5,, (i), 8, (i) }, max{8, (i), 5, (i)} }.

Definition 2.8. [15] If S # ¢ then a mapping 8 : S x S — ([0, 1] x [-1,0] x [0,1] x [-1,0]) a
bipolar intuitionistic fuzzy relation on S where & (v,u) € [0,1],8, (v,u) € [-1,0],8, (v,u) €
[0,1] and &, (v,u) € [—1,0].

Definition 2.9. [15] If §; and &, are two bipolar intuitionistic fuzzy sets on a set G. If 0; is a
bipolar intuitionistic fuzzy relation on & if:

5/ w(vu) < min{8,; (v),SZJL(u)},

813 () 2 max{ 85, ), 85, ()},

815 () > max (55, (). 85, (u)).

6., (v,u) <min{$é,, (v),6,, (u)}Vv,u € G.

A bipolar intuitionistic fuzzy relation &; on G is said to be:

(1) Reflexive, if §;F (v,v) = (1,0),8, (v,v) = (0,—1),8; (v,v) = (1,0),8; (v,v) = (0,-1).

(2) Symmetric, if 8 (vu) = & (u,v),8, (vu) = 8, (u,v) and & (vu) =
8, (u,v),8; (vyu) = 8; (u,v),Yv,u € G.

(3) Transitive, if 8(v,w) > V,{min{6 (v,u),(u,w)}}.

(4) Antisymmetric, if 8 (v,u) # & (u,v),8; (v,u) # & (u,v), 8, (v,u) # &, (u,v) and
8, (v,u) # 8, (u,v).

Definition 2.10. If § is a bipolar intuitionistic fuzzy relation on universe G. Then 0 is said to

be a bipolar intuitionistic fuzzy linear order relation on G if the following axioms are hold:

(1) 6 is a bipolar intuitionistic fuzzy partial relation.
(2) min{3; (v,u), 3;’,1 (v,u)} >0

max{J, (v,u), 3#_, (vu)} <0

max {8, (v,u),8," (v,u)} >0

min{$, (v,u),6,_,(v,u)} <O0.



BIPOLAR INTUITIONISTIC FUZZY GRAPH OVER CAYLEY GROUPS 6407

3. MAIN RESULTS

Definition 3.1. A bipolar intuitionistic fuzzy digroup of a digraph G* = (V,E) is a pair
= (8,y) where & = (5,0, ,6+ 5*) is a bipolar intuitionistic fuzzy set in V & y =

(yj Vs }/;T, ¥, ) is a bipolar intuitionistic fuzzy relation on £ such that:

(D) v4 (vu) <min{ &} (v), 6 (u)},Yvu eV xV
(2) v, (vu) > max{6, (v),8, (u)},Yvu eV xV
(3) ¥ (vu) > max{8, (v),8," (u)},Yvu eV xV

in{6, (v),8, (u)},YvueV xV
(5) 74 (vu :}/‘j(vu):OVquVxV—E
(vu) =0Vvu e VxV —E

Definition 3.2. If G is a bipolar intuitionistic fuzzy digraph. A vertex indegree
for v in G given by InD(v) = (InD§; (v),InDj,(v),InD&} (v),InDS; (v)), where
D (v) = Y,2,04 (vu),InDS; (v) = Y,.,0, (vu),InDS"(v) = Y¥,.,6, (vu) and
InD§, (v) = Y,4,0, (vu). On the other hand, a vertex outdegree for v in G is defined
by OutD(v) = OutD§;; (v),0utD§

OutD&; (v),OutDS;,  such  that, OutD8; (v) = YV (vu),0utDS; (v) =
Zv;éu ’}/[I (vu), OMIDSI(V) = ZV#M ’yz_ (Vl/t) and OutDSA_ (V) = Zv#u ’}/[I (vu)‘

Remark 3.3. A bipolar intuitionistic fuzzy digraph G such that vertex has the same out degree n
is said to be an out regular digraph with out regularity index n. Similarly, a bipolar intuitionistic
fuzzy digraph G such that each vertex has the same in degree m is said to be an in regular

digraph with in regularity index m.

Example 3.4. Let G be a bipolar intuitionistic fuzzy digraph of G* = (V,E) where V =
{ai,az,a3,a4},E ={e1,e;,e3,e4}. By routine computations, it is easy to see from the following

graph that the bipolar intuitionistic fuzzy digraph is nether in-regular digraph nor out-regular
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digraph.

(0.3,-0.1,0.9,—0.8)
a1(0.6,—0.4,0.8,—0.2) — a»(0.5,—0.3,0.2,—0,7)

(0.5,-0.3,0.9,—0.6) T L (0.2,-0.2,0.5,—0.1)
a4(0.7,-0.4,0.3,—0.5) a3(0.3,—0.6,0.4,—0.1)

(0.2,—0.3,0.5,—0.6)

Definition 3.5. Let (H,*) be a group & & = (§;,08,,6, ,6, ) be a bipolar intuitionistic

fuzzy set of G. Then the bipolar intuitionistic fuzzy relation R gave on G as R(v,u) =
(SJR(V_IM),(SER(V”M),

(5IR(V_11/£), (04, (v='u)) forall vu € H.

Induces a bipolar intuitionistic fuzzy graph G(H,R) said to be the Cayley bipolar intuitionis-

tic fuzzy graph induced by the (H,*, 5J » Oy s 5/{“ ;6 )

Definition 3.6. Let (H,*) be a group & if 8 be a bipolar intuitionistic fuzzy subset of H. Then
a bipolar intuitionistic fuzzy relation R on H denoted as R(v,u) = {5;r (v 1),
(5u_R(v_1u), (8, e(vu), (8,4 (v"'u)) for all v,u € H} induces a bipolar intuitionistic fuzzy

graph G = (H,R) said to be Cayley bipolar intuitionistic fuzzy graph induced as (H,*,0).

Example 3.7. Let H = (Z3,+) be a group. Define §} : H — [0,1],8, : H — [-1,0],8;" :
H = [0,1] and & : H — [=1,0] by §(0) = 0.2,§;(1) = 0.2,5;(0) = 0.3,5; (0) =
—0.4,8;(1) = 0.5,8;(2) = —02,87(0) = 03,8 (1) = 0.6, (2) = 0.4,5; (0) =
—0.7,6, (1) = —0.9,6, (2) = —0.7. Then the Cayley bipolar intuitionistic fuzzy graph
G = (H,R) induceed as (Z3,+,0) is given by the following table and graph:
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X|y|(x)+y R(x,y)

(@)
()

0 0.2,-0.4,0.3,-0.7)

01 1 0.2,-0.2,0.9,-0.9)

0]2 2 (0.1,-0.2,0.9,-0.8)

110 2 (0.1,-0.2,0.9,-0.8)
0

1|1 0.2,-0.4,03,-0.7)
12 1 0.3,-0.1,0.7,-0.9)
0 1 (0.1,-0.2,0.9,-0.8)

2
2|1 2 0.3,-0.1,0.7,-0.9)
212 0 0.2,-0.4,03,-0.7)

1

(0.2,—0.5,0.6,—0.9)

k0.4\1 0'25 091 -0.8)

(0.3,-0.2,0.9,—0.7) (0.2,-0.4,0.3,—0.7)

(0.1,-0.2,0.9,-0-8)
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Theorem 3.8. The Cayley bipolar intuitionistic fuzzy graph G is vertex transitive.

Proof. Tfu,v € H. Give y: H — H by y(x) = uv~'x for all x € H. Since V is a bijective map,

then for each a,b € H :
R(y(a), y(b)) = (Rs; (w(a), w(b)),Rs, (¥(a), y(b)),Rs: (y(a), (b)), Rs-(w(a), y(b)))

H A A

Rap (W), W) =Ry (')
= Ry ((w™a) " 10)
=Ry (a”'b)
=Rs+(a,b)

Ry, (W@, y(b)) = Ry (w~la,uv"1b)
= Ry, (@)~ (D)
=Rs(a"'b)
=R (a,b).

Rs+(y(a),y(b)) =Rsr(w™'a,u™'b)
:Rsf((uv la)~ Y (wv=1p))
=Rs+(a"'b)
= Rs+(a,b)

Rs-(y(a), y(b)) =Ry (wv"a,uv'b)
= Ry, ((”10) " " 'b))
:Rél* (a='b)
= Rs. (a,b).

Hence R(y(a),y(b)) = R(a,b). Therefore y is an ontomorphism on G. And y(v) = v. Thus

G is vertex transitive. 0

Theorem 3.9. Every vertex transitive bipolar intuitionistic fuzzy graph is regular.
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Proof. If G = (H,R) is a bipolar intuitionistic fuzzy graph with vertex transitive, suppose that

i,j € H. Then there is an outomorphism W on G such that y(i) =

InD(i) = Y,enR(w,i)
= Ywer (Rg; (W), Rs (W), Ry (W), R (w, 1))
= Ywer (R (Ww), w(0)), Rs, (W(w), (i), R (W(w), w(i)), R (w(w), (i)
= Ywen (R (W(w
(

=

):1):Rs, (W(w), ), R (W(W), j), Rs- (W(w), j))
_ZW€H<R8 yvj)vRﬁlj(yaj)7R8;(y7])7R5;(yaj))
= InD(j).

OutD(i) =Y,,cygR(w,i)

(i;w), R+ (i,w), R (i, w))

(W@, y W), R (w(D), y(w), R (w(i), y(w)))
5 U W) Rt (G, (W), R (J, w(w)))

= Ywen (Rs; j,y),Rag (JJ)»Rsf(Ja)’),Ra; ()

Therefore G is regular. O
Corollary 3.10. Cayley bipolar intuitionistic fuzzy graphs are regular.
Proof. straghtforword. 0

Theorem 3.11. If G = (H,R) is a bipolar intuitionistic fuzzy graph. Then bipolar intuitionistic
fuzzy relation R is reflexive iff 5, (1) = 1,6, (1) =0, 6;(1) =0,6, (1)=—1.

Proof. R is reflexive iff R(a,a,a,a) = (1,0,0,—1) for all a € H. Now R(a,a,a,a) =
(5+(a_1a),5ﬂ_(a_la),

8 (a'a),8; (a'a)) = (81 (1),8,(1),8,7(1),8, (1)),Ya € H. Therefore R is reflexive iff
8 (1)=1,8;(1)=0,8(1)=0,8; (1) = —1. O

Theorem 3.12. If G = (H,R) is a bipolar intuitionistic fuzzy graph. Then the bipolar intuition-
istic fuzzy relation R is symmetric iff (SQ’(i),SH_(i), 5;(1'), o, (i) = (6:[(1'_1), 6”_(i_1),
& (i1, 6, (i"h)),VieH.



6412 AHLAM FALLATAH, AS’AD ALNASER, MOURAD OQLA MASSA’DEH

Proof. (=) R is symmetric, then for any i € H,(8,] (i), 8, (i), 6, (i),8; (i)) = (8; (i 'i?),
8 (i7'2),8) (i), 8, (i"'i%)) = R(;,*) = R(,1). (R is symmetric) = (&, ((i*)~"1),
8 ((2)71),8, (%) ~10), 8, (()714)) = (8 (720), 8, (i7%4), 8, (i 20), 8, (i7%1))

= (8 (1), 8, (i71),87(71), 8, (i 1)).

« Since (8] (i), 8, (i), 8, (i),8; (1)) = (8 (i "), 8, (i), 8, (1), 8, (i"")),VieH.

Hence for all i, j € H,R(i, j) = (8, (i), 8, (i '),8, (1)), 8, (")) = (& (1),

8 (1), 85 (1), 8, (j 1)) = R(j, i), thus R is symmetric. O

Definition 3.13. Let G = (H,*) be a semigroup & & = (5, 5, 8,",8,") be a bipolar intuition-

istic fuzzy subset of H. Then § is said to be a bipolar intuitionistic fuzzy subsemigroup of H

when:
(1) &3 (ij) > min{8; (i),8, (/)}
(2) 8, (ij) < max{6, (i),8, (j)}
(3) &, (ij) < max{§ (i), (j)}
4) 6, (ij) > min{d, (i),8, (j)} foralli,j€ H.

Theorem 3.14. A bipolar intuitionistic fuzzy relation R is transitive iff § is a bipolar intuition-

istic fuzzy subsemigroup of (H,x).

Proof. = Let a,b € H, thus R> < R. Now for any a € H, we have R(l,a,a,a) =
(8,1 (@), 8, (a),8, (a),8; (a)). Thus min{R(1,c),R(c,ab);c € H} = R*(1,ab) < R(1,ab), that
is, max{min{J; (c), 5+(c_1ab) c € H}} < & (ab),

min{max{d, (c),d, (¢~ ab),c € H}} > 8, (ab),

min{max{8; (c), 5;( ab),c € H}} > 8; (ab) and

max{min{6, (c),8, (¢ ab),c € H}} < &, (ab).

Therefore & (ab) > min{d;f (a),8,; (b)}, &, (ab) < max{8, (a),8; (b)}, & (ab) <

max{8; (a),8;"(b)} and 8; (ab) > min{8; (a),6; (b)}. Thus & is a bipolar intuitionis-
tic fuzzy subsemigroup of (H,x).

< For any a,b € H,R*(a,b) = (R(ZSJr (a,b),Ré, (a,b),R(%s+ (a,b),Rg, (a,b)). So
W u p 7
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R?Sj[ (a,b) = max{min{R(sﬁr (a,c),RSJ(c,b),c €H}}
= max{min{SJ(a_lc),SJ(C_]b),c €H}}
< 5J (a='b)
= RS‘T (a7b)
Réﬁ (a,b) = min{maX{Réﬁ (a,c)7R5‘: (¢,b),c€H}}
= min{max{ﬁﬁ (a o), o (c7'b),cc H}}
>0, (a='b)
= RSII (Cl,b)
R§+ (a,b) = min{max{RsI (a,c),R(s;(c,b),c €H}}
A
= min{max{§; (a~'c),8, (c"'b),c € H}}
> & (a'b)
= Raz— (a,b)
R% (a,b) = max{min{Ra/{ (a,c),R(s‘I (¢,b),c€H}}
= max{min{S[(a_lc),SA_ (c7'b),c € H}}
<o, (a”'b)
— RSA— (a,b).
Therefore R transitive. [
Corollary 3.15. A bipolar intuitionistic fuzzy relation R is a partial order iff & =
(5”+ , 5”‘ , 5; ,6, ) is a bipolar intuitionistic fuzzy subsemigroup of (H,x) satisfying:

(1) 8; (1) =1,8,(1)=0,8,(1)=0,8; (1) =—1,

(2) {a.(8; (a),8; (a), 8, (a),8; (@) = (§f(a "), 8, (a").8 (@ "),6,(a ") =
(1,0,0,—1)}.
Theorem 3.16. G is a Hasse diagram iff for any collection a;,a»,...,a, of vertices in V such

that r > 2 and & (a;) > 0,8, (a;) > 0,8, (a;) < 0,8, (a;) <O for i = 1,2,...,r we have

SJ(alaz...ar) :0,5#_(611612...61,) = O,5I(a1a2...ar) =0and 5;(a1a2...ar) =0.

Proof. = It is abvious that R(ayay...a;—1,a1az .. .a;,a1a3 . ..a;i—1,a1az . ..a;) = (SJ(ai),

SJ(ai)ﬁ;(a,-),S;(ai)) for i = 1,2,...,r such that gy = 1. Therefore

(1,ai,a1ay,...,a1as,...,a,) is a path from 1 to ajay...a, but G is a Hasse diagram,
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thus R(1,ajay,...,a;) = 0. This implies that O (a1az...a,) = 0,8, (a1a2...a;) =
0,8, (ajay...ar) =0and &; (a1az...a,) = 0.

< Let (ag,ay,as,...,a,) be a path in G from ag to a, with n > 2. Then R(a;_1, a,-) > 0, for
i=1,2,....n. Thus & (a;_|,a )>05(ll,a,)—05+(11,a,)—0and5( ,ai) <0
fori=1,2,...,r. Now consider the elements a, 1a1,a1_1a2, ... ,ar__lla, in H. Then by assamp-
tion 5J(a61a1 a;'ay,...,ala,) =0, o (ay'ar,a;'as,...,a " a,) =0, SI(aalal,
al_laz,. ,a, 1a,) 0 and 5, (ao ar,a; lay,. .. ar__lla,) = 0, that is, SJ(agla,) =0,

5

M (ap'a,) = 0,8, (ag'a,) = 0 and o, (ay 'ay) = 0. Hence R(ag,a,) = 0. Therefore G is a

Hasse diagram. 0J

Remark 3.17. Let G = (H,R) is any bipolar intuitionistic fuzzy graph, then G is connected
(weakly connected, semi connected, locally connected or quasi connected) iff the induce fuzzy
graph (H ,Rg ) is connected (weakly connected, semi connected, locally connected or quasi

connected).

Definition 3.18. If (H,*) is a semigroup and if § is a bipolar intuitionistic fuzzy set of H. Then
the subsemigroup generated by 6 is the meeting of all bipolar intuitionistic fuzzy subsemigroup

of H which contains 6 and it is denoted by < § > .

Proposition 3.19. If (H, ) is a semigroup and § is a bipolar intuitionistic fuzzy set of H. Then
the intuitionistic fuzzy subset < & > is precisely given by

< 8f > (a) = max{min{J,+ (a1),0y+(a2),..., 8+ (a,);a=ajaz...a, with 8+ (a;) >0 for i =
1,2,...,r}},

<&, > (a) =min{max{d,-(a1),6,-(a2),...,6,-(ar);a=aiay...a, with 5, (a;) <0 fori=
1,2,...,r}},

< 52_ > (a) = min{max{J+(ay),0+(a2),...,0+(ar);a=aja;...a, with 8+ (a;) > 0 for i =
1,2,...,r}},

<6, > (a) =max{min{§; - (a1),8,-(a2),...,0,-(ar);a=ajaz...a, with &, - (a;) <0 fori =
1,2,...,r}}, forany a € H.

Proof. If §' = (5;/1+ , 5/;‘ 8, +, ;) is a bipolar intuitionistic fuzzy set of H given by:

6;/1+(a) = max{min{8,+(ai),8,+(a2),...,0y+(a,),a = aiaz...a, suchthat o,+(a;) >
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Ofori = 1,2,...,?}},6L,(G) = min{max{6,-(a1), 8, (a2),...,0,-(ar),a =
ayay...ay such that 6, (a;)
<Ofori=1,2,...,r}},8;+(a) = min{max {5+ (a1), 6+ (a2),...,01+(a,),a = a1az...a,
such that 6+ (a;) > 0fori=1,2,...,r}},8; _(a) = max{min{dy-(a1), 0, (a2),..., 8 (a,),
a=ayay...a,such that 8, - (a;) <0fori=1,2,...,r}}.

Let a,b € H, if 8,-(a) = 0 or 8,+(b) = 0 then min{8,+(a),8,+(b)} = 0,8, (a) = 0
or 6,-(b) = 0 then max{d, (a),0,-(b)} = 0,01+(a) = 0 or &+(b) = O then
max{0;+(a),8+(b)} = 0,8,-(a) = 0 or §-(b) = 0 then min{5,-(a),d,-(b)} = 0.
Thus 8+ (ab) > min{8,+ (a), 5,+(b)},

Su-(ab) < max{8, (@),8, (1)}, (ab) < max{S(a). S (b)), Gy (ab) >
min{8;-(a),8,-(b)}.

Again, if 0y+(a) # 0,0,-(a) # 0,03+(a) # 0 and §,-(a) # O then by definition of
5u+(a),5“7(a),5,1+(a) and 8;-(a) we have )/w(ab) > min{5“+(a),5u+(b)},y“7(ab) <
maX{SV(a),

8y~ (b)}, Yo+ (ab) < max{8y+(a),8,+(b)} and y;-(ab) > min{J;-(a),d,-(b)}. Therfore &
is a bipolar intuitionistic fuzzy subsemigroup of H containing 8. Now if 1 be any bipolar
intuitionistic fuzzy subsemigroup of H containig 6 then for any a € H with a = aja;...a,
with 8+ (a;) > 0,0,-(a;) < 0,63+(a;) > 0 and 63-(a;) < O for i = 1,2,...,r, we have
Ny+(ai) > min{n,+(a1),Ny+(a2),. .., Ny+(ar) } > min{8,+(ar), 6+ (a2),. .., 8+ (ar)},

M- (ai) < max{ny-(a1),My-(a2), ., Ny (ar) } < max{d,-(a1), 6, (a2), ..., 8- (ar)},

M+ (@) < max{My+(a1),M+(a2),- .., M+ (ar) } < max{Gy+(a1), 6+ (az),- ... 8+ (ar)},

M- (ai) = min{my-(a1), M- (a2),..., Ny~ (ar)} =2 min{8; - (a1), 62~ (a2), ..., 82~ (ar)}.

Thus 1,+(a) > max{min{J,+(a1),8,+(az),...,0,+(ar);a = aiay...a, such that §,+(a;) >
Ofori=1,2,...,r}},

Ny~ (a) <min{max{d,- (a1), 8, (a2),...,0,-(a,);a=ajaz...a, such that §,-(a;) <0 fori=
1,2,...,r}},

M+ (a) <min{max{8,+(ay),0)+(az),...,0+(a,);a=aja,...a, such that 6+ (a;) >0 for i =
1,2,...,r}},

and M- (a) > max{min{d,-(a;),8, - (a2),...,0,-(a,);a = ajay...a, such that 3, - (a;) <
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Ofori=1,2,...,r}}, foralla € H.
Hence 1,+(a) > 6+ (a), Ny~ (a) < 8y~ (a),My+(a) < 83+ (a) and - (a) > 8- (a). Thus &' is

the maeting of all bipolar intuitionistic fuzzy subsemigroup containing 9. U

Theorem 3.20. If (H,*) is a semigroup & & is a bipolar intuitionistic fuzzy set of H, then for
any B €10,1], (< 5“3 > < 6“5 > < 6,% > < 6,% >) = (< Oy+ >p,< Oy~ >p,

< O+ >p,< Op- >B).

Proof. if a € (< Oy+ >p,< Oy~ >p,< O+ >pg,< 8- >p) if and only if there exist
ai,as,...,a, € (3”1?,5”5,61;,5%) such thata =aja;...a,.

If and only if there exist ai,as,...,a, € H where Oy+(a;) > B,0,-(a;) < B,0y+(a1) >
B,6,-(a;) <P foralli=1,2,....,randa=aja;...a,.

Iff < Oy+ > (a) > B,< 8y > (a) <B, <0+ >(a)>,< 6> (a) <B.

Iff a € (< 8+ >p,< Oy~ >p,< O+ >p,< 8- >p), therefore (< % > < 5% > < 6%# >

(<8 >) = (< Gy >p,< Oy > < Gpr >p,< G- >p). n

Note
If (H,x) is a semigroup and § is a bipolar intuitionistic fuzzy set of H. Hence by above theo-
rem, we have Supp(8) = 6) = Supp < 6 > .
If G represent the Cayley bipolar intuitionistic fuzzy graphs G = (H,R) induced by
(H %, 8+,6,-,

0)+,0,-), thus we have the following results.

Corollary 3.21. (1)- If X is any subset of H' & G’ = (H',R’) is the Cayley graph induced by
(H',%,X). Thus:

(1) - G’ is connected iff H —a; C< X > .

(ii)- G’ is weakly connected iff H —a; C< X UX ! > suchthat X! = {a~ !, a € X}.

(2)- G is connected iff H —a; C Supp < X > .

Definition 3.22. Let (G,«) be a group and J is a bipolar intuitionistic fuzzy subset of H. Then

5! is defined as a bipolar intuitionistic fuzzy set of H given by § !(a) = 8(a~!),Ya € H.

Theorem 3.23. H —a; C Supp(< § U8~ >) iff G is weakly connected.
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Proof. H—a; C Supp(< §US! >)
if and only if H —a; C Supp < §U(8)~! >
if and only if H —a; C< Supp(8) USupp(8)~! >
if and only if H —a; C< (8)U(8) ! >.

If and only if (H,R;) is weakly connected. Thus G is weakly connected. O
Corollary 3.24. H —a; C Supp(< 8 > U < §~! >) iff G is semi-connected.

Proof. H—a; C Supp(< 8§ >U<571>)

if and only if H —a; C Supp(< 8 >U<§>71)

if and only if H —a; C< Supp(8) > U < Supp(8)~! >
if and only if H —a; C< 8 >U < (&) >.

If and only if (H,R{) is semi-connected. Therefore G is semi-connected. O
Corollary 3.25. Supp(< 8 >) = Supp(< 8! >) iff G is locally connected.

Proof. Supp(< 8 >) = Supp(< 5! >)
if and only if < Supp(8) >=< Supp(< 6~') >
if and only if < §; >=< (§")7") >

If and only if (H,R{) is locally connected. Therefore G is locally connected. O

Corollary 3.26. A finite Cayley bipolar intuitionistic fuzzy graph G is connected if and only if

it is quai connected.

Proof. G is connected iff (H,R;) is connected if and only if (H,R}) is quai connected if and

only if G is quai connected. ]

CONCLUSION

A bipolar intuitionistic fuzzy graph is generalized structure of fuzzy graph notion, which pro-
vides more precision, consistency and pliability in comarison with bipolar intuitionistic fuzzy
also fuzzy graph model’s. In this paper, we have studied various properties of bipolar intuition-
istic fuzzy graph with respect to Cayley group. The extension of this article work is application
of a bipolar intuitionistic fuzzy digraph in the soft computing area including geographical in-

formation systems, neural network’s and decision making.
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