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Abstract: Common fixed point theorem for four self-maps on partial metric spaces by using reciprocally continuous
mappings along with compatible and weakly compatible mappings is proved in this paper. We justify the result with
an appropriate example.
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1. INTRODUCTION
Matthews [1] introduced the concept of partial metric space (shortly PMS) [1] is an extension
metric space. In PMS the conditiond(a,a) is not necessarily zero and assumptiond(a,a)=0 is

restored by the condition d(a,a) <d(a,b) . Several results are proved in partial metric spaces like [1],
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[3] and [4].

Various studies on the possible generalizations of existing metric fixed point results to the partial
metric spaces were done recently. Concept of compatible mappings which are weaker than the
weakly commuting mappings is introduced by Jungck [5] in the year 1986. Additionally, Jungck
and Rhoades [6] established the concept of weakly compatible mappings which are rather
weaker than the compatible mappings. A new notion of continuity known as reciprocal continuity
for the pair of self maps is initiated by R.P. Pant [7]. In this paper we generate a common fixed
point theorem for four self maps in which one couple is considered to be reciprocally continuous

and compatible and the other couple is weakly compatible mapping.

2. PRELIMINARIES

Definition 2.1: Let V be a nonempty set and let p:v xv —[0,.] satisfy

(Pl)a=p = paa)=p(B.B) = p(a. B)

(P2) p(a.@) < p(. B) ,

(P3) p(ax. )= p(B.2),

(P4) p(a. B) < ple. )+ P(x. B) = P2, 2) -

Foralle,pand yev.Then (V, p) is said to be a partial metric space and p is said to be a partial

metric on V.

Definition 2.2: In a PMS (V, p), a sequence {a,}
() convergesto aev ifand only if p(aa)=p(aa,)ase —»»
(b) is known to be cauchy sequence if and only if p(a,,a,)as ,m — « exists.

(c) is known to be complete if every Cauchy sequence{a,} converges in it.

Remark 2.3: The following relations hold in PMS.
0] If p(a,p)=0thena=4.

(i) If o=, then p(a, ) >0.

Definition 2.4: Mappings Mo and No of a PMS defined as reciprocally continuous if
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{M,N,a,}=M,w and {NMya,}=N,» aS & - Whenever {¢,} IS a sequence in V such that
{M,a,} {N,a,} converge to » aseé — » for some of wev .
Definition 2.5: The mappings Mo& No of a PMS defined as compatible if{M,N,a,}={N,M,a,}as

6 — o Whenever{a,}is a sequence in V such that {m,a,},{N,a,} converge towas ¢ — »for some of

weV .

Definition 2.6: The mappings Mo and No of a PMS defined as weakly compatible mappings if
they commuting at all coincidence points. This means that the mappings satisfy Mu = N,u
Then M Nyu=N,M.u, forsomeu € V.

Now we proceed for our main result which generalizes and extend the existing theorem proved

in [4].

3. MAIN RESULTS

Theorem 3.1: Suppose Ko, Mo, No and Lo are self maps of a complete PMS (v, p) into itself with
Mo(V) =Koy and — No(v) < Ly(v) (3.1.1)
pP(Mya, N, B) <% p(a, B) (312 )

forany o,pev and xe[oa where,

P(Moa, Loa), P(N, B, Ko ), p(Loat, Ko ), (3.13)
, ) =MaXx . A
P ) %[p(MoarKoﬂ)"’ P(NyS, Loa)]

The pair {Mo, Lo} is reciprocally continuous and compatible and the pair {Ko, No} is weakly

compatible then Mo, Ko, No and Lo have a unique common fixed point.

Proof: Let a,be arbitrary point in V. Asm,(v)<=K,(v)and let a ev such that m,a, =K, and also,
as Ny el,(V), there exist a,ev such that Ny =La,. In general, a,, <V is chosen such that

M2y, = Kyay,,, and a,,, ev such that N, = L,a,,., , We obtain a sequences {b,}in V such that

bze =My, = Koaze+1 ) b29+1 = N0a29+1 = L0a29+2 ’ for 020.
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Now we can prove that asequence {p,}is Cauchy sequence.

By (3.1.2) and using (3.1.3), we observe

P(0y0.,1:050.5) = P(Koyp.1s Loy, )
= p(Myayy, Noayp.s) (314)
S K p(azg 1 a219+1)

P(Maz, Lyas) P(Ngay.1s Kodag.a) P(Ledyy, Koazml)}

where p(a,,.a,,.,) = max{ 1
2ormeon E[ p(Moazel Koaze+1) + p(Noa20+1l Luazg)]

using (3.1.3), we observe

p(M OaZ(J,’ NOa’Z(J—l)’ p(NOa’2€+1' MOaZH)’ p(NOazﬂ—l,M Oazﬁ)v

P B T 0, M) + DN N )] (319
From the definition (P4), we have

p(NOaZG—l’ N0a29+1) + p(MOaZS’ M0a2.9) < p(NOaZH—l’ MOaZQ) + p(N0a29+1’ MOaZB)' (3'1'6)
From (3.1.5) and (3.1.6), we observe

p(azal a2<9+1) = maX{ P(Mga,s, Ny, ), P(Ngayg. s, Moaze)} . (317)
Butif p(a,.a,,.,) = p(Nya,,.,,Ma,,) then by (3.1,4), we get

p(N0a29+1' MOaZH) < 7{« p(NOaZHJrl’ Moaze) 1 x € [011) (318)

this implies that p(N,a,,..,M,a,,) =0.Thus, p(a,,.a,,.,) = p(Nya,, ,,Msa,,) and from (3.1.4), we observe
P(Nya,p.1,Mod,,) <& p(Noay, 1, Moa,,) (3.1.9)
which gives
p(Byy.0.055.,) <A p(byy,,.b,,) fOralla>o.
After simple computation, considering0 < A < 1, we deduce that {b,}as a Cauchy sequence. But
(V, p) being complete, this gives {b,}converges to some point »<Vv . Hence, the subsequences
{M 2,3 {Kqa0.. 3 {Nsas,. 1 {Loa,,.,}alS0 converge toweVv . (3.1.10)

By (3.1.1), m,v)cK,v) implies 3uevsuch thatw=vu (3.1.11)
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and N,(v)cL,v)impliesavev suchthat Ly=w. (3.112)
Since the couple {Mo, Lo} is reciprocally continuous and compatible then the sequences
MoLoar} > Moo, {LMea} > Lo and{LMga, }={M L3, }as 6 — .

Therefore Mw=Lw. (3.1,13)

From (3.1.1), on letting a = a,,, # =u, We have, p(Ma,,, Nou) <% p(a,,,u) (3.1.14)

h p(MOaZEH Loaﬁ)‘ p(NOul KOU), p(LOaZH’ KOU)’
wnere p(a,,,u) =Mmax- 1
’ E[p(Moazer Kou)]+ P(Nou, Lyay,)

letting o — «,using (3.1.10)and (3.1.11), we observe

p(@, @), p(Nou, @), p(@, ),

lim p(a,,, ) = maX{l

E[p(w,w]+ p(N,U, ®) } = PN, ). (3.1.15)

From (3.1.14) and (3.1.15) together on letting ¢ — « gives

fim p(Mqa,,, Ngu) < & Jim p(ay,,u)

this implies p(w,Nyu) <% p(Nu, @) , Which is impossible since #<[0,1).

This gives that Nu=w . (3.1.16)
Therefore Ku=Nu=ow. (3.12.17)
Since the couple {Ko,No} is weakly compatible then Nu=Ku=wandk,Nu=N-Kugives that
Koo =N, . (3.1.18)

Using (3.1.1), p(M,a,,, N,w) <% p(ay,, ») (3.1.19)

P(M 2,5, Loy, ), P(Ny@, Koo), p(Leay,, Kow):}
an

0 @) = Max
p(ayy, ) {;[D(Moaw'Kow)"’ P(N,o, Loaze)]

P(M,, Lyw), p(Ny@, Ko@), p(Lyo, Kow),

lim p(a,,, ) = max{l

S[P(Me@. Kew)] + p(Now, @) } “phe

By (3.19), lim p(MOazg,Nom)sxmy(aw,w)implies that p(e, N,w) < % p(w,N,w) ,which is not possible



B. MALLESH, V. SRINIVAS

sincex [0 .

This gives p(w,N,w) =0and implies that Nyw=w.
Therefore Nw=Ko=0. (3.1.20)
To showMw=w, put a=wp=a,,Iin (1), we obtain

P(Mo®, Noay.;) < & p(@,ay,.,) (3 121)

where

P(M@, Ly@), P(No@yp.1, Kog,1)s (Lo K0a26+l)'}

p(w‘a -+ ): max 1
26+1 {2[ P(M@, Kyaz.,) + P(Noay.s Low)]

letting N,a,,.,,K,a,,., - wasd — «and using (3.1.13), we get

P(Mg@, M), p(@, @), p(M, w),}

lim p(e,a,,,;) = Max
im P(@,8,.,) {;[p(Moa),w)+ p(@,M0)]

lim p(@,8,,.,) = p(Myo, ) . (3.1.22)

From (3.1.21) and (3.1.22), we observe

£|]im P(Mo@, Noay,,,) < Z lim p(w, a,,,)
o 60

which gives

p(M,o,0) <X p(M,o,0) Which is impossible since x<[0,).
This gives p(M,o,0) =0 and implies that M v = .
Therefore Lo=Mw=0. (3.1.23)

From (3.1.20) and (3.1.23), we have Njw=K,wo=Myw=Lw=n.

Hence, »isacommon fixed point of Mo, No, Lo and Ko.
To show « is one and only one common fixed point, if possible assume that there is another
common fixed point « of m,, N,, K, andL,. Then using (1), on letting« = w, 8 =", We observe

p(w,@") = p(Mw,Nyw") <A p(w,@)
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P(Moo, Lw), p(Nyw', Kga"), p(Lye, Ko),

where p(w,e") =max {;[p(Mow, Ko ) + p(No@", L) |

p(@,@), p(o’, @), p(w,),
~T 0.0+ pier 0]

= p(w,@) .
Thus, p(w,0") <ip(@e), 2e[01) and gives that »=w". SO, wis the unique common fixed point

of Mo, No, Ko and Lo.

We justify our theorem with the appropriate example.

Example 3.2: Letv=[02] and p:VxV —[0,.0) be defined by p(e,f)=max{a, g} , x* 1 and

p(1,1) = 0,.Then (V, p) is a complete PMS. Define Mm,,N,,K,,L,:v —»V by

1 if0<a<l 1 ifa=0

a+l La=Kaa=qa if 0<a<l

M,a =Nya = = if 1<a<2and
%if1<a£2

Clearly,L, (V) = (0] = K, (V) and M, [V] = G, 1] = N, [V];
We have M, (V) =K, V) and N, (V) c L) .

Let a sequence {e,}be defined by o, = z—% ,fore>1.

Now limMa, = lim Mo[z—lj = |im3(2—1j:1 and
0—0 0—0 0 2]

00 D

- . 1 1 1
gmLoao :gmLo(Z—gj: I|m—[2—§+lJ:1.

623
: . 0] . 1

A|SO!}Ln2M0LUaH:LQM{LO(Z—HH:LILT;M{(l—wﬂzl and

mLOMOa@=ML{MO(2—;H=MLOK1—Zleﬂzl, which shows that the couple {M,, L,} is

compatible.

Again lim Mo Loar, =1= M, () and lim L,Moar, =1= L,(Q) and this gives the couple {M,, L,} is
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reciprocally continuous.

We observe that 0 and 1 are coincident points of K, and N, and K,N,(0)=1=N,K,(0)and
K,N, (1) =1=N,K,@ . This shows that the couple (N, , K, ) is weakly compatible.
Also , contractive condition (1) holds true for the value x <[0,1 .1t can be observed that 1 is

unique common fixed pointof maps K,,L,, M, and N,.

4. CONCLUSION
In this paper, we generated a theorem by assuming one pair as compatible, reciprocally
continuous and other pair as weakly compatible mapping. Further, we justified the result with a

suitable example.
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