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1. INTRODUCTION
The fixed point theory plays very important role in analysis and it has got wide applications in

many fields of mathematics. Many fixed point theorems have been developed on various areas in
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the current context. Introducing the concept of compatible mappings, Junck [1] generated many
results in metric space. Later on many theorems were proved using weaker form compatible
mappings namely weakly compatible mappings and occasionally weakly compatible mappings.
In [2],[3].[4] and [5] many results can be witnessed using the above mentioned conditions. In the
recent past b-metric space emerged as one of the generalizations of metric space. Czerwik [6]
introduced the concept of b-metric space. Thereafter some more fixed point theorems were
extracted in b-metric space, such as [7], [8] and [9] using a variety discovered a variety of
constraints. J.R. Roshan et al. [10] used compatible and continuous mappings to prove a common
unique fixed point theorem in b-metric space. We improve their result in this study by utilizing
certain weaker conditions, such as faintly compatible mappings, occasionally weakly compatible,

subcompatible and reciprocally continuous mappings.

2. PRELIMINARIES

2.1 Definition X is a nonempty set and m > 1then the mapping d from X x X to R™is said to

be a b-metric space if and only if for each ¢,¢,y € X
(i) d(¢.9)=0 < d=9
(ii) d(¢,¢)=d(p.¢)

(iii) d(¢,7) < mld(g,9) +d(p,7)]
Definitions 2.2 A pair (T,S) of a b-metric space is said to be

(1) Compatible if d(TS 7, STn, ) =0 whenever {nk }sequence in X such thatT7, =Sn, =y
for some y € X as k — 0.

(i1) Weakly compatible mappings if T77 = Sz for some 7 € X such that TSz = ST#7 holds.

(111) Occasionally weakly compatible if and only if there exists some 71in X such thatT7n =Sz

implies TSy =TSn.
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(iv) Reciprocally continuous if and only if limTSu, =T# and lim STu, = S» whenever (un)

nN—o0 nN—oo

in X such that IimTu, =limSu, =ne X .

n—o n—o

(V) Subcompatible if there exists a sequence {un} in X such that Tu, =Su, =7 € X as n— cand
satisfy d(TSu,,STu,)=0as k — .

(vi) Conditionally compatible if and only if whenever the set of sequence {un} satisfying

!mT(u”) = LILT;IC S(u,) is nonempty, there exists a sequence {Vn} such that

lim T (v,) = lim S(v,) = wand md(TSVH,STvn)z 0.

(vii) Faintly compatible iff T and S are conditionally compatible and T and S commute on a
nonempty subset of coincidence points whenever the set of coincidence is nonempty.

We now discuss some examples to find the relation among the above definitions.

Example 2.3: Suppose X =[0,5] is a b-metric space with d(u,v) =|u —v|2.

Define theself maps T(u) =u®, S(u):gi vuel05]

Here O,% are coincidence points for T,S

) 1 _(1 1 1 1)
1. U 3 (3) [3) but not TS(S) # ST(3

andu =0,T(0)=S(0) but not TS(0)=ST(0).
Therefore the maps T,S are occasionally weakly compatible but are not weakly compatible.

Example 2.4: Let X =[09] is a b-metric space with d(u,v)=|u—-v|".

u . .
Define T (u) = 2_Z if 0<u<? . S(u):{2+4u if 0<u<?2

u if2<u<9 2 if 2<u<9

n

Let u =iforn >1.
9n
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Then Tu, :2—i—>2, Su, :2+i—>2 as n— oo,
36n 9n

Also TSu, =TS[LJ:T(2+ij=2+i—>2 as N — oo,

9n 9n 9n
Now STu, =S8T 1 =S 2—i :2—1+i—>Z as n—oo
9n 36n 4 144n 4

so that the pair (T,S) is not compatible.

Ifu, :2+i for n>1
5n

thenTu, =T 2+i =2+i—>2 and Su, =S 2+ij=2 as n— oo,
on on 5n

Now TSu, =TS 241 =T(2)=2 and STun=ST(2+iJ=S(2+i]:2 as n— oo,
on on on

Therefore the pair (T,S) is sub compatible.
The following theorem was proved in [10].
2.5 Theorem Let the self maps f,g,S and T be defined on a b-metric space (X,d) which is

complete with the given conditions:

1) f(X)cT(X) and g(X)cS(X)

N~

(b2) d(fu,gv)< kq_“ max{d (Su,Tv),d(fu,Su),d(gs,75)

(d(Su,gv)+ d(fu,Tv))}

holds for every u,v in X withO<q<1.

(b3) The self mappings T and S are both continuous
(b4) two pairs (f , S)and (g ,T) are compatible.
Then the above four maps having a single fixed point which is common.

Now we improve Theorem (2.5) under some modified conditions.

To do so, we need to recall the following lemma.

2.6 Lemma[10]: Let(X,d) be a b—metric space with k>1 and two sequences{z,} and
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{p,}are b-convergent to « and S respectively. Then we have

ki?_d(a,ﬂ) < lim inf d(a,. B, )< lim supd(a,, B,) < k’d(, ).

3. MAIN RESULTS
3.1. Theorem:

Let (X,d) be b-metric space which is complete and four self mappings f,g,S, and T are satisfying

(b1) f(X)cT(X) and g(X)<S(X)

N~

(b2) d(fu,gv)< ki“ max{d (Su,Tv),d(fu,Su),d(gv,Tv),

(d(su, gv)+d(fu,Tv))},

holds for every u,v in X withO<q<1.
(b3) the pair(g ,T) is occasionally weakly compatible

(b4) the pair (f , S)is sub compatible and reciprocally continuous.

Then the four maps f, g, S, and T, share a unique common fixed point.

Proof:

From (b1) we can construct a sequence {V i } for n>1

Vy; = fu,; =Tu,;,and v,;, =Qu,,,, =Su,; ,forall j>0.

2j+

Now we show that {v;} is a cauchy sequence.

Consider d(vzj ;V2j+1)= d(fUZj ’ gu2j+1)

< S max{d (Su,;, Tu,,),d(fu,;,5U,,),d(QU, 4, T, ..),

K*
1
E(d (Su2j , gu2j+1) + d(fuzj :Tu2j+1))}

:%max{d(vzj_l,vzj),d(vzj,vzj_l),d(v2j+l,v2j),

%(d (sz—11V2j+1) +d (sz !V2j ))}
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q

d(V -1V '+)
=Fma.x{d(VZJ—lavzj),d(vzJ 'V2j+1)1$

5 1

k
< l%max{d (szfl’sz ),d(sz aV2j+1)’E(d (sz—l’vzj )+ d(sz ’sz+1))}-

If d( VyiiV, J+1)> d( VaiasV ) for some j, then the above inequality gives

d(VZj ’V2j+l)< q d(VZJ ’V21+1)

k3
a contradiction.
Hence d(vzj,vzﬁl) d(v21 11V2,) v jeN.

Therefore the above gives

d(VZJ’V2j+l)S%d(V2j1'V2j) """""""""" (D

Similarly

d(V2j—1'V2j)Skq_3d(V2j—21V2j_1) """""" 2

Using (1) and (2) we get

d(v WV 1)< cod( 10V 2)wherea)— kq3 <1l and j22.

we obtain V forall j>2,

d(v,,v,,)<edV, v, ,)< . < @ (v, V) oo 3)
So forall j>1I,we have

d(v,,v, )< kd(V, vy, )+ K2 (V) 1,V ) + oo +ki (v, L)

From equation (3),we get

d(v,,v, )< (ko' +K20™ +........... +kI i) d (v, v,)
<keo' L+ Kk + K202 + oo )d (v, V, )

ko'
< Fd(VpVo)

Take |, j—>o0,weget d(v;,v,) >0 as ko<l

8387
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Hence the sequence {v;} is a cauchy sequence in X and since X is complete, {v;} converges

to A in X such that lim fu,; —I|mTu2J+l limgu,,;,, = I|mSu21+2 A.
jo

joe

Again since the pair (f ,S) sub compatible therefore there exists a sequence {u j} in X such

that limKu; = A =I1limMu; for u in X satisfying Iimd(fSuj,Sfuj)zo.

j—)oo J*)OO

By (C4) we have the pair (f,S) reciprocally continuous then Ilmd(fSu fﬂ.) 0 and

]

limd(Sfu;,S2)=0.

jo
This implies d(f4,S4)=0.
This gives fA =SA.

We claim 4 =A.

Putting u=4 and v=u,;, in(b2), we get

d(f4, guzm)s ki“ max{d (S/l,Tu2j+1 )d(f4,54), d(guzm,Tuzm),%(d (s77, guzj+1)+ d(f/l,Tu2j+1 ))}

take the sup limit as ] — oo on both the sides and by Lemma(2.6),which gives

d(fa, 1)< lim Sup d(f2,gu;;..)
I|m supd(sa, Tuzﬁl) lim Sup d(fa,sA), lim Supd(guzﬁl,Tuzm),

j—o0
9 max
k* lim Sup d(S4, gu, ., )+ lim Supd(f4,Tu, ;)
2 j—oo j—oo

k4

< imax{kzd(f/l,l),0,0,g(d(f/l,lH d(f/l,/l))}

=ki4k2d(m,,1)

g
= £ d(12,2)

d(f2,4)

o d(m )
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as 0<g<1l,s0 f1=A.

Therefore fA=SA=A———————— (4)

Now v=fle f(X)cT(X).

By (bl) fA=Tw for some We X.--------------- %)
Now we claim A4 = gw.

Putting u=A4,Vv=Ww in (b2) we obtain

(d(52, gw)+d( fﬂ.,TW))}

N |~

d(f4,gw)< % max{d (SA,Tw)B,d(f4,SvA),d(gu, Tw),

Byusing A=f1=SA=Tw

(@2, qu)+a(2,)

N |-

d(r.gw)< & max{d (1 2)5,d(2, 1), d(qw, 2),
take the sup limit as ] — oo on both the sides and by Lemma (2.6), which gives

2
d(z.w) limSupd (4, gw) < % max{0,0, d(gw, /1)’%(‘3' (2, gw)+ O)}
jo

k>

DA I < 9 max{0,0,kd (gw, 2),k?d (4, gw)

d(4,gw) <qd(gw, 1)
since 0<g<lsogw=A.
This gives gW = TW = 4. -------------- (6)

By (b3) we have the pair (g,T) is occasionally weakly compatible then there is we X with

gw =Twimplies gTw =Tgw this givesgi=TA.
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Now again show that g4 = A.

Putting u=A4,v=A11in (b2) we get

d(f2,92)< 3 max{d(S}t,Tﬂ),B, d(f4,82),d(g4,T2), % (d(SAga)+d( m,m))}

4

=~

take the sup limit as ] — oo on both the sides and by Lemma(2.6),which gives

2
dit.94) (1’29}“) <limSupd(4,g2) <. ; max{kzd (2, gi),O,O,k?(d (4,94)+d(x gﬂ))}
jooo

UL9) . & maxfea(n, 1)k 02,00

d(1, 94
%gid(l,gi)

As0<qg<lsogi=A.

We get from above (4) and (7).
fA=SA=9A=TA=A
Therefore A is the required common fixed point.
Uniqueness can be easily obtained.
Now we discuss a suitable example to support our Theorem.

3.2. Example:

Assume that X =[0, 4] isa b—metric space with d(u,v)=|u—V|* where u,ve X.

o

nelo,
T(n)=S07) = [ 7
if ne(é,q

Introduce the self maps as

=+2n, If

and
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1+7 . 1
-_— if 0,=
3 ”E{ sj

fln)=90(n) = .
2, if ne [5,4}

Then
f(X)=g(X)=[0.33,0.55)and S(X ) = T((X) = [0.33,4]
so that the condition (bl) is satisfied.

Clearly =0 and 7 =2 are the coincidence points for the maps g ,T.

At =0, g(0)=T(0) but gT(0)= g(%) =2# % ZT(%J =T9(0).
At n=2, g(2)=T(2) and gT(2)=9(2)=2=T(2)=49T(2).
As a result, while g, T are OWC mappings, but they are not weakly compatible.

Take a sequence as 77, :2—1 for p=1.
P

Now lim fn =lim f(Z—EJ = lim2=2

p—o0 p—o p p—o0

and lim Sz, =lim 8(2—1] = lim 2—i =2.

p—w po®© p joo p

Also 157, :fSKZ—%jz f(Z—%JzZ as Pp—> o0

and Sfr,, =Sf(2—%j=8(2)=2=8(2) as p—oo

This implies the pair of map (f,S) is sub-compatible and reciprocally continuous. Also the pair

(g,T) is occasionally weakly compatible.

Consider a sequence 77, = 1 for p>1.
p
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Then lim f7, =lim f(l] im—P—jmi-L1_1

p—0 p—0

and Ilmsnj_llms(lJ Iim1+£=1.

p— J—>©

1 1 2
Also fSn =fS(—j=f(—+—):2 as p—oo
i p 3 p
and stp, =sf[ 2 |=s|2- L |=tigl L1 21 i poo
p 3 3p) 3 3 3p 3p

so that Iimd(fSnp,anp) d(21)= |2 ]] =1=0.
p—w

Demonstrating that the pair (f,S) is not compatible.

Thus the pair (f,S) and (g, T) satisfy all the conditions of the Theorem 3.1.
Further f(2) =9(2)=S(2) =T (2) =2,

therefore 2 is the unique common fixed point for f,g,S and T.

We now prove another generalization Theorem of 2.5.

3.3. Theorem:

Let (X,d) be a complete b- metric space and the self mappings f,g,S, and T meet the conditions

1) f(X)cT(X) and g(X)cS(X)

(b2) d(fu,gv)< k'iA max{d (Su,Tv),d(fu,Su),d(gv,Tv),

N| -

(d(Su, gv)+ d(fu,Tv))},

holds for every U,ve X with qe(0,1)
(b3) The pair (g T )is occasionally weakly compatible

(b4) the pair (f 'S )is faintly compatible and reciprocally continuous.

Then the mappings f,g,S and T have a unique common fixed point.

Proof:
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By above (b4) the pair(f , S)is faintly compatible then 3 one more sequence {tn} in X such that

lim ft; =0 =limSt,for ¢ in X satisfying limd(fst;,Sft; )=0.

J—>x J—

And above (C4) ( f, S) reciprocally continuous then limd (fSt ¥ fa) =0and limd (Sft i S@) =0.

[l s
This implies d(f3,59)=0.
This gives fo = So.
Now we claim fo=A.

Putting u=0 and v=u,;, in(b2), we get

d(f@, guzj+1)S k% max{d (Sa’Tuzm)! d(fa’ S@), d(guzijuzju)’%(d (86‘, guzm)"‘ d(f@,Tusz))}

take the sup limit as ] — oo on both the sides and by Lemma(2.6),which gives

d(fa,4)<lim Supd(fa,gu,,,,)
j—oo
lim Sup d (S8, Tu,,., ) lim Sup d(a,Sa), lim Supd(gu, ... Tu,,.. )
j—o i

q 17>

K12 (1im sup d (S0, gu )+ lim Sup d (0, Tu, ., )

<9 max{kzd (f8,4),0,0, k—;(d (f6,4)+d(fa, l))}

<
=ki4k2d(fa,z)
= zd(f0.2)

d(fo,2)

< kiz d(fo, )
as 0<qg<1,s0 fo =A.Hence fo=A=S0.
By (b4) (f,S)is faintly compatible so fo = S0, this implies SO = Sfo hence fi=SA.

Now we assert fA1=A.
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Substitutingu =4 and v=u,,, in(b2), we get

d(4,qu,; )< k%max{d (SA,Tay; ) d(F4, S/I),d(guzm,Tuzm),%(d (s2, guzj+l)+d(m,Tu2j+l))}

takethe sup limit as ] — ooon both the sides and using the Lemma(2.6),which gives

d(fa,4)<lim Supd(f4,qgu,,,,)
j—>o
lim Supd (Sﬂ,Tuzjﬂ), lim Sup d(fA,SA4),lim Supd (guzjﬂ,Tuzjﬂ),
J—>© J—>©

q o
—4maX 1 ) ]
k E(I,'_To Sup d(Sﬂ,, gu2j+1)+ IJ'_TO Sup d(fﬂ,TuZHl))

d(fA,A i
% <limSupd(f4,gu,;,)
jooo

simax{kzd(f/l,/l),kzd(f/l,s/l),kzd(/”t,/l),?z(d (f/l,/l)+d(f/1,/1))}

k4
d(f4,4
%g% d(f4,4)

as0<qg<l,s0 fi=A

Which gives fA =S4 = 4. ------mmmmmm- (1)

Sincenn = fne f(X) cT(X) by (bl)implies fA=Tu forsome ue X.
Now we claim A =gu.

Putting ¢ =1 and f=u in(b2), we get

d(fﬁ,gu)simax{d(Sl,Tu),d(fﬂ,Sﬁ),d(gu,Tu), (d(Sﬂ,gu)+d(f;L,Tu))}

k4

N~

take he sup limit as ] — oo on both the sides and by Lemma(2.6),which gives
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d(4,gu)< lim Sup d (4, gu)
I|m Supd(SA4,Tu), lim Supd(fa,SA), lim Supd(gu,Tu),

J—oo

—max
(Ilm Supd(SA, gu)+ lim Supd(fA,Tu ))
o0 j—oo

2
< k%max{o,o, kzd(gu,}t),k?(d (4,9u)+ O)}

=kq—2d(gu,/1)

d(gu,4)<qd(gu, )

as0<g<l,soqu=A.

This gives A =gu=Tu.

By (b3) we have the pair (g,T) is occasionally weakly compatible then 3 ue X when
gu = Tu which gives gTu =Tgu

= this gives TA =gA.

Now we show that g4 = A.

Putting =1, f=Ain (b2) we get

(d(S4,94)+ d(m,m))}

N |-

d(f4,g1)< k% max{d (SA,TA)B,d(f1,54),d(g1,TA),

take the sup limit as ] — oo on both the sides and by Lemma(2.6),which gives

2

,k?(d(/l, gA)+d(4, 9/1))}

d(’?(’zg’i)<||m8upd(ﬂ gA)<— max{k d(1,94),0,0

d(ﬁk Zgﬂ)gkg maxk?d(1,g2) k’d (2, 9)]

d(4,94)<qd(41,94)

as0<g<1l,s094 = A.



8396
T. THIRUPATHI, V. SRINIVAS

We get from (1) and (2)

fA=SA=g1=TA=A
Therefore A is the required common fixed point.
Uniqueness follows easily.

Now we justify our Theorem with the following example.

3.2. Example:
Suppose X =[0,5.5] isa b—metric space with d(u,v)=|u—v|" where u,ve X.

The self maps defined as below
. 1
249y if E|:O,gj

T()=S) =1 7 if 776{%,5} :
55-7 if n<(55.5]

and
2-6n if ne{O,%j
f(n)=0a(n) = .
5, if ne {—,5.5}
6
Then

f(X)=g(X)=(L2]u5andS(X)=T((X)=[05]
Here the condition (C1) is satisfied.

Clearly =0 and 7 =5 points are the coincidence points for the maps g ,T.
At 7=0, g(0)=T(0) but gT(0)=g(2)=5=2=T(2)=Tg(0).
At 7=5, g(5)=T(5) and gT(5)=g(5)=5=T(5)=gT(5).

Therefore the pair (g,T) is occasionally weakly compatible but not weakly compatible mappings.
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Take a sequence as 77, =5—i for p>1.
p

Now lim fr =lim f(S—lj = lim5=5

p—w joo p p—w

and lim Sz, =lim S(S—EJ = lim 5—£=5.

p—>o0 p—o p p—w p

Also 1Sn, =fS(5—%J=f(5—%pJ=5=f(5) as p—oow

and Sf7, :s{s-%}:s(s):s:sg) as p—>oo

8397

This means that the mappings f,S are sub-compatible, reciprocally continuous and g, T are

occasionally weakly compatible mappings.

Consider a sequence 7, = 7i for p>0.
J
. . 1 . 1
Thenlim fn,=lim f| —|=lim2-6/ —— |=2
p—o joo 7 p joo 7 p

and lim Sz, =lim S(lj = lim 2+% =2.

p—x p—x J p—0

Also fSn, =fS(%J= f(2+%J=5 as p—oo

and Sfz,, =Sf[%}=8(2—%}=2—%=2 as p—>o

so that lim d(fSn,,Sfr,)=d(5,2)=|5-2" =9=0.
>

Therefore the pair (f,S) is not compatible.

Thus the pair (f,S) and (g, T) satisfy all the conditions of the Theorem 3.2.

Further f(5)=g(5)=S(5)=T(5)=5,
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therefore 5 is the unique common fixed point for f,g,S and T.

CONCLUSION

This work is focused to improve J.R. Roshan and others results mentioned in Theorem 2.5 under
weaker conditions by using the pair (f,S) as subcompatible, reciprocally continuous and (g,T) as
occasionally weakly compatible instead of compatible mappings. We also proved another
Theorem by taking the pair (f,S) as faintly compatible, reciprocally continuous and (g,T) as
occasionally weakly compatible instead of compatible mappings. We note that none of the
mappings in our two Theorems are continuous. At the end of the our discussion we justified our

results with suitable examples.
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