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1. INTRODUCTION

In mathematics, Banach [1] in 1922, introduced a well- known theorem which is called Banach
fixed point theorem (or Banach contraction Principle). It is a beautiful mixture of analysis,
topology and geometry. It guarantees the existence and uniqueness of fixed points of certain self
- maps of metric spaces and provides a constructive method to find those fixed points.

Let X be a complete metric space. A mapping T:X — X is called a contraction mapping on X
if there exists q € [0,1) such that d(Tx,Ty) < q d(x,y), forall x,y e X. Then T has a unique
fixed point. Because of its simplicity and usefulness, it has become very powerful tool in solving
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various problem such as nonlinear analysis, integral and differential equations, inclusions,
dynamical system theory and mathematical economics. Later, in 1968, Kannan [9], proved the

following fixed point theorem which is independent of the Banach contraction principle. Let
(X,d) be a metric space and T be a self-map on X, if there exists ce (Oﬂ such that

d(Tx,Ty) < cd(x,Tx) + cd(y,Ty), forall x,y e X. Then T has a unique fixed point.

Using the concept of Hausdorff metric, Nadler [11] proved the fixed point theorem for
multi-valued contraction maps, which is the generalization of Banach contraction principle [1].
Boyd and Wong [2] extended Banach contraction Principle to the non - linear contractive
mappings.

Later on, this theorem was generalized by many authors in different metric spaces and also in
generalized metric spaces. To study these generalizations, we can refer to ([3], [4], [5], [6], [7],
[8], [10], [12]). Sedghi et al. [15] introduce the concept of S-metric space and proved that this
concept is the generalization of G-metric space [10] and D* metric space [17]. Further in [15]
authors proved that the notion of S-metric space is not the generalization of G-metric space and
both metric spaces are independent of each other. More details regarding this space can be found
in ([12], [14], [16]).

In this paper, we define a new class of function. Furthermore, we define some new contractive
mappings which combine with the terms
d(x,x,y),d(x,x,Tx),d(y,y,Ty),d(x,x,Ty),d(y,y,Tx) and d(Tx,Tx,y) by means of the
member of newly defined class and prove some fixed point theorem using this new class of
functions We begin by recalling some basic definitions and results for S- metric spaces that will

be needed in the sequel.

2. PRELIMINARIES
Definition 2.1 [15]: Let X be a non-empty set. An S-metric on X is a mapping S : X3 - R,
that satisfies the following condition:

(Sy) S(x,y,z) =0ifandonlyif x =y =2z =0;
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(S2) S(x,y,2) < S(x,x,a) +S(y,y,a) +S(z,z,a) forallx,y,z,ae X

The pair (X,S) is called an S-metric space.

Example 2.2: Let X = R. S(x,y,z) = |[x —z| + |y — z|. Then S(x,y,z) is an S-metric on R,
which is known as usual S-metric space on X .

Lemma 2.3[15]: If S is an S-metric on a non-empty set X, then S(x,x,y) =S(y,y, x), for all
x,ye€X.

Definition 2.4[13]: Let (X,S) be a S-metric space. For r > 0 and x € X, we define the open
ball with center in x and radius r, the set

Bs(x,r) ={ yeX : S(x,x,y) <r }.

The topology induced by the S-metric is the topology determined by the base of all open balls in
X.

Definition 2.5[12]: A sequence {x,} in (X,S) is said to be convergent to x, denoted by

limx, =x if x,-x, orS(x,,x,,x) »>0asn— oo,

n-co
Definition 2.6 [12]: A sequence {x,} in(X,S) is said to be Cauchy sequence if
S(Xp,Xp,Xym) = 0 asn,m - oo,

Definition 2.7 [12]: An S-metric space(X,S) is said to be complete if every Cauchy sequence in
X is convergent.

Example 2.8: Let (X,S) be S-metric space, then the usual metric space on Xdefined in
Example 2.2 is complete.

Lemma 2.9([13, 14]): Let (X,S) be S-metric space. If x, »xandy, —»y then
SGn s Xn, Yn) = S(x, x,¥).

Lemma 2.10[16]: Let (X,S) be an S-metric space and x,, = x. Then lim x, IS unique.
n—>oo

Lemma 2.11([13], [15]): Every sequence{x,} of elements from S-metric space (X,S), having
the property that there exists A€ [0, 1) such that S(x,,x,,Xp+1) < A1S(x_1,Xxp—1,%x,) for

every ne N, isa Cauchy.
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3. MAIN RESULTS

In this section, we define some new class of functions and then by defining new contractive
mapping in S-metric spaces we are going to prove some fixed point theorems which are as
follows:

Definition 3.1: For any m € N, we define Z,,to be the set of all functions 7: [0, +0)™ — [0,

+00) such that
(M) n(ty, ty, o ty) <max{ty,t,, .., tn} if (t,ts ...,t5) # (0,0,...,0);

(nz){ti(")} slsi<m, are m sequences in [0, +oo0) such that lim t™ = t; < +oo forall i
ne n—oo

=1,2,...,m,then lim infn(tfn),tén), ...,tr(,’f)) < N(ty, ty o) t).

n—->oo

Definition 3.2: Let (X,S) be an S-metric space and T:X — X is said to be an n-contractive

mapping of Type —I if there exists n eZ,and

S(Tx,Tx,Ty) <qn (S (x,%,¥),5(,x,Tx),S(y,y, Ty), S(x’x'Ty)ZS(Tx'Tx'y)), (3.2)

forall x,yeX and qge (0, 1).

Theorem 3.3: Let (X, S) be a complete S-metric space and T : X — X be an n-contractive
mapping of Type — I. Then T has a unique fixed point.

Proof: Let x, € X. Define a sequence {x,} in X as x, = Tx,_, forall n > 1. Assume that

any two consecutive terms of the sequence {x,} are distinct; otherwise, T has a fixed point.

Consider

S( -1 -1 )
S(xn' xn'xn+1) Squ (S(xn—l'xn—l'xn)'S(xn—lfxn—lfxn)'S(xn' xn'xn+1)' n 1x;1 Lt )(3-2)

S(xn—l'xn—l'xn+1)}

< q max {S(xn—lf Xn—1» xn)’ S(xn—l' Xn—1» xn)' S(xn’ Xn» xn+1): 3

S(xn—lxn—lvxn+1)}

= q max {S(xn—li Xn-1, xn)' 3

2 S(xn_l,xn—1,xn)+S(xn:xn'xn+1)} (33)

< g max {S(xn—lfxn—L xn); 3

Case 1: If S(xp, xp, Xne1) < q S(xp_1, Xn_1,X%,) then by Lemma 2.11 in view of (3.3), {x,} is

a Cauchy sequence for g€ (0, 1).

Case 2: If S(xp, xp, Xn41) < q {

2 S(Xpn—1,Xn-1,Xn) +S(xnrxn:xn+1)}
3
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Then,
38ty Xn, Xns1) < q (2S(nq, Xn_1,%n) + S(xn, Xp, Xpp1)), that is,
(B —q)SCn, X, Xn41) < 2 qS(xp_1, Xn_1, Xn), that is,

S(xp, Xpy Xpg1) < ;—qu(xn_l,xn_l,xn), that is,
S(xp, Xpy Xne1) < tSO0_1, Xp_1, X)), Where t = ;qu which lies between 0 to 1 for all gq.

Therefore, we get
S(Xn Xy Xn1) < (8 SOz, Xn_2) Xp_1)
= t2S(xy_2, Xn_2, Xn_1), that is,
S(Xn, Xn, Xny1) < " S(x0, X0, X1)-
By Lemma 2.11 and (S>) it follows that {x,} is a Cauchy sequence in X.
As (X,S) is a complete S-metric space, it follows that sequence {x,, } is convergent to some
x € X.Thus, x, - x as n - oo.

Now, Consider

S(TXTL! Txn; Tx) S q r] (S(x‘l’ll x‘l’lt X), S(x‘l’ll x‘l’lt xn+1)' S(X, xr TX), S(xn’ Zn ,Tx)+S(x'x,Txn))-

3

Taking limit as n — oo, we get

S(x,x,Tx)+S(x, x,Tx
S(x,x,Tx) < qn (S(x, x,x),S(x,x,x),S(x,x,Tx), ( ) ( )>

3

< qmax {0, 0, S(x,x,Tx), 220219)

3
= qS(x,x,Tx).
Thus, we get, S(x,x,Tx) < q S(x,x,Tx), where g e (0, 1), which is contradiction.
Therefore, Tx = x.
Now let Ty =y forsome ye X and suppose that x # y, then consider

S, x,y) =8(Tx,Tx,Ty)

S(x,x,Ty)+ S(y, v, Tx))

<qn (S O, x,9), 80, x,Tx), Sy, y, Ty), 3
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< gmax {S(x,x,),5(x,x,%), S(y,y,y), E2S029)

2 S(J;x ,y)}

= g max {S(x, x,y), 0, 0,
= qS(x,x,y),
a contradiction. Therefore, x = y. m
Theorem 3.4: Let (X, S)be a complete S-metric space and T : X — X be an n-contractive

mapping where n €£, given by

S(x,x,Ty)+S(Tx,Tx,y)
: ) (3.4)

S(Tx,Tx,Ty) <n (S(x, x,5),S(x,x,Tx),S(y,y,Ty),
forall x,y e X. Then T has a unique fixed point.
Proof: Let x, € X. Define a sequence {x,} in X as x, = Tx,_, forall n > 1. Assume that
any two consecutive terms of the sequence {x,} are distinct; otherwise, T has a fixed point.

Consider

(3.5)

SOtn—1, Xn-1,%n), S(Xn_1, Xn_1, X1, S (X, X, Xp41),
S(xnr Xn xn+1) =7 S(Xn—1,Xn-1,Xn+1)
3

S(xn—lrxn—1;xn+1)}

< max {S(xn—l' Xn—1» xn)' S(xn—li Xn—1» xn)' S(xn' Xn» xn+1)' 3

S(xn—lxn—lrxn+1)}

= max {S(xn—ll Xn-1, xn), 3

2 S(xn—llxn—l'xn)+s(xn'xn'xn+1)} (3.6)

< max {S(Xn_pxn—l:xn)' 3

2 S(xn—lvxn—l’xn)+S(xn:xnvxn+1)} _ 28(Xn—1,%n-1,Xn)+S(XnXnXn+1)

If max {S(xn_l,xn_l,xn), S >

2 S(xn—lvxn—l’xn) +S(xn’xnvxn+1)}
3 .

then S(x,, X, Xp41) < {

Therefore, we have

S (X Xny Xng1) < S(Xn—1, Xn—1, Xn) (3.7)
From (3.7), we see that {S(x,, x,, x,+1)} IS monotonically decreasing sequence and bounded
below. Therefore, S(x,, x,, Xn,4+1) = k, k = 0.

Now suppose that k > 0, taking lim inf - 4+ in (3.5), we have k < n(k,k, k, k'), where

' . S(Xp—1)Xn—1,Xn+1)
k"= lim sup

n—-+oo 3
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. 2 S(Xn—1,Xn-1,Xn)+S(Xn,Xn,X
S llm Sup n—uvin—-14n (n n n+1)
n—+oo 3

2k+k
=

Therefore, k < n(k, k, k, k') < max{k, k, k, k'} = k, acontradiction.

k.

Therefore, we get
lim S(xp, xp, Xp41) =0 (3.8)
n—-+oo

Now suppose {x,} is not a Cauchy sequence then there exist & > 0 such that for any

c € N there exist m, > n. = c such that
S(xmc,xmc,xnc) > € (3.9
Suppose m, is smallest natural number greater then n, such that (3.9) holds. Then,

€ < S(Xmy Xm,r Xn,)
< 2 S(xmps Xmgr Xm,_, ) + S(Xnz Xn Xm,_,)
< 2 S(xmc,xmc,xmc_l) + €.
Taking limc — +oo, we get
cl_iHlooS (xmc,xmc,xnc) =¢ (3.10)

Now consider,
S (omes Xmes Xne) < 28 (Xmes Xmer mess) + S (¥ner Xnes Xme)
< 2 S(%my Xmyr Xm,,,) +
S (omer Xmes Xne_y oS (mer Xmes Xmess )» S (¥ne_ys ¥ne_y» %nc )

n S(XmeXmeXmers)+SEneXneXmey)
3

Taking limitas ¢ — 4o, on both sides and using (3.8) and (3.10) we get,
€ < 2.0+ n(e0,0,€"), where

S (x X, X ) +S (x Xn., X )
. mq ‘*m ‘*m Nne’ *Ner*m
6’ — llm Sup C C c+1 4 4 c+1
c—+00 3
< lim sup S(XmeXmeXmerq)+2S(XneXneXme ) +S(XmeXmeXmeyq)
>+ 3
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__ 0+2e+0 _ 2¢

3 3
Therefore, e <0+ 7 (e, 0,0, 2—;) < max {e, 0,0, %} = g,

which is contradiction. Thus, {x,} is a Cauchy sequence. As (X, S) is a complete S-metric
space, it follows that sequence {x,, } is convergent to some x € X.
Thus, x,, - x as n - oo.

Now, consider

S (Txy, Txy, Tx) <7 (S (X, Xy %), S (X Xy, X1, S(x, x, Tx), SCon, X ,Tx)+S(x,x,Txn))

3

Taking limit as n— 400 we get

S(,x, Tx)+ S(x, x,Tx
S(x,x,Tx) < n <S(x, x,x),S(x,x,x),S(x,x,Tx), ( ) ( ))

3

< max {0, 0, $(x,x,Tx), 2019)

3
= S(x,x,Tx).
Thus, we get, S(x,x,Tx) < S(x,x,Tx), which is contradiction.
Therefore, Tx = x.
Now let Ty =y forsome ye X and suppose that x # y, then consider

S, x,y) =S(Tx,Tx, Ty)

< 1(S(x2,9),50 %, Tx), S(y, y, Ty), 22502 T

< max {S(x, x,¥),S(x,x,x),S¥,y,y), 3

= max {S(x, x,y), 0, 0, M}

3
= S(x,x,y),
which is contradiction. Therefore, x = y. m
Definition 3.5: Let (X,S) be an S-metric space. The mapping T:X — X is said to be an

n-contractive mapping of Type —II if there exists n €Z5 and

S(x,x,Ty)
3

S(Tx,Tx,Ty) <qn (S (x,x,v),8(x,x,Tx),S(y,y, Ty), , S(Tx, Tx, y)), (3.11)

forall x,yeX and qe (0, 1).
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Theorem 3.6: Let (X,S) be a complete S-metric space and T : X — X be an n-contractive
mapping of Type — Il. Then T has a unique fixed point.

Proof: Let x, € X. Define a sequence {x,}in X as x, = Tx,_; forall n > 1. Assume that
any two consecutive terms of the sequence {x, }are distinct; otherwise, T has a fixed point.

Consider

(3.12)

S( ) S(xn—lfxn—lixn): S(xn—llxn—l'xn): S(xn: xn'xn+1)r
X X Xn+1) SQ 1 S(Xn-1.%Xn-1.Xn+1)
n 1 'n n—1 ;l 1An+1 ,S(xn, xn, xn+1)

S(xn—l'xn—l'xn+1)}

< g max {S(xn—ll Xn-1, %), S(Xn—1, Xn—1,Xn), S (n, Xy Xp41), 3

S(xn—lxn—lvxn+1)}

=q max {S(xn—llxn—lﬂxn)' 3

2 S(xp—1,Xn-1,%n)+S (xn,xn,xn+1)} (3.13)

< q max {S(xn—lrxn—b Xn), 3

Case 1: If S(xp Xp Xns1) < q S(xp_1,Xn_1, %) then by Lemma 2.11 in view of (3.13), {x,}

is a Cauchy sequence for all g e (0, 1).

2 S(Xn—-1,Xn-1,%n) +S(xnrxnjxn+1)}

Case 2: If S(xp, Xp, Xn41) < @ { 3

Then,

38 (xn, Xy Xn+1) < q (2 S(n—1, Xn—1,%n) + S(xn, Xn, Xn41)), that is,

(B = q) S(xn, Xny Xp41) < 2 qS(Xp_1, Xn_1, Xn), that is,

S, Xy Xpt1) < i—qu(xn_l, Xp—1,Xn), that is,

S(xn, Xpy Xng1) < t S(Xp_1, Xp_1,Xy), Where t = ;qu which lies between 0 to 1 for all gq.

Therefore, S(xp, xp, Xni1) < t (ES(Xp_2, Xn_2, Xn_1)

= tz S(xn—Z' Xn-2, xn—l)

< t"S(xg, X0, X1)-

By Lemma 2.11 and (S>) it follows that {x,} is a Cauchy sequence in X.
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As (X,S) is a complete S-metric space, it follows that sequence {x, } is convergent to some
xeX.Thus, x,, > x as n - oo,

Now consider,

S(x,, x,,Tx
S(Txn; Txn: TX) < qn (S(xnrxn; X), S(xn; xn'xn+1); S(x' X, TX),%, S(x' X, Txn) )

Taking limit as n— oo, we get

S(x,x,Tx)
S, x,Tx) < gn|(S(x, x,x),S(x,x,x),5,x, Tx),T,S(x, X, X)

< qmax {0, 0, 5(x,x,Tx), 22 0]

= qS(x,x,Tx).
Thus, we get, S(x,x,Tx) < q S(x,x,Tx) where q e (0, 1), which is contradiction.
Therefore, Tx = x.
Now let Ty =y for some ye X and suppose that x # y, then consider
S(x,x,y) =8(Tx,Tx,Ty)

S( ) IT )
< qn(S06%,9), 506 x,Tx), Sy, T), 222 S(7,7,Tx))

S(xx,y)
< g max {S(x, x,v),S(x,x,x),S(y,y, y),% SOy, X)}

= g max {S(x, x,y), 0, 0, S(x’;'y),S(x, xX,y) }

= qS(x,x,y),

which is a contradiction. Therefore, x = y. m
Theorem 3.7: Let (X,S) be a complete S-metric space. Let T be a mapping T:X — X such
that
S(Tx,Tx, Ty) < amax{S(x,x,Tx),S(y,y,Ty),S(x,x,y)}

+B{S(x,x, Ty) + S(y,y,Tx)}, (3.14)
a,f > 0suchthat a + 38 <1 forallx,yeX. Then T has aunique fixed point.
Proof: Let x, € X. Define a sequence {x,}in X as

Xn = Txp_q = T"xy, (3.15)
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forall n > 1.
By (3.14) and (3.15) we obtain that
S(Xn) Xy Xng1) = S(Txp_1, Txp_1, Txy)
< amax{S(xXp_1, Xn_1, Txn_1), S(Xn, Xn, Tx,), S (p—1, Xn—1, X))} +
BAS (-1, Xn-1,Txn) + S, Xn, TXp-1)}
=a maX{S(xn_l, Xn—-1 Xn), S(xnl Xn» xn+1)' S(xn—ll Xn—1 xn)}
+ B{S(en—1, Xn—1, Xn41) + SO, X, %)}
<a maX{S(xn—ll Xn—1, xn), S(xn' Xn» xn+1)}
+ B {28 (Xn—1, Xn—1,%n) + S(xn, X, Xn41)}, that s,
SCtn, Xy Xng1) < @ Ay + B{2S (Xn—1, Xno1, %) + S(Xn, Xy Xny 1)}
where A; = max{S(xX,—1, Xn-1, Xn), S (Xp, Xp» Xn+1)}
Now two cases arises:

Case I: Suppose that A; = S(x,_1, Xn—1, Xn), then from (3.16)

S(xnr Xn xn+1) <a S(xn—l' xn—lfxn) + Zﬁs(xn—l' xn—lfxn) + ﬁS(xn'xn' xn+1)’ that iS,

(1 - ﬁ)S(xn, xn'xn+1) < (C( + zﬁ)s(xn—lfxn—lrxn)i that iS!

S(Xn, Xn, Xpt1) < —?1t2ﬁ,[);5(xn_1,xn_1,xn), that is,
S (X, Xy Xns1) < K S(Xn_1, Xn_1, %), Where x = _?:);f) <1.

Thus, we have

St X, Xn41) < K(K(S (n-2) Xn-2, Xn—1))-

Continue this process, we get

S(Xn, X, Xny1) < KS(xg, X, X1)-

Case I1: Suppose that A; = S(x,, Xn, Xnt1), then by (3.16), we have

S(n, Xn, Xn41) S @ S Xy Xnt1) + 2BS (X1, Xn—1, %n) + BS (X, X, Xn41), that is,
(1= a—=B)SCen, xp, Xns1) < 2BS(Xn_1, Xn_1, %), O,

S(xp, Xy Xpgq) < %S(xn_l,xn_l,xn), that is,

2
S(xn, Xpy Xng1) < KS(Xp_1, Xn_1,Xn), Where k = ﬁ < 1.

(3.16)
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S (Xn) Xy Xna1) < k(K (S (tn—2) Xn—2, Xn_1))-
Continue this process, we get
S (Xn) Xny Xna1) < K"S(Xo, X, X1)-
Thus, from both the cases and by Lemma 2.11 it follows that {x,} isa Cauchy sequence in X.
As (X,S) is a complete S-metric space, it follows that sequence {x,} is convergent to some
zeX. Thatis, x, >z as n—- oo,
Now, we show that z is the fixed point of T.
S(z,2,Tz) <25(z,2,xp41) + S(ps1, Xn41,T2)
=25(z,z,x,41) + S(Tx,,Tx,,Tz), that is,
S(z,2,Tz) <25(z,2,xp41)
+ amax{S(x, ,x,,Tx,),S(z,2,Tz),S(x,,%n,2)}
+ B{S(x,,x,,Tz) + S(2,2,Tx, )}
= 25(2,2z, xp4q) + amax{S(x,, xn, Xn+1), S(z,2,Tz), S(x,, X, 2)}
+ B{SCen, %0, T2) + S(2, 2, Xn41)}
< 25(z,2, xp41) + amax{S(x,, X, Xns1), S(2,2,Tz), S(x,, Xn, Z)}
+ B{2S(xp,xn,2) +S(2,2,Tz) + S(2,2, Xp41) },
that is,
(1-p8)S(z,2,Tz) <2+ B)S(z, 2z, xp41) + 2BS(xy, X, 2) + aAy, (3.17)
where A, = max{S(x,,, X, Xn+1),5(2,2,T2),S5(x,,, Xn,2)}
Case I: Suppose that A, = S(x,,, x,,xn+1 ), then from (3.17), we get
(1-PB)S(z,2,Tz) < (2 + B)S(2,2,%p41) + 2BS(Xn, X, 2) + aS(Xn, X, Xn41)
<@R+P)S(z,2z,xp41) +2BS(xn, %0, Z) + af25(x, x5, 2) +
5(2,2,%n+1)},
that is,
1-8)S(z,2T2) <2+ B+a)S(z,z,xp41) + 2(a + B) S(x,,x,,2), that is,

+a+p)
1-p)

2(a+p)

S(z,z,Tz) < )

S(Z, Z, Xn+1 ) +

) S(xn, Xn , 2).

Taking limitas n — oo, we get
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lim S(z,z,Tz) =0 =Tz = z.

n—-oo

Therefore, z is the fixed point of T.

Case I1: Suppose that A, = S(z,z,Tz) then from (3.17)

1-p8)S(z,2,Tz) <2+ B)S(z,z,xp41) + 2BS(xy, X, 2) + aS(z,2,Tz), that is,

1—a—-pB)S(z,2,Tz) < 2+ B)S(z,2z,xp41) + 2BS(x,, %, 2), that is,

(2 +ﬁ) 2B
a—p))

S(ZZTZ)<S ( an+1)+ S(n, Xn,2).

Taking limitas n — oo, we get

lim S(z,z,Tz) =0 =Tz=z

n—-oo

Therefore, z is the fixed point of T.

Case I11: Suppose that A, = S(x,,x,,z) then from (3.17)

(1-pB)S(z,2,Tz) < 2+ B)S(z,z,xp41) + 2BS(x;,,, %, 2) + aS(x,,, X, , 2), that is,

2f+a
a-p

(2+B)
S(z,2z,Tz) < (1+£)S(z Z,Xp41) +

S(Xy,xn,2).
Taking limitas n — oo, we get

lim S(z,z,Tz) =0 =Tz = z.
n—-oo

Therefore, z is the fixed point of T.

Uniqueness of the fixed point:

We have to show that z is the unique fixed point of T.

Let z' be another fixed point of T then we have Tz' = z’.

Now, S(z,z,z") =S(Tz Tz Tz")
< amax{S(z,2Tz),S(z',z',T2"),S(z,2,Tz" )} + B{S(z,2,Tz") + S(z',2', 2)}
< amax{S(z,z,2),5(z",2',2"),5(z,2,2)} + B{S(z,2,2") + S(z', Z', 2)}
=aS(z,z,z") + 285(z,2,2")
= (a+2B)S(z,22").

Thus, we get

S(z,z,z") < (a+2B)S(z,2,2"), that is,

S(z,z,z') < (1 —-pB) S(z,zz") where g > 0 with a + 38 < 1, a contradiction.



7427
SOME FIXED POINT THEOREMS IN S-METRIC SPACES

Therefore z = z'.
Hence z is the unique fixed point. This completes the proof. |

Example 3.8: Let X = [0,1]. Let us consider the usual S-metric on X defined as follows
S(x,y,2z) = |x —z| + |y —z| for all x,y,zeX. Let Tx = g for all xe[0,1]. Then T is a
self-mapping on the S-metric space [0,1].

Here we have S(Tx,Tx,Ty) = §|x —y| and

amax{S(x,x,Tx),S(y,y,Ty), S, x,y)} + B{S(x,x, Ty) + S(y,y,Tx)}
= amax{2|x — Tx|, 2|y = Ty|,2|x — y|} + p{2|x — Ty| + |y — Tx|}
which for all value of x,y € [0,1], condition (3.14) is satisfied with « + 38 < 1.
Therefore, T has a unique fixed point x = 0.
Theorem 3.9: Let (X,S) be a complete S-metric space. Let T be a mapping T: X — X such
that
S(Tx,Tx, Ty) < afS(x,x,Tx) + S(y,y,Ty)} + B{S(x,x, Ty) + S(y,y,Tx)}, (3.18)
where «, 8 > 0 such that 2a + 38 < 1 forall x,y € X. Then T has a unique fixed point.
Proof: Let x, € X. Define a sequence {x,}in X as
Xn = Txp_q = T"xy, (3.19)
forall n > 1
By (3.18) and (3.19), we obtain that
S, Xpy Xng1) = S(Txp—1, TxXp—1, Txy)
< af{S(xp_1, Xn-1,Txpn_1) + SO, Xn, T} + BLS (p—1, X1, TX)
+ S, X, Tn—1)}

S(xn—1,Xn_1, xn+1)}
+ S(xp, X0, X5)

= a{S(xn—lt Xn-1, xn) + S(xn' Xn, xn+1)} +pB {
S aS(xn—li xn—lf xn) + CZS(Xn, xn' xn+1) + Zﬁs(xn—li xn—lr xn)
+B{S (X, Xp, Xns1), that is,
(1 —a-— B)S(xm xnrxn+1) < (0( + Zﬁ)s(xn—l' xn—l'xn)v or,

(ax+2pB)
(1-a-B)

S, Xp, Xngq) < S(Xp_1, Xn_1, %), that is,
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(a+2p)
= <1

S(xp, Xpy Xns1) < KS(Xp_1, Xpn_1, %), Where k =
Hence, by Lemma 2.11 and (S>) it follows that {x,,} is a Cauchy sequence in X.
As (X,S) is a complete S-metric space, it follows that sequence {x, }is convergent to some
point z e X.
Thatis, x,, >z as n » oo.
Now, we show that z is the fixed point of T.
S(z,2,Tz) <25(z,2,xp41) + S(ps1, Xn41,T2)
=25(z,2z,xp41) +S(Tx,,,Tx,,T2)
<258(z,z,x,41) + a{S(x,,,x,,, Tx,) + S(z,2,Tz)}
+B{S(xp,xn,Tz) +5(2,2,Tx, )}
<25(z,z,xp41) + a{S(x,,, %, Xp41) + S(2,2,T2)}
+B{S(xy,xn,T2z) + S(z,2,x,,1 )}, that is,
1-a)S(z,2,Tz) <2+ B)S(z,z,xp41) + aS(Xy, Xy, Xns1 ) + BS(xp, X%, T2)
S@R+PB)S(z,z,xp41) +aS(xy, Xp , Xny1) + 2BS(xn, %0, 2) + S(2,2,TZ),
that is,

1—a—-pB)S(z,2,Tz) < 2+ P)S(z,2,xp41) + aS(xy, X0, Xpny1) + 2BS(xy, xp , 2), that is,

(2+p)
S(z,z,Tz) < m

26
Ta-a-p

Now, taking lim n — oo we get

S(Z:fon+1)+ )S(xn:xn'xn+1)

a
l-a-p

S(xpn,xn,2)

lim S(z,2,Tz) =0 = Tz=z

n—-oo

Therefore, z is the fixed point of T.
Uniqueness of the fixed point:
We have to show that z is the unique fixed point of T.
Let z' be another fixed point of T then we have Tz' = z'.
Now, S(z,z,z") =S(Tz Tz Tz")
< af{S(z,2,Tz) +S(z',z/ Tz )} + B{S(2,2,Tz") + S(z',2',T2)}
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=a{S(z,z,2z) +S(z',z, z")} + p{S(z,2,z") + S(Z', Z', )}, that is,
S(z,2,2") <2BS(z,z,z") with B > 0 suchthat 2a + 38 < 1, a contradiction.
Therefore z = z'.

Hence z is the unique fixed point. This completes the proof. |
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