Available online at http://scik.org
J. Math. Comput. Sci. 11 (2021), No. 6, 8046-8066
https://doi.org/10.28919/jmcs/6462

ISSN: 1927-5307

FIXED POINT RESULTS FOR VARIOUS CONTRACTIVE CONDITIONS IN
b-MULTIPLICATIVE METRIC SPACE
SHALINI NAGPAL!, SUSHMA DEVI2, MANOJ KUMAR®Y"
!Department of Mathematics, Baba Mastnath University, Rohtak, 124001, India
2Department of Mathematics, Kanya Mahavidyalya, Kharkhoda, Sonipat, 131402, India

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License,which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract: The aim of this paper is to prove several fixed point results by using various contractive conditions in
b-multiplicative metric space.
Keywords: fixed point; b-multiplicative metric space; contraction mapping.

2010 AMS Subject Classification: 47H10, 54H25.

1. INTRODUCTION

The idea of b-metric was first given by Bakhtin [5] in 1989. Forward, the b-metric was formally
defined by Czerwik [8] in 1993. In 2013, Kir et al. [11] defined some well-known fixed point
theorems in b-metric space. Kamran et al. [10] introduced the concept of extended b-metric
space and worked on fixed point theorems for self-mappings. Then, Suzuki [14] proved some
fixed point theorems using basic inequalities on a b-metric space. Bashirov et al. [6] developed

the concept of multiplicative metric space. After that, Ozavsar and Cevikel [15] developed
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multiplicative metric space accompanying their topological properties and proved some fixed
point theorems for contraction mappings of multiplicative metric space. Then, in 2015 Abodayeh
et al. [1] worked on the relation between metric and multiplicative metric spaces and proved
some fixed point theorems in multiplicative metric space. In 2016, Shukla [13] showed that
multiplicative metric is a particular case of metric space. Dosenovic et al. [9] worked on various
fixed point results for various multiplicative contractive mappings. Recently in 2017, the notion
of b-multiplicative metric space was introduced by Ali et al. [4] and proved some fixed point
results. As an application, they established an existence theorem for solution of system of
Fredholm multiplicative integral equation. Currently, in 2020, Shoaib and Saleemullah [12]
extended the result of Ali et al. by applying contractive condition on closed ball in
b-multiplicative metric space. In this paper, we will obtain the fixed point theorems in

b-multiplicative metric space by using different contraction conditions.

2. PRELIMINARIES
Definition 2.1[2] Let X be a non-empty set. A mappingd*: X x X — R™is multiplicative metric
if d * satisfies the following conditions:

1.d*(x,y)=1 forall x,yeX;

2.d*(x,y)=1 iff x=y forall x,yeX;
3.d*(x,y)=d*(y,x) forall x,yeX;
4.d*(x,2) <d*(x,y)-d*(y,z) forall x,y,zeX.

The pair (X,d*) is called a multiplicative metric space.
Definition 2.2[3] Let X be a non-empty setand s>1 be a given real number. A mapping

d:XxX —R" iscalled a b-metric if the following conditions hold:
1.d(x,y)>0 forall x,yeX;

2.d(x,y)=0 iff x=y forall x,yeX;
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3.d(x,y)=d(y,x) forall x,yeX;
4.d(x,z) <s{d(x,y)+d(y,z)} forall x,y,zeX.
The triplet(X,d,s) is called b-metric space.
Definition 2.3[4] Let X be a non-empty set and s>1 be a given real number. A mapping
d*: X x X — R" is called a b-multiplicative metric if the following conditions hold:
1.d*(x,y)=1 forall x,yeX;
2.d*(x,y)=1 iff x=y forall x,yeX;
3.d*(x,y)=d*(y,x) forall x,yeX;
4.d*(x,2) < {d*(x,y)-d*(y,z)}" forall x,y,zeX.
The triplet (X,d*,s)is called a b-multiplicative metric space.
Definition 2.4[4] Let (X,d*,s) be a b-multiplicative metric space.
1. Asequence{x,} is convergent iff there exists x e X such that
d*(x,,Xx) >1 as n—+owo .
2. A sequence{xn} is called b-multiplicative Cauchy sequence iff
d*(x,,X,)—>1 as n—>+wo .
3. A b-multiplicative metric space (X,d*,s) is said to be complete if every b-multiplicative
Cauchy sequence in X is convergentin X.
Definition 2.5[7] Let (X,d*) be a multiplicative metric space. Amapping T : X — X is called
the multiplicative contraction if there exists A [0,1) such that forall x,ye X,
d*(Tx, Ty) < {d*(x,y)}" .

Definition 2.6 Let (X,d*,s) be a b-multiplicative metric space. A mapping T:X — X is
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called the b-multiplicative contraction if there exists A [0,1) such that forall x,ye X,

d*(Tx, Ty) < {d*(x,y)}".

3. MAIN RESULTS

This section contains some fixed point theorems in b-multiplicative metric space.

Theorem 3.1. Let (X,d*s) be a complete b-multiplicative metric space and T: X — X be
a mapping such that
d*(Tx,Ty) < {d*(x, y)}l VX yeX (3.1)
where 0<A<1 , si<lands>1.Then, T hasa unique fixed point.
Proof. Let x, € X and {xn} be sequence in X defined by the recursion
X, =TX,; =...=T"%,,n=12,3,... (3.2)
By (3.1) and (3.2), we obtain that
d*(x,,,%)=d*Tx,Tx )<{d*(x,, %)}, where 1<1
= d*(Tx,,Tx, ) <{d* (X, %)}
Continuing this process, we get
= d*(Tx, TX, ) <{d* (%, %)¥ ={d* (X, x)¥" (3.3)
Therefore, T is a b-multiplicative contraction mapping.

Letm,n eNwherem>n. Then,
d *(Xn 1 Xm) S{d *(Xn ! Xn+1)}s{d *(Xn+1' Xm)}S
<{d* (%) X ) FL * (X %02 )F {0 (X %)Y

m-n

<{d* (%, %) FLO* (Ko X0 ) F A * Ko %) ¥ o0 * (X X0 )F

Using (3.3), we get
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0% (X, %) <0 00 0¥ {00 %)F 7 L 060 0)F 40 * (00, %)F
<{d*(x, X1)}w (1452482274 45T

n

SA

<{d* (%, %) ¥

This shows thatd*(x,,x.)—>1 as m,n—oc. Thus, the sequence{xn} is b-multiplicative

m—nﬂhm—l

Cauchy sequence in X . But (X,d*,s) is given to be a complete metric space. Therefore, there

exists a point x*e X such that x, - x* as n— co.

Now, we show that X* is fixed point of T . For this, we have
d* (x*, Tx*) <{d *(x*, Tx,)d *(Tx,, TxX*)}°
<{d*(x*, Tx ) F{d*(Tx,, Tx*)}
<{d* (% %, )3 {d * (%, X))

= d*(x*,Tx*) >1 as n— .

This shows that x *is fixed point of T .

Now, we prove the uniqueness of fixed point of T . For this, let x’be another fixed point of T
i.e, T(x)=x.Also,
d*(x*, x") =d*(Tx*, Tx') <{d *(x*,x)¥
Thus,d *(x*,x") =1 and hence x*=X.
This shows that x* is the unique fixed point of T .

Theorem 3.2. Let (X,d*,s) be a complete b-multiplicative metric space and T: X — X be a
mapping such that

d*(Tx,Ty) < {d*(Tx,x)d*(Ty,y)}" V x,yeX (3.4)
where0< p < % p(l+s)<land s>1.Then, T hasa unique fixed point.

Proof. Consider x, € X . Define a sequence of points {x,} in X such that

X, =TX ,=..=T"%,, n=12,3,... (3.5

n-1
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From (3.4) and (3.5), we obtain that
d*(X,4, X,)=d*(Tx,, TX, ;)

<{d*(Tx,, x,)d*(Tx, ;, X, )}’
={d *(Xn+1’ Xn) d *(Xm Xn—l)}p
= {d *(Xn+l’ Xn }p {d *(Xn’ Xn—l)}p

= {d *(Xn+l’ Xn )}l—p S d *(Xn’ Xn—l)p

P
= d *(Xn+1’ Xn) S{d *(Xn’ Xn—l)}Lp

= d*(xn+l’xn)S{d*(xn’xn—l)}l’ :1L<1

= d*(Tx, Tx,5) <{d*(X, 1, %, )}
Proceeding in the same manner, we get
0% (7%, T, ) <0 % 04, )F ={d* (6, %)F (3.6)
So, T isb-multiplicative contraction mapping.

Supposem,ne Nwherem>n. Then,

A% (X, %) <4 * (% Xy ) LA * (%0 %) F
<{d* (% X )34 * (Kt % )F 4% (%0 %0)F

< (% Xy ) 1A * 00 X0 )F 0 * (X X0 )F 0 * (R X)F

<{d* (%, )3 A * 0, X)F 7 * (6 )3 Ad* (0 x)F T (Using 3.6)

< {d * (XO’ Xi)}sﬂf‘ (1+5A+5%2A%+.. 45 am-nLy

n
SA

<{d* (%), X))}

This signifies that d*(x,,x,) —>1 as mn—o .Therefore, the sequence {x,} is
b-multiplicative Cauchy sequence in X . But (X,d*,s) isacomplete metric space. So, there

exists a point x*e X such that x, - x* as n— oo,
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Further, we show that x* is fixed point of T . For this, we have
d > (Tx*, x*) <{d *(Tx*, Tx,)d *(Tx,, x*)¥
<{d* (Tx*, x*)d * (Tx,,, X))} {d *(Tx,, x*)¥

= {d*(Tx%, )P <{d* (Tx,, ,)}P{d * (Tx,, 0¥

s s
= d *(TX*, X*) S{d *(Xn+l' Xn )}1—sp {d *(Xm—l’ X*)}l_sp
= d*(Tx*,x*) >1 as n— .

This shows that T has a fixed point.

Further, let X’ be another fixed point of Ti.e., T(x')=x.

Then,
d*(x*, x") =d*(Tx*, Tx") <{d *(Tx*, x*)d *(Tx', x)}*
= d*(x* x)=d*(Tx*, Tx") <{d *(x*,x*)d *(x',x)}’ =1.

Thus,d *(x*,x) =1 and hence x*= X'
This proves that T has a unique fixed point.
Theorem 3.3. Let (X,d*,s)be a complete b-multiplicative metric space and T:X — X be a
mapping such that

d*(Tx, Ty) <{d*(Tx,y)d *(Ty,x)}" V x,ye X (3.7)
where ps < % ps(l+s)<1 and s>1.Then, T hasaunique fixed point.

Proof. Consider x, € X . Define a sequence of points {x,} in X such that

X, =TX,,=..=T"%,, n=123,.. (3.8)

n

From (3.7) and (3.8), we obtain that

d*(X,,, X,)=d*(TX,,Tx, ;)
<{d*(Tx,, X, ,)d*(Tx, ;, %)}
={d™* (X0 X)) A7 (%, %)
= {d* (X0 X,) 0 * (X0, X o)}
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= {d*(X.., % )F P <{d*(x,, %, )}
sp
= d *(Xn+1’ Xn) S{d *(Xn ! Xn—l)}l_sp

= d*(xml’xn)S{d*(xnyxn,l)}l, /1= Sp <1
1-sp

= d*(T%, %) <{d* (%0 %, )Y
Continuing this process, we get
A (T, T <{d * (%, %) ={d * (%, %)}
So, T isb-multiplicative contraction mapping.
Let m,ne Nsuchthat m>n, we have

a7 (%, %) <{d* (%, %) 3 LA™ (X000 )Y

<L * (%, X ) F LA * (X X0)F 0% (K0 %)Y

< {d * (Xn’ Xn+1)}s{d * (Xn+1’ Xn+2)}sz {d * (Xn+27 Xn+3)}SS {d * (Xm—17 Xm)}smin

Zlnﬁ 31n+2

<{d* (0, %)F {d* (%, %)} {d* (% %)Y

< {d * (Xo , Xl)}sﬂ,” (1+5A+52A2 4., 4sm L gmon-ly

n
SA

SCRCIY)
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(3.9)

Ad* (6 x)F " (Using3.9)

This proves thatd*(x,,x,)—>1 as m,n—o. Hence, the sequence{x,}is b-multiplicative

Cauchy sequence in X . But (X,d*,s) is given to be a complete metric space. Therefore,

there exists a point x* € X such that x, = X* as n— oo,
Now, we show that x* is fixed pointof T.
d* (%, Tx*) <{d *(Tx*, Tx, )d *(Tx,, x*)}
<{d *(Tx*, x, )d *(Tx,, x*)}*{d *(Tx,, x*)}’

<{d* (Tx*, x*)d * (x*, xn)}pSZ{d *(Tx,, x*)}{d *(Tx,, x*)}

= LA X0 TA)F P <{d > (%, X, )3 {d * (X0, X9
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ps? ps+$s

= {d x5, T {d* (8, X, )PP {d * (X, X4

= d*(x*Tx*) >1 as n— .

This signifies that x* is fixed pointof T.

Now, we prove the uniqueness of fixed point of T . For this, let x' be another fixed point of T
e, T(x)=x.
d*(x*, x") =d*(Tx*, Tx') <{d *(Tx*,x)d *(Tx', x*)}°

= d*(x*x)=d*(Tx*Tx) <{d*(x*,x)d*(x', x*)}’

= d*(x* x") =d*(Tx*Tx) <{d *(x*,x)}"

= {d*(x*x)¥F " <1.
Thus, d*(x*,x")=1and hence x*= X
This signifies that x* is the unique fixed point of T.
Theorem 3.4. Let (X,d*,s) be a complete b-multiplicative metric space. If the function
T:X — X meets the following condition:

d*(Tx,Ty) <{d*(x,y)}" {d*(Tx,x)d*(Ty,y)}' V x,yeX (3.10)
where p+20<1,0<qg<1 s(p+q)+q<lands>1,then we get a unique fixed point of function
T.

Proof. Let x, be any point in X . Define a sequence of points{xn} in X such that

X, =Tx ,=..=T"%, ,n=123,..

We have
d*(X,, X,)=d*(Tx,, TX, ;)
<{d* (%, X3 {d* (T, %) d* (TX g, X))
={d* (X, %) 3 {d* (X0, %) A * (X, X o)}
={d* (X, %) A * Ky X))
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= {d *(Xn+l’ Xn )}1*(1 S {d *(Xn 1 Xn_l)}p+q
P+q
= d *(Xn+1’ Xn) S{d *(Xn’ Xn—l)}l_q

= d*(x)<{d*(x,x Y, =29

= d*(Tx,Tx_)<{d*(x . x_)¥

<{d* (X, 5. %)Y

<{d* (%, %)} ={d* (%, x)¥" (3.11)
Now for m > n, we have
A% (%, %) <LA* (%, X, )FHD * (%0 %) F
<0 (X, X FH * (K00 %00)F 0 (00 %) ¥
<{A* (X, Xy ) FH* X X0 )F L% (R X0 )F {0 (6 % )F
<{d* (%, ) ¥4 * (0%, X3 {d * (% X)F

< {d * (Xo , Xl)}sﬂ,” (1+5A+52A2 4., 4sm L gmon-ly

31n+2

Ad* O x)F T (Using 3.11)

n
SA

<%0 )P

This signifies thatd *(x,,x,) >1 as m,n—oo. Thus, the sequence {x,}is b-multiplicative
Cauchy sequence in X . Being the completeness of (X,d*,s), there exists a pointx*e X

such thatx, — Xx*as n— oo.
Now,
d > (%, Txx*) <{d * (Tx*, Tx, )d *(Tx,, x*)¥°
<{d*(Tx,, DxX*)F{d *(Tx,, x*)}
<[{d > (%, ) 3P{d * (T, X, )d > (Tx*, x*) F{d * (T, x*)}
<{d* 008, %, )35 * (X0, %) 35 > (T, x*)3{d * (X0, X}
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= {d* O TF® <{d* (% %)37{d * (X0 %,)3 A * (X0, X9F

ps gs S

= {d* (e T F<{d * (08, X )F A * (X0 X )P {d * (X0, X)F*
= d*(x*,Tx*)—>1 as n— .

This signifies that Tx*=x*.
So, we can say that x*is fixed point of the mapping T .

Now, if X" be another fixed point of mappingT , then we have
d*(x*,x") =d*(Tx*, Tx") <{d *(x*,x)}{d * (Tx*, x*)d *(Tx", x)}*

= d*(x*x") =d*(Tx*, Tx") <{d *(x*, x)}{d * (x*, x*)d *(x', x)}*

= d*(x*x")=d*(Tx*,Tx") <{d *(x*,x)}"

= {d*(x*x)¥P <1
Thus, d*(x*,x")=1.So,x*=X.
Hence, we obtain a unique fixed point of T.
Theorem 3.5. Let (X,d*,s) be a complete b-multiplicative metric space. If the function
T:X — X meets the following condition:

d*(Tx, Ty) < {d *(Tx, x)d *(Ty, y)}" {d*(Tx, y)d *(Ty,x)}" Vx,yeX (3.12)

where p +sq <%, p(Ll+s)+sq(l+s)<1 and s>1. Then, we get a unique fixed point x*e X

such that Tx*=x*.

Proof. Let x, be any point in X . Define a sequence of points {x,} in X such that

X, =TX,, =..=T"%,, n=123,...

We have
d*(X,..,X,)=d*(Tx,,TX, ;)
<{d *(Tx,, X,) d*(TX, ;. X3 {d* (X, X, ) d*(TX, %)}
={d* (X0, X,) A (X, X ) 3 {0 % (X000 X)) A% (X0, %)}
= {d* (X0 X0 ) A% (%0, X)) * (X0, X)) A% (X X))



8057
FIXED POINT RESULTS FOR VARIOUS CONTRACTIVE CONDITIONS

= {d* (X, X )F P <{d* (X, X, )3
pP+sq

SRS EI LI
= d*(xn+l’xn)S{d*(xnixnfl)}l! l:ﬂ<l
1-p-sq
= d* (T, T ) < * (% X, )Y
S{d *(XH—Z’ Xn—3)}/13
<qd* (%, %)F ={d* (%0, X)F 019

Now form > n, we have
d*(X,, X, ) <{d* (X, X, )3 * (X0, X,)F
< (0 X ) I * (00 %) F 4 * (65 X,)F
<A (X, X )1 * (X X2 )F D (0 X0 {0 * (K 0 %0 )3
<4 (%, )30 * (%, ) {d * (%, X))}

< {d *(Xov Xl)}sﬂ.“ (145245222 4. 4sm Lm0y

53 /‘Ln+2

Ad* 06 x)F T (Using 3.13)

n
SA

<{d* (%, %)}

This shows thatd *(x,, x,) —>1 as m,n—.So, the sequence{x,} is b- multiplicative Cauchy
sequence in X . Being the completeness of (X,d*,s), there exist a pointx*e X such that

X, —=>X* as n-— oo,
Now, we show that x*is fixed point of T.

d*(x*, Tx*) <{d *(Tx*, Tx,)d *(Tx,, x*)}
= d*(x*Tx*) <{d*(Tx,, Tx*)}P{d *(Tx,, x*)}

= {d* (0, Toe}<4d * (T, %,)d * (T, x)324d * (Tx,, >0 d * (Tock, x, )3 * (T, , )
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= {d* (¢ T} <{d ™ (X0, %) FH{d > (T, x7)FP{d * (X0, 39 FHd > (T %) FHd > (X0 X)F

= {d*O5 TP <{d *(X,,,, %) FP{d * (%, X, )F{d * (Tx*, x )}

sq+s sq

S _Sa
= d*Oc T®) <{d* (X, X )F L * (%, X )32 {d > (Tx*s, x )}

= d*(x*,Tx*)—>1 as n— oo
This signifies that Tx*= x* and hence x* is fixed point of function T .
Again if x' is some other fixed point of function T, then we have
d*(x*, x") =d *(Tx*, Tx') <{d *(Tx*, x*¥)d *(Tx", x ) }{d * (Tx*, x)d * (Tx', x*)}*
= d*(x*x") =d*(Tx*,Tx") <{d *(x, x ) Fd * (x*, x*)d *(x', x)}°
= d*(x* x") =d*(Tx*, Tx") <{d *(x*, x)}*
= {d*(x*x)F*<1
Therefore, d*(x*,x") =1 and thus x*= X
Hence, we get a unique fixed point of T.
Theorem 3.6. Let (X,d*,s) be a complete b-multiplicative metric space. If the function
T : X —> X meets the following condition:
d*(Tx, Ty) <{d*(x, )} {d *(Tx, x)d *(Ty, y)}* {d *(Tx, y)d*(Ty,x)}" ¥V x,yeX
where p+2q+2sr <1, sp+q(l+s)+sr(l+s)<land s>1,then we get a unique fixed point
x* e X such thatTx* = x*.
Proof. The proof follows from Theorem 3.4 and Theorem 3.5.

Theorem 3.7. Let (X,d*,s) be a complete b-multiplicative metric space. If the function

T : X —> X meets the following condition:
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d*(Tx, Ty) <[max{d(x,Tx),d (y,Ty),d(x, YA (x, Ty)d(y,TX)}* Vvx,ye X (3.14)

where p,q>0and p+2sq<1. Then, T has a unique fixed point.
Proof. Let X, € X and{x, }be a sequence in X defined by recursion

X, =TX, ,=..=T"%,n=123,.. (3.15)

By (3.14) and (3.15), we obtain
d (T, 1, Tx,) < [max{d * (%, T, 4), A7 (%, T, ), 1 (00 % )P LA™ (X0, T ) A (¢, TX )]
= d*(TXn—llTXn)S[maX{d*(X -1 n) d*(X Xn+1) d*(X -1 n)}] [d*(X -1 n+1)d*(xn’ n)]q

= d *(Txn—ﬂTXn) < [maX{d *(Xn -1 n) d *(Xn1Xn+l)}] [d *(Xn -1 n+1)]q
= d *(Txn—l1TXn) < Mlp{d *(Xn 11 n) d *(Xn’ XnJrl)}sq

where M, = max{d * (X, X.),d *(x,,X...)}

Now, two cases arise:

CASE 1. Ifsuppose M, =d*(x,,X,.;), then
A (X0 X0) = A (T3, TX) <{d* 06, X)L 06 %) 3 * (%00 %, )3
= {d* (X %, )F T <{(d* (X %))

sq
= d*(X,X,,,) <{d* (X, x,)F "™

= AR, %) <{d*(x L x )Y, A=—T
= d* (X X)) <A (%0 % )Y
Continuing this process, we get
A% (X, Xp.0) <{A* (% %)F
= d*(Tx, ,,Tx,) <{d* (%, x)}¥"
Thus, T isb-multiplicative contractive mapping.

CASE 2. Now, assume M, =d *(x ), then

nl’n
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d *(Xn ' Xn+l) S{d *(Xn—l’ Xn )}p{d *(Xn—l’ Xn )}Sq{d *(Xn’ Xm—l)}Sq
= {d*(x, %, )} <{d*(x _,,x )}

p+sq
= d *(Xn ’ Xn+l) S{d *(Xn—l’ Xn )}1*5(1

= d*(x,x)<{d*(x_,x )Y, A= Ej—:;' <1
= d*(x,x,)<{d*(X_,x )}V
Continuing like this, we obtain
d* (%, %,1) <€d* (%, %)} (3.16)
= d*(Tx_,,Tx,) <{d*(x,, x)}"
Hence, T is multiplicative contraction mapping.
Now, we show that {X, } isamultiplicative Cauchy sequence in X .
Now for m>n, we have
d™* (%, X ) <{d* (%, X, )3 (%00 X0)F
<0 (0 X IO * (00 %00 )F D * (600 X0 )
<A 0 X )FHE * Oy X )F A% (O X0 )F {006 X
<A (% X)F LA * (%, )F 7 {d * 06 X)F L {d* (X)) (Using 3.16)

< {d * (XO’ Xi)}sﬂf‘ (1+5A+5%2A%+.. 45 amnLy

n
SA

<{d* (%), X))}

This shows thatd *(X,,X,,) >1 as m,n— oo,

Hence,{X,}is a b-multiplicative Cauchy sequence in X . Since X is complete, therefore{x .}

converges to x* e X.
Now, we show that x* is the fixed pointof T .

d (0%, Tx®) <{d > (%, %, )3 {d ™ (%0, TX)F

n+1?
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= d*(Ok, T¥) <{d *(x*, x,,, ) }{d * (Tx,, X))}
= d* (0, Te%) <{d * (0%, X, ) F Imax{d = (x,, Tx, )d * (¢, Toe)d * (x,, e 31P{d * (x,, Toes)d * (%, T, )}
= d* (0 Txe%) <{d * (%, %, ) F [Mmax{d * (X, X,.), d * (05, T¢%), d * (x,, X*)}]*
£ (0, X9)F d * (00, T3 o4d * (0%, X,.,)F

= {d* (5, T F T <{d * (0%, %, )P0 (M,)P4d * (%, 0¥

where M, = max{d *(x,, x,.,,), d *(x*, Tx*),d *(x_, x*)} (3.17)
Suppose M, =d *(x,, X.,,), then from (3.17), we have

£d* 005 T F0 < {d * (0%, %, )F S04 * (X, %) 3 * (X, X9 F

= {d* 005 T F 0 <4 * 008, X, )FE LA * (%, 0003 P4d * (008, X003 {d * (%, X ¥

= {d*(x*, Tx*)¥ -s%q <{d *(x*, Xn+1)}5(1+q+p5){d *(X,, X*)}Sz(mq)

s(L+g+ps) s*(p+q)

= d*0T)Y) <{d* (3%, %, )3 750 {dF(x, x4}

As lim x, =x* | thus we obtain Limd*(x*,Tx*)zl and hence x*=Tx* .

n—w

Therefore, x* is fixed point of T .
Now, assume M, =d *(x,,x*) .
Then (from 3.17), we obtain

LA O T <{d* (0%, %, FSOd * (x,, X9 FP{d * (x,, X*)}

s(1+q) sp+s2q

= d*(x*Tx*) <{d*(x* Xn+1)}m{d *(X,, X*)} 1-s'a
Proceeding limitas n — oo, we obtain

m d*(x*, Tx*) =1 = x*=Tx*.
Therefore, x*is fixed pointof T .
Suppose that M, =d *(x*, Tx*).

Then (from 3.17), we get
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{00 T F = <{d > 008, X, ) F S {0 * 00 T FP{d * (x,, X

- {d *(X*,TX*)}(l_qu_Sp) <{d*(x*, Xn+1)}5(1+q){d *(X,, X*)}qu

s(1+q) s2q
= d*(x*, Tx*) <{d *(x*, Xn+1)}(1_5p_52q){d *(Xn’ X*)}(l—sp—szq) .

On taking limitas n — oo, we obtain

Il1im d*(x*, Tx*) =1 = x*=Tx*.
—00

Therefore, x* is the fixed point of T .

Uniqueness of Fixed point:

Assume that x’ is another fixed point of T, then we have
d* (Tx*, Tx') < [max{d * (6%, Tx*),d * (X', TX), d * (*, X') }]°{d * (%, TX')d * (X', Tx*) }*
= d*(x*,Xx) <[max{d *(x*, x*),d * (X', xX'),d * (3%, X')}]*{d * (x*, X')d * (X', x*)}*
= d*(x*,x) <{d*(x*, X)F{d * (x*, X')}
= d*(x* X)) <{d*(x*, X))}
= {d*(*x)}P<1
Asd*(x*,x')>1, thus d*(x*,x')=1 and hence x*=x".

Hence, we obtain that mapping T has a unique fixed point.

Theorem 3.8. Let (X,d*,s) be a complete b-multiplicative metric space. If the function
T:X — X meets the following condition:

P q

2 2

d*(Tx, Ty) <{d *(x, Tx)d *(y,Ty)}2 {d*(x,Ty)d*(y,Tx)} {d*(x,y)}r vV x,yeX,

where p,q,r>0 and p+sq+r<1 .Then, T hasaunique fixed point.
Proof. Let X, € X and{x, }be a sequence in X defined by recursion
X, =TX,, =..=T"%,, n=12,3,...

n n-1

Now,
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d *(X Xn+1) d*(TXn -1 TX )<{d *(Xn -11 TXn 1)d*(x TX )}Z{d*(xn 17 TX )d*(X TXn 1)} {d*(xn -1 n)}
d*(TXn—l’TXn) S{d*(xn -1 n)d*(xn’xn+1)}2{d*(xn -1 n+l)d*(xn’ n)} {d*(xn -1’ n)}
d*(TXn—PTXn)S{d*(Xn -11 n)d*(xn’xn+1)} {d*(xn -1 n)d*(xn’ n+')} {d*(xn -1 n)}

d*(Tx, 5, Tx,) <{d * (X4, n)} {d* (X, %)} {0|*(Xn oy n)} {d*(Xm n+.)}2 {d* (% %)}

23 14
{d*(xn’xml) 22 S{d*(x -1 n) 22
[vﬁqﬂ}
2 2
L P
d *(Xn’xn+1) S{d *(Xn 11 n)}
Py
d *(Xn’xn+1) <{ *(Xn -1 n)}/1 ' A= L
]
2 2
A (%, %.0) <{U* (% %)Y
Continuing this process we get,
4 0y Xo,0) <40 (%, %)Y (3.18)

A (T, 1, Tx,) <{d* (%, %)}

Now form > n, we have
A (%, %) <{d™ (% %, )3 A ™ (s X0)F
SCRICHPEN) = CRICHPARN) o CA{C IS}
<A * (% X0 DI * (Ko X0 )F A * (Ko X2 F A * (1 X ) ¥
<{d* (%o, X)F{d * (%, X)F *{d * (% ) F . {d* (% x)F T (Using 3.18)

< {d *(Xoa Xl)}sﬁ." (1+5A+82A2 4. 45 Ly mo-ly

n
SA

<{d* (%, )}
This signifies that d*(x,X,)=1 as M,Nn—o0,
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So, {X,}is a b-multiplicative Cauchy sequence in X . Since X is a complete metric space,

therefore{X, } converges to x* € X.

Now,

d* (%, Tx*) <{d *(x*, X, ) d * (X, X}

n+1?

o> (0%, Txe®) <{d (%, X, ) F{d ™ (T, ) ¥

4% (0% Toe%) < 6 (005, %) (5, T, ) * (0%, T} 2.4 * (x,, Toe)d * (5, Tx, )3 2 4 (%, X))

P g
2

o (5, TxR) < d* (05, %) {d (%, X,,0)d > (68, TR} 2 {d * (x,, x9)d * (5, Tx)}

{d* 0% %)} 2 {d * (%, X9}

s’p sp s’g
(0%, TXX) < d % (0%, X,,0) {0 * (%, X990 (0%, %03 2 £ 00 T2 {d * (x,, x5 d * (x5, T} 2

{d* (¢, %) 32 {d* (%, X}

2 2 2 2
[1_&& 5’5 S°p,s

roemen T sarioon T Tgrenn)

2

2 2
sr+> P24
2

s+52—p+$
2 2
l,g,sziq lfﬁfszfq
e TX) <{d* 009} 7 7 ROk, )

As limitn — oo, thus we obtain d(x*, Tx*) =1.Therefore, X*=Tx™*.

Hence, X* is fixed point of T .

Further, we will show that T has unique fixed point.

Assume that X' is another fixed point of T ,then we have TX'=X" and Tx*=Xx*.

d(x*,x") =d(Tx*,Tx") <{d (x*, Tx*)d (x’,Tx’)}g{d (x*,Tx")d (x’,Tx*)}%{d (x*, X"}

<{d (¥, x9)d (X', X')}g{d (x*, x)d (X, X*)}g{d (x*, x)}
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<{d>(x%, X’)}%q Ad™* (e XY
= {d*(x*x)F " <1,
As d*(x* x)>1thus d*(x*x)=1 and hence X*=X".
Hence, T has a unique fixed point.

Corollary 3.9.Let (X,d*,s)be complete b-multiplicative metric space andT : X — X be a

mapping such that
d*(Tx, Ty) <{d*(x, T)d *(y, Ty)}{d *(x, Ty)d *(y, Tx)}{d *(x, )} ¥x,yeX
where p,q,r >0and2p+q(2s+1)+r <1.Then, T has a unique fixed point.

Proof. The proof easily follows from Theorem 3.8.
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