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Abstract. In the present paper, we developed an explicit finite difference scheme for stochastic time fractional
heat transfer equation. Furthermore, we proved the conditional stability of the solution of the scheme and analyze
the effect of the multiplier of the random noise in mean square stability. Also, we discuss the convergence of
the explicit scheme in the mean square sense. The approximate solution of the practical problem is obtain by
developed scheme and it is represented graphically by Mathematica software.
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1. INTRODUCTION

Stochastic partial differential equations are very useful in describing random effects occuru-
ing in the fields of science, engineering and mathematical finance. Several numerical methods
have been developed to solve stochasstic partial differential equations (SPDEs), Allen [2] has

constructed finite element and difference approximation of some linear SPDEs. Kamrani and
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Hosseini [9] discussed explicite and implicit finite difference methods and their stability con-
vergence for general SPDEs. Furthermore, Soheili et al. [29] presented higher order finite
difference scheme and Saul’yev scheme for solving linear parabolic SPDEs.

Now a days, fractional calculus is a developing branch of mathematics which deals with
the derivative and integrals of non-integer order and attracted lots of attention in several fields
such as physics, chemistry, engineering, hydrology and finance. Recently, fractional diffu-
sion equations are becoming more popular in many areas of applications [11, 14, 23, 27, 37]
and stochastic fractional partial differential equations[1, 36] etc. Stochastic partial differential
equations with fractional time derivative can be used to describe random effects on transport of
particles in medium with thermal memory or particles subjected to sticking and trapping [4].
The theoretical analysis of fractional stochastic partial differential equations have been inten-
sively investigated in the literature [4, 15, 16], also, Sweilam et al. [31] presented compact
finite difference method to solve stochastic fractional advection diffusion equation. Amaneh et
al [3] introduced stochastic generalized fractional diffusion equation and used finite difference
method for finding numerical solution. Chen et al [4] introduced a class of SPDEs with time
fractional derivatives and proved existence and uniqueness of their solutions.

The classical heat equation deals with heat propagation in homogeneous medium and the time
fractional diffusion equation has been widely used to model the anomalous diffusion exhibiting
sub diffusive behavior due to particle sticking and trapping phenomena [13]. When noise is
introduced in partial differential equations, turns it to SPDEs. According to the nature of the
noise term there are two main classes of SPDEs like SPDEs with additive noise and SPDEs with
multiplicative noise. In additive SPDEs, noise term does not depends on the state of the system,
while the noise term depends on the state of the system in multiplicative SPDEs. Additive noise
occurs due to temporal fluctuations of internal degrees of freedom, while multiplicative noise
arrives due to random variations of some external control parameters [8]. Fractional stochastic
partial differential equation considers both memory and environmental noise effect. Now a
days, Liu et al [36] studied some properties of a class of fractional stochastic heat equations.
Babaei et al [1] applied a spectral collection method to solve a class of time fractional heat

equation driven by Brownian motion. Guang-an Zou [6] presented a Galerkin finite element
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method for time fractional stochastic heat equation driven by multiplicative noise. Stochastic
fractional heat equations driven by additive noise are yet to be investigated. At the same time,
it is very difficult to find exact solution of stochastic fractional heat equations by analytical
methods but finite difference methods that gives large algebraic system to solve in place of
differential equation. In this connection, the theme of this paper is to develop a fractional order
explicit finite difference scheme for stochastic time fractional heat transfer equation (STFHTE)

driven by additive noise with initial and boundary conditions, given as follows,

9%S(x,t) 9%S(x,1) . .
5,4 =D 9.2 +oW(t); (x,1) € Q:[0,L] x [0,T]

Initial condition : S(x,0) = Sp(x), 0 <x <L
Boundary conditions : S(0,t) = S(L,t) =0, x — o0, t >0

where, D > 0 is the diffusivity constant, ¢ > 0 is the constant noise intensity, i.e.additive noise.

Now, W (¢) is one dimensional standard Winner process, where W (¢) = 8Vgt(t)’ such that white

noise AW (¢) is a random variable generated from Gaussian distribution with zero mean and

o
standard deviation Ar and S(x,t) is temperature at the position x and at time ¢. Here, J 5 t(jf 1) s

Caputo time fractional derivative of order oc. We consider the following definitions for further

developments.

Definition 1.1. The Caputo time fractional derivative of order a, (0 < o0 < 1) is defined as

follows [22]

aS(x, d
d*S(x,1) rica Jo a(g't) (t—g)a , O<a<l

ata 8S§:7I)7 o= 1

where I'(.) is a Gamma function.

Definition 1.2. Euler-Maruyama Scheme:

For the d-dimensional Stochastic differential equation of Ito type [25]

ds(t) = f(¢,S(t))dt +g(¢,5(¢))dW(t),t >0
S(0) = Sy € RY,
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where f,g: RY — R%, the Euler-Maruyama Scheme for computing approximations Sf takes the

form
SIT! = St f(SP) AL+ g(SF) AW,
where
AWK =W (11 — W (1) = W ((k+ 1)Ar) — W (kAr)
and AW* ~ ¥ (0,At).

Definition 1.3. A sequence of random variables {X,, }, (n, k > 0) converges in mean square to

random variable X if liin || X, — X || =0[30].
Nj—>°

Definition 1.4. A Stochastic difference scheme is stable in mean square if there are positive

constants €,0 and constants k, b such that [30]
E‘Sff-i-l‘Z < kebt|SO|2
forall0<t=(k+1)At, 0 < Ax<eand 0 < Ar < 4.

oge . . k k _ k . . . .
Definition 1.5. A Stochastic difference scheme L;S; = G; approximating Stochastic partial

differential equation L, = G is convergent in mean square at time t = (k+ 1)At if
E|SF—51> >0,
as i — oo, n — oo, (Ax,At) — (0,0) and (iAx,kAt) — (x,t) [30].

Definition 1.6. The symmetric second order difference quotient in space at time level t = t; is

given as follows [28]
928(x,1) _ S(xi-1, k) — 28 (xi, k) + S (i1, %)

ox? h?

We organize the paper as follows: In section 2 , we develop the explicit fractional order finite
difference scheme for Stochastic time fractional heat transfer equation. The stability of the
solution is proved in section 3 and section 4 deals with convergence of the scheme. Finally, in
the last section, the numerical solutions of Stochastic time fractional heat transfer equation is

obtained and simulated graphically by Mathematica.
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2. FINITE DIFFERENCE SCHEME

We consider the following Stochastic time fractional heat transfer equation driven by additive

noise (STFHTE) with initial and boundary conditions

%S(x) _  3*S(x.1)

(1) 50 = 5,2 +oW(t); (x,1) € Q:[0,L] x [0,T]
) Initial condition : S(x,0) = Sp(x), 0 <x<L
3) Boundary conditions : S(0,t) =S(L,t)=0,1>0

where, D > 0 is the diffusivity constant, ¢ > 0 is the constant noise intensity, i.e.additive noise.

Now, W (t) is one dimensional standard Winner process, where W (t) = 8Vgt(t)’ such that white

noise AW (¢) is a random variable generated from Gaussian distribution with zero mean and
standard deviation Ar. Note that for @ = 1, we recover in the limit the well known Stochastic

heat transfer equation of Markovian process

IaS(x,t) DazS(x,t)

o 3.2 +oW(t), xeR; t > 0.

For the numerical approximation of the explicit scheme, we define & = 1% and 7 = %, the space
and time steps respectively, such that t; = k7; k=0,1,--- N be the integration time 0 <, < T
and x; =ihfori=0,1,--- ,N. Define Sf? = S(x;,1;) and let Sf-‘ denote the numerical approxima-
tion at the mesh point (x;, ) to the exact solution S(x;,#).

a
The time fractional derivative 2 aS,(o)f’l) at the mesh point (x;,t441), i = 1,2,---N—1, k =

0,1,2,---.1is approximated as follows

8“S(x,~,tk+1) N 1 i1 1 as(xiaé)
It* Nr(l—a)/o (try1 —8)* & 4%

1 i S(x,-,tj+1) —S(xi,tj) (171)7: d&

r'(l—a) T (trs1—8)*

J=0 jT
(k+1—j)

1 iS(Xi»fjH)—S(xz'Jj) /] Td_”
I'l—a) T

. 0 a
= (k—j)T
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L (j+h)t

1 Zs(xiatk+l—j)_s(xiatk—j) / dan

Rl i g
gl-a K S(xistig1—j) — S(xiste—) . l-o_ :l-a
_F(2—a)J_ZO . [+ * =

4)
8“S(x,~,tk+1) T ¢ T
e Te—a) [S(xi tie1) = S(xi 1) +m Zb (St tier1—) — S (i )]

where b; = (j+ 1)1 7% —j1=% j=0,1,2,-- k.
We adopt a symmetric second order difference quotient in space at time level ¢t = #;, for approx-

imating the second order space derivative,

825(x,t) _ S(x,-,l,tk) 2S(x,,tk)+S(x,+1 lk)
dx? h?

®)

Therefore, from equations , (4) and (5), we approximated the Stochastic fractional heat transfer

equation (1) as follows

_ — k
T k1 ok T k—j+1 _ ok—j
— [ =S+ —=———) b;[S; -8
F(Z—a)[’ l]+r(2_a); ][l i )]
©) _ D[S(x,-_l,tk) — 2S(x;,tk) + S(Xit1,1)] n GW((/H— 1)t) —W(kT)
h T
After simplification, we get
k—1 o
i =rSiy+ (1= 2r=b1)S;+ 1Sy + Y (bj—bjs1)S;
j=1
W(k+1)t)—W(kt
) + 580 +a ((k+ )T) (k)

where i = 1,2, N = 1, k=0,1,2,--, r = 2ZL2=8 4 — 5707 (2 — @) and b = (j +
DIEe = =12,k
The initial condition is approximated as SQ =8p,1=1,2,--- N—1.

The boundary conditions are approximated as Sk 0, Sf‘v =0,k=0,1,2,--- N—1.

(8) S = psk 4 (1-2r—b))S ,+1+Z bj1)Sy 7+ bySY + aW*
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where, WK ~ kTt 4(0,1),k=0,1,2,---N — 1.

Therefore, the complete discretization of STFHTE with initial and boundary conditions is

©) St=rSY 4+ (1-2r)SY +rS), fork=0

(10) S =Sk (1 —2r—by)SE +r&+r+§: — b )SE T 4 SO+ aW, fork> 1
j=1

(11D Initial condition: S? =S8,i=1,2,--- ,N—1.

(12) Boundary conditions: SS =0and Slli, =0.

where r = 27T 4 — 6207 (2 —a) and b; = (j+ 1) "%~ j1=%,j=0,1,2,--- k.

Therefore, the fractional approximated IBVP (9) — (12) can be written in the following matrix

equation form

(13) S'=BS°, fork=0
k—1 .

(14) S =AS + Y (bj— b 1)S T + B SO + +aWH, fork>1
j=1

where S¥ = (S’l‘ ,S’g, Sk )7, k=0,1,2...,N—1, A and B are tri-diagonal matrices of order

N — 1 given by
(1-=2r—by) r 0 0--- 0 0 0
r (I1=2r—>ny) r 0--- 0 0 0
0 r (1=2r—by) r--- 0 0 0
A:
0 0 0--- r (1=2r—by) r

0 0 0--- 0 r (1—2r—by)
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(1-2r) r 0 0--- 0 0 0
r (1—-2r) r 0--- 0 0 0
0 r (1=2r) r--- 0 0 0
B—
0 0 0--- r (1-2r) r
0 0 0--- 0 r (1—2r)

3. STABILITY

In the present section, we discuss the stability of the solution of fractional order explicit finite

difference scheme (9) — (12) for the Stochastic time fractional heat transfer equation (1) — (3).

Theorem 3.1. The solution of stochastic time fractional heat transfer equation (1) — (3) ob-
tained by developed fractional order explicit finite difference scheme (9) — (12) is conditionally

stable in mean square sense, when r < min{ %’ % } ,0< b < 1.

Proof: Proof: We define E|S¥|? = _sup ]E\Sﬂz, where SK = (8%, S§, sk---, sk T
SISN—
Then equation (9) leads to

E|SY| = E|rSY | + (1 —2r)8) +rSP, | |7

1

1
<|r+(1=2r)+r* sup E|SY)? (whenl —2r>0=r< )
1<i<N-1 2

. E|S}? <KE|S°?, when r < %
We assume that
E|S¥? < KE|SY)?, Vn < k.
Then we prove

E|S*"|> < KE|S°)* forn = k+1.
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From equation (10), we obtain

2 k—1 , 2
E Sf+l =F rSf,l +(1 —2r—b1)55~<—|—r5§+1 + Z(bj—ij)Sf_]—l—ka?—l—aWk
=1
2 k-1 . 2
E|SSTY < ElrSE +(1—2r—by)SE+rSE + Z(bj—ij)Sf*JerkS?qLa\/EVn
=1

when (1 —2r—b1) >0 = r < 52 where V, ~ .#/(0,1) and V,, is Normally distributed with

mean 0 and variance 1 i.e. .4#7(0, 1) random variable.

We know that E[V,] = 0 and E[V?] = 1, therefore,

E[ST2 < |r+(1=2r—by) +r+(by —by+by—b3+--+ (b1 —bp) + i[> sup  E|SE|?
1<i<N—1

+(a®Ar) sup E|SY)?
1<i<N-1

< sup E|S?P+a*Ar sup E|SY?
1<i<N-1 1<i<N-1

< (1+d*Ar) sup E|SYP
1<i<N—1

<K sup E|S??, where K = (1+d*Ar).
1<i<N-1

< KE|S°?, where K = (1+a*Ar).

Hence, by induction, we prove
E|S¥? < KE|S°]%, Y, K = (1 +aAt), when r < min{ 1 1h },o <bh <1

Therefore, we prove that the solution of the scheme is conditionally stable in mean square sense.

4. CONVERGENCE

In the present section, we discuss convergence of the fractional order explicit finite difference

scheme (9) — (12) developed for the STFHTE (1) — (3).

Theorem 4.1. The fractional order explicit finite difference scheme (9) — (12) for stochastic

time fractional heat transfer equation (1) — (3) is convergent in mean square sense with r <

. 1 1-b
mln{z, 5 }
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_ o _ T T
Proof: Let §* = ($§,55,5%,+ 8§, ) and $* = (%,85,8%,+- .8k_,) " be the vectors of exact
solution and approximate solution of the STFHET (1) — (3) respectively. Then the fractional

order explicit finite difference scheme (9) — (12) becomes

k—1 , _
(15 S =8 (1= 2r—b)S 418+ Y (b —bj1)S T+ 5 S+ aWk 4 T

J=1

k| = |8% — §¥| is the error

where T* is vector of truncation error at time level #,. Suppose, ;

vector. Let us assume that

E|ef? = max E\eﬂZ:HE*kHiandT/‘: max |T¥| = h*O(t+h*)forl =1,2,3, -
1<i<N-1 1<i<N-1

For k=0, from equation (9), we obtain

Elej|> = E|re}_y + (1 =2r)e] +rel |* + 1|t/

N =
~

<|r+0—=2r)+r]2E|0)? +r|7}| (When 1—-2r>0=r<
<Ele]*+rl7/|

<Ele]+rl7/|

< E|&D)? +ri?0(t 4 h?)

S E|EY A <E|ET|A+1T(2 - a)O(t + 1)

For n = k, we assume that

E|E¥ |2 < E|E |2 +k1°T(2 — @)O(t + h2).

For n = k+ 1, we prove that

E|E" |2 <E|E” |2+ (k+ 1)T°T(2— a)0(t + ).
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Now, from (10), we have
k—1
i
EHeé‘“Hz :E]ref_l +(1 —2r—b1)ef~‘+ref+1 + Z(bj—bj+1>ei j+bke?]2+r\’vlk\
j=1
Sr(1=2r=b1)+r+(bi —ba+by—b3+--+bp_1 +b)

1—-b

—l—bk|2E|eﬂ2—l—r|le| (When 1 —=2r—b; >0=r< )
< Elef]* + 11|
<E|E" |2+
< (E|E” |2 +ke’ T2 — @)O(t+1")) + 1T (2 — ) O(t + )
<E|E”|A + (k+1)T°T(2 — ) O(t + h?)

~ENEYT2 < EIET A + (k+ 1)TUT2 — a)O(t+ h2).

Therefore, we conclude that E|S¥ — S¥|> — 0 as (h,7) — (0,0) when r < min{%, 1—7191}

Hence, we prove that the scheme is conditionally convergent in mean square sense. This com-

pletes the proof.

5. NUMERICAL SOLUTIONS

We consider the following stochastic time fractional heat transfer equation with initial and

boundary conditions

%S 9%S .
16 —— =—+4+0W(@{),0<x<1,0<r<1
17 initial condition: S(x,0) = sinzx, 0 <x < 1
(18) boundary conditions: S(0,7) = S(1,¢) = 0,1 > 0.

where 0 < a < 1, 6 > 0 is the constant noise intensity. Now, W(¢) is one dimensional standard

Winner process, where W (t) = avgt(z), such that white noise AW (¢) is a random variable gener-

ated from Gaussian distribution with zero mean and standard deviation A¢. In Figure 1, we plot

the exact solution of stochastic heat transfer equation in absence of noise term.
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FIGURE 1. The exact solution of Stochastic heat transfer equation (5.1) — (5.3)

without noise.

o=2

o=1

S(x, 1)

P
0.8 1.0 . .
X

P R |
0.4 0.6
X

0.‘0 o 0t2
(A) o=1 (B) 0=2
FIGURE 2. Approximation solution of the STFHTE with constant noise inten-

sity 0 = 1,2 and the parameters o« = 1,0.9,0.8 respectively.
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a=0.9 a=0.8

S(x, t)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

(A) =0.9 (B) =0.8

FIGURE 3. Comparison of approximation solution of the STFHTE with con-

stant noise intensity 0 = 1,2 and the parameters o = 0.9, 0.8 respectively.

In Figure 2, we obtain the numerical solution of the STFHTE (5.1)-(5.3) for o« = 1,0.9,0.8 with
additive noise o = 1,2 respectively and observed that these solutions are good approximation
to the exact solutions. Therefore the developed fractional order explicit finite difference scheme
provides a effective approximate solution. We observed that as o increased the amplitude of
the solution behavior is increased. From Figure 3, we observed that the approximate solu-
tions of STFHTE (5.1)-(5.3) for ¢ = 0.8 and @ = 0.9 with o = 1,2 are approximately same.
Therefore we conclude that if the additive noise intensity changes the numerical solutions are

approximately same.

6. CONCLUSIONS

(1) In present paper, we successfully developed the fractional order explicit finite difference
scheme for Stochastic time fractional heat transfer equation.

(2) The stability and consistency of the scheme are investigated for Stochastic time frac-
tional heat transfer equation in mean square sense and the bound of stability is r <
min{%,l%m}, where 0 < by < 1.

(3) The numerical examples with plots of the results are given to demonstrate the efficiency

of the scheme. It has been observed that the numerical scheme is very powerful and

provide approximate solution which is very near to the exact solution.



7818 ARCHANA MOURYA, KALYANRAO TAKALE, SHRIKISAN GAIKWAD

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] A. Babaei, H. Jafari, S. Banihashemi, A Collocation Approach for Solving Time-Fractional Stochastic Heat
Equation Driven by an Additive Noise, Symmetry. 12 (2020), 904.

[2] E.J. Allen, S.J. Novosel, Z. Zhang, Finite element and difference approximation of some linear stochastic
partial differential equations, Stoch. Stoch. Rep. 64 (1998), 117-142.

[3] A. Sepahvandzadeh, B. Ghazanfari, N. Asadian, Numerical Solution of Stochastic Generalized Fractional
Diffusion Equation by Finite Difference Method, Math. Comput. Appl. 23 (2018), 53.

[4] Z.-Q. Chen, K.-H. Kim, P. Kim, Fractional time stochastic partial differential equations, Stoch. Proc. Appl.
125 (2015), 1470-1499.

[5] D. Dhaigude, K. Takale, A weighted average finite difference schemefor one dimensional pennes bioheat
equation, Proc. Neural Parallel Sci. Comput. 4 (2010), 124-128.

[6] G. Zou, A Galerkin finite element method for time-fractional stochastic heat equation, Computers Math.
Appl. 75 (2018), 4135-4150.

[7] M.G. Hahn, K. Kobayashi, S. Umarov, Fokker-Planck-Kolmogorov equations associated with time-changed
fractional Brownian motion, Proc. Amer. Math. Soc. 139 (2011), 691-691.

[8] T. Kamppeter, F.G. Mertens, E. Moro, A. Sanchez, A.R. Bishop, Stochastic vortex dynamics in two-
dimensional easy-plane ferromagnets: Multiplicative versus additive noise, Phys. Rev. B. 59 (1999),
11349-11357.

[9] M. Kamrani, S. Mohammad Hosseini, The role of coefficients of a general SPDE on the stability and conver-
gence of a finite difference method, J. Comput. Appl. Math. 234 (2010), 1426-1434.

[10] A.A.Kilbas, H. M. Srivastava and J. J. Trijillo, Theory and Applications of Fractional Differential Equations,
North-Holland Mathematical Studies, Vol 24, (2006).

[11] J. Klafter, .M. Sokolov, Anomalous diffusion spreads its wings, Phys. World. 18 (2005), 29-32.

[12] Y. Lin, C. Xu, Finite difference/spectral approximations for the time-fractional diffusion equation, J. Comput.
Phys. 225 (2007), 1533-1552.

[13] M.M. Meerschaert, A. Sikorskii, Stochastic models for fractional calculus, De Gruyter Studies in Mathemat-
ics, 43, (2012).

[14] R. Metzler, J. Klafter, The random walk’s guide to anomalous diffusion: a fractional dynamics approach,

Phys. Rep. 339 (2000), 1-77.



NUMERICAL SOLUTION OF STOCHASTIC TIME FRACTIONAL HEAT TRANSFER EQUATION 7819

[15] J.B. Mijena, E. Nane, Intermittence and space-time fractional stochastic partial differential equations, Poten-
tial Anal. 44 (2016), 295-312.

[16] J. B. Mijena, E. Nane, Space - time fractional stochastic fractional differential equations, Stoch. Process.
Appl. 125 (2015), 3301-3326.

[17] K. S. Miller, B. Ross, An introduction to the Fractional Calculus and Fractional Differential Equations, John
Wiley and Sons, New York, (1993).

[18] W. W. Mohammed et al. Mean square convergent finite difference scheme for stochastic parabolic PDEs,
Amer. J. Comput. Math. 4 (2014), 280-288.

[19] S. Momani, Z. Odibat, Numerical comparison of methods for solving linear differential equations of frac-
tional order, Chaos Solitons Fractals. 31 (2007), 1248-1255.

[20] M. Namjoo, A. Mohebbian, Approximation of stochastic advection-diffusion equations with finite difference
scheme, J. Math. Model. 4 (2016), 1-18.

[21] M. Namjoo, A. Mohebbian, Analysis of stability and convergence of a finite difference approximation for
stochastic partial differential equations, Comput. Meth. Differ. Equ. 7 (2019), 334-358.

[22] I. Podlubny, Fractional Differential equations, Academic Press, San Diago (1999).

[23] J. Pruss, Evolutionary integral equations and applications, Monogr. Math. 87, (1983).

[24] M. Rehman, R. A. Khan, A numerical method for solving boundary value problems for fractional differential
equations, Appl. Math. Model. 36(3) (2012), 894-907.

[25] C. Roth, Difference methods for stochastic partial differential equations, Z. Angew. Math. 82 (2002), 821-
830.

[26] S.G. Samko, A.A. Kilbas and O.1. Marichev, Fractional Integrals and Derivatives: Theory and Applications,
Gordan and Breach, Newark, N. J., (1993).

[27] R. Schumer, D.A. Benson, M.M. Meerschaert, S.W. Wheatcraft, Eulerian derivation of the fractional
advection-dispersion equation, J. Contaminant Hydrol. 48 (2001), 69-88.

[28] G.D. Smith, Numerical Solution of Partial Differential Equations, 2nd edition, Clarendon Press, Oxford,
(1978).

[29] A.R. Soheili, M.B. Niasar, M. Arezoomanadan, Approximation of stochastic parabolic differential equations
with two different finite difference scheme, Bull. Iran. Math. Soc. 61-83, (2011).

[30] T.T. Soong, Random Differential equations in science and engineering, Academic Press, New York, (1973).

[31] N.H.Sweilam, D.M. El-Sakout and M.M.Muttardi, Compact finite difference method to numerically solving
a stochastic fractional advection diffusion equation, Adv. Differ. Equ, 2020 (2020), 189.

[32] K. Takale, Fractional order finite difference scheme for space fractional diffusion equation, Eng. Autom.

Probl. 120-124, (2014).



7820 ARCHANA MOURYA, KALYANRAO TAKALE, SHRIKISAN GAIKWAD

[33] K.C. Takale, V.R. Nikam, S. Kulkarni, Fractional order finite difference scheme for space fractional diffusion
equation, Eng. Autom. Probl. 120-124, (2014).

[34] K. Takale, M. Datar, S. Kulkarni, Approximate solution of space fractional partial differential equations and
applications, Int. J. Eng. Computer Sci. Eng. 5 (2018), 216-220.

[35] J.B. Walsh, An introduction to stochastic partial differential equations, lecture notes in mathematics, Springer-
Verlag, 1180 (1986), 265-439.

[36] W. Liu, K. Tian, M. Foodun, On some properties of a class of fractional stochastic heat equations, J. Theor.
Probab. 30 (2017), 1310-1333.

[37] L. von Wolfersdorf, An identification of memory kernels in linear theory of heat equation, Math. Methods

Appl. Sci. 17 (1994), 919-932.



