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1. INTRODUCTION 

The fixed point theory plays very important role in analysis and it has got wide applications in 

many fields of mathematics. Many fixed point theorems have been developed on various areas in 
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the current context. Introducing the concept of compatible mappings, Junck [1] generated many 

results in metric space. Later on many theorems were proved using weaker form compatible 

mappings namely weakly compatible mappings and occasionally weakly compatible mappings. 

In [2],[3],[4] and [5] many results can be witnessed using the above mentioned conditions. In the 

recent past b-metric space emerged as one of the generalizations of metric space. Czerwik [6] 

introduced the concept of b-metric space. Thereafter some more fixed point theorems were 

extracted in b-metric space, such as [7], [8] and [9] using a variety discovered a variety of 

constraints. J.R. Roshan et al. [10] used compatible and continuous mappings to prove a common 

unique fixed point theorem in b-metric space. We improve their result in this study by utilizing 

certain weaker conditions, such as faintly compatible mappings, occasionally weakly compatible, 

subcompatible and reciprocally continuous mappings. 

 

2. PRELIMINARIES 

2.1 Definition X is a nonempty set and 1m then the mapping d from XX   to +R is said to 

be a b-metric space if and only if for each X ,,  

(i)  == 0),(d  

(ii) ),(),(  dd =  

(iii)  ),(),(),(  ddmd +  

Definitions 2.2 A pair (T,S) of a b-metric space is said to be 

(i) Compatible if ( ) 0, =kk STTSd   whenever  k sequence in X such that  == kk ST   

  for some X as .→k  

(ii) Weakly compatible mappings if  ST = for some X  such that  STTS = holds. 

(iii) Occasionally weakly compatible if and only if there exists some  in X such that  ST =        

    implies  TSTS = . 
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 (iv) Reciprocally continuous if and only if TTSu n
n

=
→

lim  and SSTu n
n

=
→

lim whenever ( )nu      

    in X such that XSuTu n
n

n
n

==
→→

limlim . 

(v) Subcompatible if there exists a sequence  nu  in X such that XSuTu nn ==  as →n and  

   satisfy ( ) 0, =nn STuTSud as →k . 

(vi) Conditionally compatible if and only if whenever the set of sequence  nu  satisfying 

)(lim)(lim n
n

n
n

uSuT
→→

= is nonempty, there exists a sequence  nv  such that 

wvSvT n
n

n
n

==
→

)(lim)(lim and ( ) .0,lim =
→

nn
n

STvTSvd  

(vii) Faintly compatible iff T and S are conditionally compatible and T and S commute on a 

   nonempty subset of coincidence points whenever the set of coincidence is nonempty. 

We now discuss some examples to find the relation among the above definitions. 

Example 2.3: Suppose  5,0=X  is a b-metric space with .),(
2

vuvud −=  

,)(   maps self   theDefine 3uuT = ( )  .5,0
9

= u
u

uS

` 

Here 
3

1
,0  are coincidence points for T,S 

i.e 
3

1
=u , 








=









3

1

3

1
ST ( ) ( )1 1

but not  S
3 3

T ST
 

and 0=u , ( ) ( )00 ST = ( ) ( ).00Snot  but STT =  

Therefore the maps T,S are occasionally weakly compatible but are not weakly compatible. 

Example 2.4: Let  9,0=X  is a b-metric space with 
2

),( vuvud −= . 










−
=

92

20
4

2
)(  Define

uifu

uif
u

uT and ( )






+
=

922

2042

uif

uifu
uS

 

Let 
n

un
9

1
= for 1n . 
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Then .2
9

4
2,2

36

1
2 →→+=→−= nas

n
Su

n
Tu nn  

Also .2
9

4
2

9

4
2

9

1
→→+=








+=








= nas

nn
T

n
TSTSun

 

Now →→+−=







−=








= nas

nn
S

n
STSTun

4

7

144

1

4

1
2

36

1
2

9

1
 

so that the pair (T,S) is not compatible. 

If
n

un
5

1
2 +=  for 1n  

then .2
5

1
22

5

1
2

5

1
2 →=








+=→+=








+= nas

n
SSuand

nn
TTu nn  

Now ( ) .2
5

1
2

5

1
222

5

1
2 →=








+=








+===








+= nas

n
S

n
STSTuandT

n
TSTSu nn  

Therefore the pair (T,S) is sub compatible. 

The following theorem was proved in [10]. 

2.5 Theorem Let the self maps f,g,S and T be defined on a b-metric space (X,d) which is 

complete with the given conditions: 

(b1) ( ) ( )XTXf   and ( ) ( )XSXg   

(b2)  ( ) ( ) ( ) ( ) ( ) ( )( )








+ TvfudgvSudTgdSufudTvSud
k

q
gvfud ,,

2

1
,,,,,,max,

4
  

     holds for every Xinvu,  with 10  q . 

(b3)  The self mappings T and S are both continuous 

(b4)  two pairs ( )Sf , and ( )Tg,  are compatible. 

Then the above four maps having a single fixed point which is common. 

Now we improve Theorem (2.5) under some modified conditions.  

To do so, we need to recall the following lemma. 

2.6 Lemma[10]: Let ( )dX ,  be a −b metric space with 1k  and two sequences }{ n  and 
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}{ n are b-convergent to   and   respectively. Then we have  

( ) ).,(),(suplim,inflim),(
1 2

2
 dkddd

k
nn

n
nn

n


→→
 

 

3. MAIN RESULTS 

3.1. Theorem: 

Let (X,d) be b-metric space which is complete and four self mappings f,g,S, and T are satisfying 

 (b1) ( ) ( )XTXf   and ( ) ( )XSXg   

 (b2)  ( ) ( ) ( ) ( ) ( ) ( )( ) ,,,
2

1
,,,,,,max,

4








+ TvfudgvSudTvgvdSufudTvSud
k

q
gvfud  

holds for every Xinvu,  with 10  q .  

 (b3) the pair ( )Tg,  is occasionally weakly compatible  

 (b4) the pair ( )Sf , is sub compatible and reciprocally continuous. 

     Then the four maps f, g, S, and T, share a unique common fixed point. 

Proof: 

From (b1) we can construct a sequence  jv  for 1n  

1222 +== jjj Tufuv and 221212 +++ == jjj Suguv for all .0j  

Now we show that }{ jv  is a cauchy sequence. 

Consider ( ) ( )122122 ,, ++ = jjjj gufudvvd  

))},(),((
2

1

),,(),,(),,(max{

122122

1212221224

++

+++

+



jjjj

jjjjjj

TufudguSud

TugudSufudTuSud
k

q

 

))}.,(),((
2

1

),,(),,(),,(max{

221212

2121222124

jjjj

jjjjjj

vvdvvd

vvdvvdvvd
k

q

+

=

+−

+−−
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}
2

),(
),,(),,(max{

1212

1222124

+−

+−=
jj

jjjj

vvd
vvdvvd

k

q
 

))}.,(),((
2

),,(),,(max{ 1222121222124 +−+− + jjjjjjjj vvdvvd
k

vvdvvd
k

q
 

If ( ) ( )jjjj vvdvvd 212122 ,, −+   for some j, then the above inequality gives  

( ) ( )1223122 ,, ++  jjjj vvd
k

q
vvd  

a contradiction. 

Hence ( ) ( )jjjj vvdvvd 212122 ,, −+    Nj . 

Therefore the above gives 

( ) ( ).,, 2123122 jjjj vvd
k

q
vvd −+  -------------------(1) 

Similarly  

( ) ( ).,, 12223212 −−−  jjjj vvd
k

q
vvd ------------(2) 

Using (1) and (2) we get  

( ) ( ),,, 211 −−−  jjjj vvdvvd  where 1
3
=

k

q
  and  2j . 

we obtain  for all 2j , 

( ) ( ) ),(..........,, 01

1

211 vvdvvdvvd j

jjjj

−

−−−   .----------(3) 

So for all lj  , we have  

( ) ( ) ),(..........),(,, 1

1

21

2

1 jj

lj

lllllj vvdkvvdkvvkdvvd −

−−

+++ +++ . 

From equation (3),we get  

( ) ),()..............(, 01

1112 vvdkkkvvd jljll

lj

−−−+ +++   

),(....)..........1( 01

22 vvdkkk l +++   

).,(
1

01 vvd
k

k l





−
  

 Take →jl, ,we get 0),( →lj vvd  as .1k  
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Hence the sequence }{ jv
 
is a cauchy sequence in X and since X is complete, }{ jv

 
converges 

to   in X such that ==== +
→

+
→

+
→→

2212122 limlimlimlim j
j

j
j

j
j

j
j

SuguTufu . 

Again since the pair ( )Sf ,  sub compatible therefore there exists a sequence  ju  in X such 

that 
j

j
j

j
MuKu

→→
== limlim   for u  in X satisfying ( ) 0,lim =

→
jj

j
SfufSud . 

By (C4) we have the pair ( )Sf ,  reciprocally continuous then ( ) 0,lim =
→

ffSud j
j

and 

( ) 0,lim =
→

SSfud j
j

. 

This implies ( ) .0, = Sfd  

This gives . Sf =  

We claim . =f  

Putting =u  and 12 += juv  in (b2), we get 

( ) ( ) ( ) ( ) ( ) ( )( )








+ ++++++ 1212121212412 ,,
2

1
,,,,,,max, jjjjjj TufdguSdTugudSfdTuSd

k

q
gufd 

take the sup limit as →j on both the sides and by Lemma(2.6),which gives

 

( )

( ) ( ) ( )

( ) ( ) 




















 +



+
→

+
→

++
→→

+
→

+
→

1212

121212

4

12

,lim,lim
2

1

,,lim,,lim,,lim

max

),(lim,

j
j

j
j

jj
jj

j
j

j
j

TufdSupguSdSup

TugudSupSfdSupTuSdSup

k

q

gufdSupfd







( ) ( ) ( )( )








+  ,,
2

,0,0,,max
2

2

4
fdfd

k
fdk

k

q

 = ),(2

4
fdk

k

q

 

),(
2

fd
k

q
=

 

),(
),(

22



fd

k

q

k

fd

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10  qas ,so . =f  

Therefore )4(. −−−−−−−−==  Sf   

Now ).()( XTXffv = 
 

By (b1) Twf =  for some .Xw ---------------(5) 

Now we claim .gw=  

Putting wvu == ,  in (b2) we obtain  

( ) ( ) ( ) ( ) ( ) ( )( )








+ TwfdgwSdTwgudSvfdTwSd
k

q
gwfd ,,

2

1
,,,,,,max,

4
  

By using TwSf ===   

( ) ( ) ( ) ( ) ( ) ( )( )








+  ,,
2

1
,,,,,,max,

4
dgwdgwddd

k

q
gwd  

take the sup limit as →j on both the sides and by Lemma (2.6), which gives

 

( )
( )( )









+
→

0,
2

),,(,0,0max),(lim
, 2

42
gwd

k
gwd

k

q
gwdSup

k

gwd

j




( )  ),(),,(,0,0max
, 22

42
gwdkgwdk

k

q

k

gwd



  

),(
),( 2

42



gwdk

k

q

k

gwd
  

),(),(  gwqdgwd 
 

since 10  q ,so .=gw

 

This gives .== Twgw --------------(6) 

By (b3) we have the pair ( )Tg,  is occasionally weakly compatible then there is w X with

Twgw = implies TgwgTw = this gives  Tg = . 
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Now again show that . =g  

Putting  == vu , in (b2) we get  

( ) ( ) ( ) ( ) ( ) ( )( )








+  TfdgSdTgdSfdTSd
k

q
gfd ,

2

1
,,,,,,max,

4

 

take the sup limit as →j on both the sides and by Lemma(2.6),which gives

 

( )
( ) ( ) ( )( )









+
→




gdgd
k

gdk
k

q
gdSup

k

gd

j
,,

2
,0,0,,max),(lim

, 2
2

42

( )
( ) ),(,,max

, 22

42



gdkgdk

k

q

k

gd
  

),(
),(

22



gd

k

q

k

gd
  

10  qAs ,so . =g  

 . == Tg --------------(7) 

We get from above (4) and (7). 

. ==== TgSf  

Therefore   is the required common fixed point. 

Uniqueness can be easily obtained. 

Now we discuss a suitable example to support our Theorem. 

3.2. Example: 

Assume that  4,0=X  is a −b metric space with ( ) 2
, vuvud −= where Xvu , . 

Introduce the self maps as  

( )






























+

==

4,
3

1
,

3

1
,0,2

3

1

)(







if

if

ST   ; 

and 
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( )
































+

==

4,
3

1
,2

3

1
,0,

3

1

)(








if

if

gf . 

Then 

( )  )55.0,33.0)( == XgXf and ( )  4,33.0)(( == XTXS  

so that the condition (b1) is satisfied. 

Clearly 0=  and 2=   are the coincidence points for the maps g ,T. 

At 0= , )0()0( Tg =  but )0(
3

1

3

1
2

3

1
)0( TgTggT =








==








= . 

At 2= , )2()2( Tg =  and )2()2(2)2()2( gTTggT ==== . 

As a result, while g,T are OWC mappings, but they are not weakly compatible. 

Take a sequence as 
p

p

1
2 −= for 1p . 

Now   22lim
1

2limlim ==







−=

→→→ pp
p

p p
ff  

and .2
1

2lim
1

2limlim =−=







−=

→→→ pp
SS

jp
p

p
  

Also 2
1

2
1

2 =







−=








−=

p
f

p
fSfS p  as p →  

and ( ) )2(22
1

2 SS
p

SfSf p ===







−=  as →p  

This implies the pair of map (f,S) is sub-compatible and reciprocally continuous. Also the pair 

(g,T) is occasionally weakly compatible. 

 Consider a sequence 
p

p

1
= for 1p . 
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Then
3

1

3

1

3

1
lim

3

1
1

lim
1

limlim =−=

−

=







=

→→→→ p

p

p
ff

ppp
j

p
  

and .
3

12

3

1
lim

1
limlim =+=








=

→→→ pp
SS

pj
j

p
  

Also 2
2

3

11
=








+=








=

p
f

p
fSfS p  as →p  

and 1
3

2
1

3

1

3

1
2

3

1

3

1

3

11
=−=








−+=








−=








=

ppp
S

p
SfSf p  as →p  

so that ( ) ( ) .01121,2,lim
2

=−==
→

dSffSd pp
p

  

Demonstrating that the pair ),( Sf  is not compatible. 

Thus the pair (f,S) and (g,T) satisfy all the conditions of the Theorem 3.1. 

Further ,2)2()2()2()2( ==== TSgf  

therefore 2 is the unique common fixed point for f,g,S and T. 

We now prove another generalization Theorem of 2.5. 

3.3. Theorem: 

Let (X,d) be a complete b- metric space and the self mappings f,g,S, and T meet the conditions 

(b1) ( ) ( )XTXf   and ( ) ( )XSXg   

(b2)  ( ) ( ) ( ) ( ) ( ) ( )( ) ,,,
2

1
,,,,,,max,

4








+ TvfudgvSudTvgvdSufudTvSud
k

q
gvfud  

    holds for every Xvu ,  with ( ).1,0q  

(b3)  The pair ( )Tg, is occasionally weakly compatible  

(b4)  the pair ( )Sf , is faintly compatible and reciprocally continuous. 

    Then the mappings f,g,S and T have a unique common fixed point. 

Proof: 
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By above (b4) the pair ( )Sf , is faintly compatible then one more sequence  nt  in X such that  

j
j

j
j

Stft
→→

== limlim for   in X satisfying ( ) 0,lim =
→

jj
j

SftfStd . 

And above (C4) ( )Sf ,  reciprocally continuous then ( ) 0,lim =
→

ffStd j
j

and ( ) 0,lim =
→

SSftd j
j

. 

This implies ( ) 0, = Sfd . 

This gives = Sf . 

Now we claim =f . 

Putting =u  and 12 += juv  in (b2), we get 

( ) ( ) ( ) ( ) ( ) ( )( )








+ ++++++ 1212121212412 ,,
2

1
,,,,,,max, jjjjjj TufdguSdTugudSfdTuSd

k

q
gufd

take the sup limit as →j on both the sides and by Lemma(2.6),which gives

 

( )

( ) ( ) ( )

( ) ( ) 




















 +





+
→

+
→

++
→→

+
→

+
→

1212

121212

4

12

,lim,lim
2

1

,,lim,,lim,,lim

max

),(lim,

j
j

j
j

jj
jj

j
j

j
j

TufdSupguSdSup

TugudSupSfdSupTuSdSup

k

q

gufdSupfd 

( ) ( ) ( )( )








+  ,,
2

,0,0,,max
2

2

4
fdfd

k
fdk

k

q

 = ),(2

4
fdk

k

q

 

),(
2

= fd
k

q

 

),(
),(

22






fd

k

q

k

fd

 

0 1as q  ,so .=f Hence .== Sf   

By (b4) ),( Sf is faintly compatible so = Sf , this implies = SffS  hence  Sf = . 

Now we assert . =f  
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Substituting =u  and 12 += juv  in (b2), we get 

( ) ( ) ( ) ( ) ( ) ( )( )








+ ++++++ 1212121212412 ,,
2

1
,,,,,,max, jjjjjj TufdguSdTugudSfdTSd

k

q
gufd 

takethe sup limit as →j on both the sides and using the Lemma(2.6),which gives

 

( )

( ) ( ) ( )

( ) ( ) 




















 +



+
→

+
→

++
→→

+
→

+
→

1212

121212

4

12

,lim,lim
2

1

,,lim,,lim,,lim

max

),(lim,

j
j

j
j

jj
jj

j
j

j
j

TufdSupguSdSup

TugudSupSfdSupTuSdSup

k

q

gufdSupfd







( )

( )( )

2 12

2
2 2 2

4

,
lim ( , )

max ( , ), ( , ), ( , ), , ( , )
2

j
j

d f
Supd f gu

k

q k
k d f k d f S k d d f d f

k

 


         

+
→



 
 + 

 

),(
),(

22



fd

k

q

k

fd


 

10  qas ,so . =f  

Which gives . == Sf --------------(1) 

Since )()( XTXff =   by (b1) implies Tuf =  for some .Xu  

Now we claim .gu=  

Putting  =  and u=  in (b2), we get 

( ) ( ) ( ) ( ) ( ) ( )( )








+ TufdguSdTugudSfdTuSd
k

q
gufd ,,

2

1
,,,,,,max,

4


 

take he sup limit as →j on both the sides and by Lemma(2.6),which gives
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( )

( ) ( ) ( )

( ) ( ) 




















 +



→→

→→→

→

TufdSupguSdSup

TugudSupSfdSupTuSdSup

k

q

gufdSupgud

jj

jjj

j

,lim,lim
2

1

,,lim,,lim,,lim

max

),(lim,

4







( )( )








+ 0,
2

),,(,0,0max
2

2

4
gud

k
gudk

k

q


 = ),(
2

gud
k

q

 

),(),(  guqdgud 
 

10  qas ,so .=gu  

This gives .Tugu ==  

By (b3) we have the pair ( )Tg,  is occasionally weakly compatible then   u X when 

Tugu = which gives TgugTu =  

  this gives . gT =  

Now we show that . =g  

Putting  == , in (b2) we get  

( ) ( ) ( ) ( ) ( ) ( )( )








+  TfdgSdTgdSfdTSd
k

q
gfd ,,

2

1
,,,,,,max,

4

 

take the sup limit as →j on both the sides and by Lemma(2.6),which gives

 

( )
( ) ( ) ( )( )









+
→




gdgd
k

gdk
k

q
gdSup

k

gd

j
,,

2
,0,0,,max),(lim

, 2
2

42

( )
( ) ),(,,max

, 22

42



gdkgdk

k

q

k

gd
  

( ) ),(,  gqdgd   

10  qas ,so . =g  
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 . == Tg --------------(2) 

We get from (1) and (2) 

. ==== TgSf  

Therefore  is the required common fixed point. 

Uniqueness follows easily. 

Now we justify our Theorem with the following example. 

3.2. Example: 

Suppose  5.5,0=X  is a −b metric space with ( ) 2
, vuvud −=

 
where Xvu , . 

The self maps defined as below 

( )

( 














−



















+

==

5.5,55.5

5,
6

1

6

1
,092

)(









if

if

if

ST   ; 

and 

( )






























−

==

5.5,
6

1
,5

6

1
,062

)(







if

if

gf . 

Then 

( ) (  52,1)( == XgXf and ( )  5,0)(( == XTXS  

Here the condition (C1) is satisfied. 

Clearly 0=  and 5=  points are the coincidence points for the maps g ,T. 

At 0= , )0()0( Tg =  but ( ) ( ) )0(2252)0( TgTggT ==== . 

At 5= , )5()5( Tg =  and )5()5(5)5()5( gTTggT ==== . 

Therefore the pair (g,T) is occasionally weakly compatible but not weakly compatible mappings. 
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Take a sequence as 
p

p

1
5−= for 1p . 

Now   55lim
1

5limlim ==







−=

→→→ pj
p

p p
ff  

and .5
1

5lim
1

5limlim =−=







−=

→→→ pp
SS

pp
j

p
  

Also )5(5
1

5
1

5 fp
j

f
p

fSfS p ==







−=








−=  as →p  

and ( ) )5(55
1

5 SS
p

SfSf p ===







−=  as →p  

This means that the mappings f,S are sub-compatible, reciprocally continuous and g,T are 

occasionally weakly compatible mappings. 

Consider a sequence 
j

p
7

1
= for 0p . 

Then 2
7

1
62lim

7

1
limlim =








−=








=

→→→ pp
ff

jj
p

p
  

and .2
7

9
2lim

1
limlim =+=








=

→→→ pj
SS

pp
j

p
  

Also 5
7

9
2

7

1
=








+=








=

p
f

p
fSfS p  as →p  

and 2
7

6
2

7

6
2

7

1
=−=








−=








=

pp
S

p
SfSf p  as →p  

so that ( ) ( ) .09252,5,lim
2

=−==
→

dSffSd pp
j

  

Therefore the pair ),( Sf  is not compatible. 

Thus the pair (f,S) and (g,T) satisfy all the conditions of the Theorem 3.2. 

Further ,5)5()5()5()5( ==== TSgf  
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therefore 5 is the unique common fixed point for f,g,S and T. 

 

CONCLUSION 

This work is focused to improve J.R. Roshan and others results mentioned in Theorem 2.5 under 

weaker conditions by using the pair (f,S) as subcompatible, reciprocally continuous and (g,T) as 

occasionally weakly compatible instead of compatible mappings. We also proved another 

Theorem by taking the pair (f,S) as faintly compatible, reciprocally continuous and (g,T) as 

occasionally weakly compatible instead of compatible mappings. We note that none of the 

mappings in our two Theorems are continuous. At the end of the our discussion we justified our 

results with suitable examples. 
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