Available online at http://scik.org
J. Math. Comput. Sci. 2022, 12:34
https://doi.org/10.28919/jmcs/6684
ISSN: 1927-5307

ON RIGHT BASES OF ORDERED LA-I'-SEMIGROUPS

WICHAYAPORN JANTANAN!, PHAISAN THONGPHITAK!, JURAPONG CHONGPRA',
SAMKHAN HOBANTHAD!, RONNASON CHINRAM?Z, THITI GAKETEM?*

1Department of Mathematics, Faculty of Science,
Buriram Rajabhat University, Mueang, Buriram 31000 Thailand
2Division of Computational Science, Faculty of Science,
Prince of Songkla University, Hat Yai, Songkhla 90110 Thailand

3Department of Mathematics, School of Science,

University of Phayao, Phayao 56000, Thailand

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, the notions of left and right bases of an ordered LA-I'-semigroup are introduced and
described. The structure of an ordered LA-I'- semigroup with left identity containing right bases will be studied.
Moreover, we show that every right base of an ordered LA-I"-semigroup with left identity has one element and the
compliment of the union of all right bases of an ordered LA-I"-semigroup with left identity is the maximal proper
left I'-ideal.
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1. INTRODUCTION

The notion of an left almost semigroup (abbreviated as an LA-semigroup) was first introduced
by Kazim and Naseerudin [9]. This algebraic structure is closely related to a commutative
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semigroup because a commutative LA-semigroup is a semigroup. For examples of some results
of LA-semigroups, we can see in [6, 7, 15]. The notion of a I'-semigroup was introduced by Sen
[11]. Later, Shah and Rehmen [12] introduced the concept of an LA-I"-semigroup analogous to
a I'-semigroup. Moreover, ordered LA-semigroups were studied by the authors in [13]. Next,
Khan et al. [10] introduced the concept of an ordered LA-I'-semigroup. Also, some results
of LA-I'-semigroups and ordered LA-I"-semigroups can be seen in [1, 2, 8]. The notions of
right bases and left bases of semigroups were introduced by Tamura [14]. Later, Fabrici [5]
examined the structure of a semigroup containing right bases. Changpas and Kummoon [4]
extended results in [5] from semigroups to I'-semigroups. The aim of this paper is to extend the
results obtained by Changpas and Kummoon to ordered LA-I"-semigroups. First, we now recall

some definitions and results used throughout the paper.

Definition 1.1. ([12]) Let S and I" be non-empty sets. The algebraic structure (S,I") is called an
LA-T-semigroup if there exists a mapping S x I x § — S, written (a,y,b) and denoted by ayb

such that S satisfied the left invertive law

(ayb)Bc = (cyb)Ba

forall a,b,c € Sand y,B €T.

Definition 1.2. ([12]) An element e of an LA-I"-semigroup S is called a left identity if eya = a
forallae Sandy €T

Lemma 1.1. ([12]) If S is an LA-I"-semigroup with left identity e, then ST'S =S and S =el'S =
STe.

Proposition 1.2. ([1]) Let S be an LA-I"-semigroup.
(1) Every LA-T'- semigroup with left identity satisfy the equalities
ay(bBe) = bylaBc) and (ayb)B (cad) = (dyc)B (baa)
forall a,b,c,d,€ Sand v,B,a,€T.

(2) An LA-T*- semigroup S is I-medial, i.e.,

(ayb)B(cyd) = (ayc)B(bad) = (ayc)B(bad)
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forall a,b,c,d € Sand y,B,a € T.

Definition 1.3. ([10]) An ordered LA-T'-semigroup is the algebraic structure (S,I", <) in which
the following conditions hold.

(1) (S,T)is an LA-T"- semigroup.

(2) (S,<) is aposet (i.e. reflexive, anti-symmetric and transitive).

(3) Forall a,b and x € S,a < b implies aox < bax and xaa < xob for all @ € T

Throughout this paper, unless stated otherwise, S stand for an ordered LA-I'- semigroup. For

non-empty subsets A and B of an ordered LA-I'- semigroup S, we defined
ATB = {ayblac A,b € Bandy €'} and (A] = {b € S|t < a, for some a € A}.

In particular, we write Bl'a instead for BI'{a}, aI'B instead for {a}I'B and a U Bl'a instead
for {a} UBI'a. For A = {a}, we write (a] instead for ({a}].

Definition 1.4. ([2]) A non-empty subset A of an ordered LA-I'-semigroup S is called an LA-I"-
subsemigroup of S if ATA C A.

Definition 1.5. ([10]) A non-empty subsets A of an ordered LA-I'- semigroup S is called a left
(resp. right) I'-ideal of § if

(1) STA C A (resp. ATS CA);

(2) ifa€ A and b € S such that b < a, then b € A.

Definition 1.6. A proper left I'-ideal M of an ordered LA-I'-semigroup S is said to be maximal
if for any left I'-ideal A of S,M C A C S impliesM =AorA=S.

Lemma 1.3. ([10]) Let S be an ordered LA-I"-semigroup, then the following are true.

1) A C(A], forall A C .

2) fACBCS, then (A] C (B].

3) (AJT'(B] C (AI'B], for all subsets A, B of S.

4) (A] = ((A]], for all A C S.
)
)

—~~

(
(
(
(
(5) For every left (resp. right) I'- ideal T of S, (T] =T.
(

6) ((AJT'(B]] = (AI'B], for all subsets A, B of S.
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(7) (AUB] = (A]U (B, for all subsets A, B of S.

Lemma 1.4. Let S be an ordered LA-I"-semigroup with left identity and A; be a left I'-ideal of

S for each i € I, then the following statements hold ;

(1) If N A; # @ then N A; is a left T-ideal of S.
iel iel
(2) UA;is aleft I'-ideal of S.
icl

Proof. (1) Assume that (] A; # &. We will show that ST" (1 A; C ([ A;). First, letx € ST'( A;).
Then x = s7ya for some sle:l S,yelanda € ﬂ A;. Since 21616 ﬂ Ail,e\fve obtain a € A; for alllet{ el
Since A; is a left I'- ideal of S for all i € 1, tllleeln X =sYa < Sfl'zli CA,foralliel. Soxe .ﬂ A;.
Thus SF(.ﬂ A;) C ﬂ A;. Next, letx € ﬂ A; and y € S such that y < x. Since x € ﬂ A;, we (;leaiain
XEA; whfrle A; 1S zlielleft I'-ideal of S folrE ;11 iel.SoyeA;foralliel. Thusye l(e][Ai. Therefore

.ﬂ A;is aleft I'- ideal of S. <

161(2) To show that [JA; is a left I'-ideal of S, we let x € (SI"J A;). Then x = sya for some
seS,yel'anda e EIAi. Since a € _UAi, we obtain a € A; for lseo[me i€l Since A;is aleftI'-
ideal of S forall i € Il,ego X=sYa € STl‘ii CA; C U A;. Thus x € U A;. Hence SF(.U A;) C U Aj;.
Next, let x € .U A;j,and y € S such that y < x. Silrelée P U Aj, vlveel obtain x € A,-fé)erlsome lleel I,
where A; is alleelft I-ideal of S forall 7 €1. Soy € A; forf(l)me i€l Thusye€ .U A;. Therefore
'UIAi is a left I'-ideal of S. < 0J
ic

Definition 1.7. Let A be a non-empty subset of an ordered LA-I"-semigroup S. Then, the inter-
section of all left I'-ideals of S containing A is the smallest left I'-ideal of S generated by A and
is denoted by (A)f.

Lemma 1.5. Let A be a non-empty subset of an ordered LA-I'-semigroup S with left identity e.
Then (A);, = (AUSTA].
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Proof. Let B= (AUSTA]. First, we consider

ST'B = ST(AUSTA] = (S]T'(AUSTA]

C ((SI'(AUSTA] by Lemma 1.2(3)

= (STAUST(STA)]

= (STAU (STS)['(STA)] by Lemma 1.1

= (STAU (ATS)['(STS)] by Proposition 1.2(1)
= (STAU (ATS)IS]

= (STAU (STS)T'A] by left invertive law

= (STAUSTA| = (STA] C (AUSTA] =B

Then SI'B C B. Next, let a € B= (AUST'A] and b € S such that b < a. Since b < a and a €
(AUST'A], we obtain b € ((AUST'A]] = (AUST'A] = B. So b € B. Thus B is a left I'-ideal of S
containing A. Next, let C be a left I'-ideal of S containing A. Since A C C, then STA C ST'C C C.
So AUSTA C C. Thus B = (AUST'A] C (C] = C. Hence B is the smallest left I'-ideal of S
containing A. Therefore (A);, = (AUSTA]. O

For an element a € S, we write (a)r, for ({a}) which is called the principal left I'-ideal of S
generated by a. Thus
(@)L = (aUSTq].

Corollary 1.6. Let S be an ordered LA-I'- semigroup with left identity. Then (ST'a] is a left
I'-ideal of S for all a € S.

2. MAIN RESULTS

We begin this section with the definition of a right base of an ordered LA-I'- semigroup with

left identity as follows:

Definition 2.1. Let S be an ordered LA-I"-semigroup with left identity. A non-empty subset A

of S is called a right base of § if it satisfies the two following conditions:

(1) S=(AUSTA],ie. S = (A)L;
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(2) if B is a subset of A such that S = (B)r, then B = A.

For a left base of S is defined dually.

Example 2.1. Let S = {e,a,b,c,d} and I" = { B } with the multiplication defined by
Ble a b ¢ d

ele e e e e
ale a a a a
ble a ¢ d b

cle a c C

d

dle a b ¢ d

and <:={(e,e),(a,a),(a,b),(a,c),(a,d),(b,b),(c,c),(d,d)}
Then S is an ordered LA-I'- semigroup with left identity d. The right bases of S are A = {b},
B = {c} and C = {d}. The left bases of S are the same as the right bases of S.

Example 2.2. Let S = {1,2,3,4} and I" = {8} with the multiplication defined by

Bl1 2 3 4
2 2 4 4
212 222
30123 4
411 21 2

and <:={(1,1),(2,2),(3,3),(4,4),(1,2),(4,2)}
Then S is an ordered LA-I"- semigroup with left identity 3. The right base of S is A = {3}.
The left base of S is the same as the right base of S.

First, we have the following useful lemma:

Lemma 2.1. Let A be a right base of an ordered LA-I'- semigroup with left identity and let
a,beA.If a € (ST'b], then a = b.

Proof. Assume that a,b € A such that a € (ST'b], and suppose that a # b. Let B=A\ {a}. Then
B C A. Since a # b, we have b € B. We will show that (A); C (B).. Letx € (A)L = (AUSTA].
Then x < z for some z € AUSTA. Let z € A. If 7 # a, then z € B C (BUSTA]. Since x < z and
z € (BUSTB], then x € ((BUSTB]| = (BUST'B]. So x € (B). If z = a, then by assumption, we
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have z=a € (ST'B] C (BUST'B]. Since x < zand z € (BUST'B], then x € ((BUSTB]] = (BUST'BJ.
So x € (B)r. Next, let z € ST'A, then z = s7yc for some s € S,y € I" and ¢ € A. If ¢ = a, then
z=syc € ST(ST'D]. Since (ST'h] is a left I'-ideal of S for all b € S, so z € (ST'b] C (BUSTBJ.
Since x < zand z € (BUSTB|, we have x € ((BUST'B]] = (BUST'B]. Sox € (B). If ¢ # a, then
z=sYc € STB C (BUSI'B]. Since x < z and z € (BUSI'B], then x € ((BUSI'B]| = (BUSTB|.
So x € (B)r. Hence (A)L C (B)r. By S=(A)L C (B)L C S, we have that (B), = S. This is a

contradiction. Therefore, a = b. O

Definition 2.2. Let S be an ordered LA-I"-semigroup with left identity. Define a quasi-order on
S by, for any a,b € S,

a<lpb:s (a)L - (b)L.

We write a <; bifa<pbbuta#b,i.e., (a)L C (b)L.
From Definition 2.2, the relation <y is not a partial order. By Example 2.1, we have (b); C

(c)r and (¢)r € (b)r. Sob <y c and ¢ <p b. But b # c. Thus < is not a partial order on S.

Lemma 2.2. Let S be an ordered LA-I'- semigroup with left identity. For any a,b € S, if a < b,

then a <; b.

Proof. Let a,b € S such that a < b. We will show that a <; b, i.e., (a)r C (b)r. Suppose that
x € (a)r. Since x € (aUSTa], thenx <y for somey € aUSTa. Wehavey=aorye STa. Ify=a,
then x < a < b, we have x < b for some b € bUSTh. Sox € (bUSTh],andx € (b).. If y € STa,
then y = sya for some s € S,y € I'. Since a < b, then sya < syb and syb € ST'b C bUSI'b. So
y=sya € (bUSTD]. Since x <yandy € (bUSTh], then x € (bUSTD]] = (bUSTh]. Sox € (b)L.
Thus (a)r C (b)), i.e., a <p b. O

The following theorem characterizes when a non-empty subset of an ordered LA-I-

semigroup is a right base of the ordered LA-I"-semigroup.

Theorem 2.3. A non-empty subset A of an ordered LA-I'-semigroup with left identity is a right

base of S if and only if A satisfies the two following conditions:

(1) for any x € S there exists a € A such that x <; a ;

(2) for any two distinct elements a,b € A neither a <; b nor b < a.
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Proof. Assume that A is a right base of S. Then S = (A). First, to show that the condition (1)
holds, we let x € S. Then x € (AUST'A]. Since x € (AUST'A], we have x <y for some y € AUSTA.
ThenycAoryec STA. If ye A, and x <y, by Lemma 2.2, x <y y. If y € ST'A, then y = sya for
somes € S,yelanda € A. Since y =sya € ST'a C (ST'a] C (a) and STy C ST'(ST'a] C (STa] C
(a)r, then yUSTy C (a)r. So (y)r = (yUSTy] C ((a)L] = (a)r, i.e., y <r a. Since x < y, by
Lemma 2.2, x <; y. Sox <; y <y a. Thus x <y a. Hence the condition (1) holds. Next, to show
that the condition (2) holds. Let a,b € A such that a # b. Suppose a <y b. Let B=A\ {a}, then
B C A. Since a # b, we have b € B. Let x € S, by condition (1), there exists ¢ € A such that
x < c. Since ¢ € A, there are two cases to consider. If ¢ = a, then x <; ¢ < b, and so x <y b.
By x € (x)L C (b)L C (B)r. Thus s C (B)r and S = (B).. This is a contradiction. If ¢ # a, then
ce€B.Soxe (x)L C(c)L € (B)r. Thus S C (B)r and S = (B)r. This is a contradiction. The
case b <y, a proved similarly. Hence the condition (2) holds.

Conversely, assume that the conditions (1) and (2) hold. We will show that A is a right
base of S. First, to show that S = (A). Clearly, (A)L C S. Let x € S, by condition (1), there
exists a € A such that x <y a, i.e. (x)L C (a)r. Then x € (x) C (a)L € (A)r. So S C (A)L.
Thus S = (A)r. Next, to show that A is a minimal subset of S with the property S = (A)r. Let
B C A such that S = (B)L. Then there exists a € A and a ¢ B. Sincea € A C S = (BUSI'B] =
(B]U (ST'B], then a € (B] or a € (SI'B]. If a € (B], then a <y for some y € B, by Lemma
2.2, a <y y. This is a contradiction. Thus a ¢ (B], and so a € (ST'B]|. Since a € (SI'B|, we
have a < ¢ for some ¢ € SI'B. Let ¢ = s7yb for some s € S,y € " and b € B. Since a < ¢ and
c=sy € SI'b CbUSTh, we have a € (bUSTD]. Since {a} C (bUSTH] and (bUSTD] is a
left - ideal of S, we have ST'a C ST'(bUST'b] C (bUST'h]. Thus aUSTa C (b USTh], and so
(a)r = (aUSTa] C ((bUSTH]] = (bUSTH] = (b)r. Hence a,b € A. This is a contradiction.
Therefore A is a right base of S. 0

Theorem 2.4. A right base A of an ordered LA-I"-semigroup S with left identity is a left I'-ideal
of Sif and only if A = S.

Proof. Assume that A is a left I'-ideal of S. Then S = (A), = (AUSTA] = (AUA| = (A] = A.

So § = A. Conversely, assume that A = S. To show that A is a left I'- ideal of S. First, we have
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STA=8TS=85=A,s0ST'A=A. Next, leta € A and b € § such that b < a. Since b € § and
S=A, then b € A. Thus A is a left ['-ideal of S. 0

Theorem 2.5. The right bases of an ordered LA-I'- semigroup § with left identity have the same

cardinality.

Proof. Assume that A and B are right bases of S. Let a € A. Since B is a right base of S, by
condition (1) of Theorem 2.3, there exists b € B such that a <, b. Since A is a right base of S,
there exists @ € A such that b <z d.Soa <pb<p a ie.,a<p a. By condition (2) of Theorem
2.3, we have a = a. Thus (a); = (b)r. Define a mapping @ : A — B;@(a) = b foralla € A. We
will show that @ is well-defined. Let aj,ay € A such that a; = a, ¢(a;) = by, and @(ay) = b,
for some by,b; € B. Then (a;)r = (b1)r and (az)r = (b2)r. Since a; = ay, then (a;)r = (az)r,
so (a1)L=(ay)r = (b1)L = (b2)r. We have by <y by and by <y by, by condition (2) of Theorem
2.3, by = by. Thus @(a;) = @(ay). Therefore @ is well-defined. Next, we will show that ¢ is
one-to-one. Let aj,a; € A such that @(a;) = ¢(az). Then ¢(a;) = ¢(az) = b for some b € B.
We have (a;)r = (az)r = (b)r. Since (a1)r = (a2)r, so we have a; < ap and ay <r a;. Thus
aj = ay. Therefore @ is one-to-one. Finally, we will show that ¢ is onto. Let b € B, then there
exists a € A such that b <; a. Similarly, there exists b € B such that a <z b . Then b <ra<g b/,
i.e., b <y b. By condition (2) of Theorem 2.3, b =b". So (b); C (a)z and (a); C (b)z. Thus

(a)L = (b)L. Therefore ¢ is onto, and the proof is completes. O

Theorem 2.6. Let A be a right base of an ordered LA-I"-semigroup of S with left identity and
leta € A. If (a)r = (b)L for some b € S such that a # b, then b belongs to some right base of S

which is different from A.

Proof. Assume that (a);, = (b)r for some b € S such that a # b. Setting B = (A \ {a}) U{b}.
Then B # A. We will show that B is a right base of S using Theorem 2.3. First, let x € S. Since
A is aright base of § by Theorem 2.3(1), x <y, ¢ for some ¢ € A. If ¢ # a, then ¢ € B. If c = q,
then (¢); = (a)r. Since (a)r, = (b)r. we have (¢)p = (b)r, i.e., ¢ <p b. So x <y ¢ < b. Thus
x <p band b € B. Next, let b;,b, € B such that b; # b, We will show that neither b; <y b, nor
by <g by . Since b € B and b, € B we have by = b or by # b and by = b or by # b. Then are

four cases to consider:
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Case 1: by # b and by # b. Then by,by € A. Since A is a right base of S, neither b| <y b;
nor by <z, b;.

Case2: by #band by =b. Then (by)r = (b)r. If by <p by, then (b)) C (by)r = (b)L = (a)L.
Thus by < a and by,a € A. This is a contradiction. If by, <; by, then (A)r, = (b)) = (b2)r C
(by)L- Thus a <y by and by,a € A. This is a contradiction.

Case3: by =band by #b. Then (b;)r = (b)r. 1f by <p by, then (a)L = (b)L. = (b1)L C (b2)L.
Thus a <y by and by,a € A. This is a contradiction. If by < by, then (b)), C (b1)L = (b)L =
(a)r. Thus by < a and by,a € A. This is a contradiction.

Case 4 : by = b and by = b. This is impossible.

Therefore B is a right base of S. 0

Theorem 2.7. Let U be the union of all right bases of an ordered LA-I'- semigroup S with left
identity. If S\ U # &, then S\ U is a left I'- ideal of S.

Proof. Assume that S\ U # @. First, letx € S,y € I"and a € S\ U. We will show that xya € S\ U.
Suppose that xya ¢ S\ U. Then xya € U. Thus xya € A for some a right base A of S. Let xya =b
for some b € A. Then b = xya € ST'a C (aUSTq]. Since {b} C ST'a C (ST'a] and (ST'q] is a left
I-ideal of S, then ST'hb C ST'(ST'a] C (STa]. So bUSTh C (aUSTal, and (b)r = (bUSTDH] C
(aUSTa] = (a)r. Thus (b)r, C (a)r. If (b)r = (a)r, by Theorem 2.6, we have a € U. This is a
contradiction. Hence (b);, C (a)r, i.e., b <p a. Since A is a right base of S, there exists b cA
such that a < b. We have b < ra<p b/, and b <g, b where b,b/ € A. This contradicts to the
condition (2) of Theorem 2.3. Thus xya € S\ U. Next, let b € S\ U and ¢ € S such that ¢ < b.
We will show that ¢ € S\ U. If ¢ € U, then ¢ € B for some a right base B of S. Let d € B such
that b <; d. Since ¢ < b, by Lemma 2.2, we have ¢ < b. So ¢ <y d where c,d € B. This is a

contradiction. Thus ¢ ¢ U, i.e., ¢ € S\ U. Therefore S\ U is a left I'-ideal of S. O

Theorem 2.8. Let U be the union of all right bases of an ordered LA-I"-semigroup S with left
identity such that @ # U C S. If S contains the maximal left I'-ideal of S containing every proper
left I'- ideal of S, denoted by L*, then S\ U = L* if and only if |A| = 1 for every right base A of
S.
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Proof. Assume that S contains a maximal left I '-ideal of S containing every proper left I'-ideal of
S, say L*. Let S\ U = L*. To show that U C (a) foralla € U, suppose U ¢ (a)r forsomea € U.
Then (a)r, C S and (a)r. is a proper left I'- ideal of S. This implies thata € (a), C L* =S\ U, and
soa € S\ U. This is a contradiction. Hence U C (a)., for all a € U. We claim that S\ U C (a)L,
foralla € U. Suppose that S\U ¢ (a), for some a € U. Then (a); C S and (a; )y is a proper left
I'- ideal of S. This implies that a; € (@), CL* =S\U, and so a; € S\ U. This is a contradiction.
Hence S\ U C (a) foralla € U. Since U C (a) and S\ U C (a), for all a € U, it follows that
S=(S\U)UC (a)L CS.So (a)L =S for all a € U. Therefore, {a} is a right base of S for all
a € U. Next, let A be a right base of S, and let a,b € A. Suppose that a # b. Since A CU,a € U,
soS=(a)r.Sincea#bandb e S=(aUSTa] = (a|U(STa],thenb € (a]orb € (STal. If b € (a]
then b < a, by Lemma 2.2, b <; a where a,b € A. This contradicts to condition (2) of Theorem
2.3. Thus b € (ST'a, by Lemma 2.1, a = b. This is a contradiction. Hence a = b. Therefore
|A| = 1.
Conversely, assume that every right base of S has only one element. Then S = (a), for all
a € U. We will show that S\ U = L*. Since @ # U C S, then & # S\ U C S. By Theorem 2.7, we
have S\ U is a proper left I'- ideal of S. Next, let M be a left I'-ideal of S such that S\U C M C S.
Suppose that S\ U # M. We have S\ U C M and there exists x € M and x ¢ S\ U, i.e., x € U.
Then x e MNU and so MNU # @. Let a e MNU. Then a € M and a € U. Since a € M
and STa C STM C M, then aUST'a C M. So (a)L = (aUSTa] C (M] =M. Since a € U, by
assumption we have S = (a)r. So S = (a)p CM C S. Thus S = M. Hence S\ U is a maximal
proper left I'- ideal of S. Finally, let B be a proper left I'- ideal of S. If B Z S\ U, then exists
b€ Bsuchthatb ¢ S\U. So BNU # @ Let c € BNU. It follows that (¢), C B and S = (c)L.
Then S = (¢)p € B C S. Thus S = B. This is a contradiction. Hence B C S\ U. Therefore
S\U =L*. 0

Theorem 2.9. Let S be an ordered LA-I"-semigroup with left identity. If e is a left identity of S,

then {e} is a right base of S.

Proof. Assume that e is a left identity of S. Let A = {e}. We will show that A is a right base of S

using Definition 2.1. First, we will show that S = (A).. Since e is a left identity of S, by Lemma
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1.1, we have STe = S. So e UST'e = S. Thus (A), = (eUSTe] = (S] = S. Hence (A)r, = S. The

condition (2) of Definition 2.1 is obvious. Therefore A = {e} is a right base of S. U

In Example 2.1 and Example 2.2, it is observed that every right base of S is only one element.
However, it turns out that is true in general. The following corollary is combining Theorem 2.5

and Theorem 2.9.

Corollary 2.10. Let S be an ordered LA-I'- semigroup with left identity. Then every right base

of S is one element.

In Example 2.1, the right bases of S are A = {b},B = {c} and C = {d}. We have set S
eliminating the union of all right bases of S denoted by S\ U and S\ U = {e,a}. Thus S\ U is
a maximal proper left I'-ideal of S containing every proper left I'-ideal of S. From Theorem 2.8

and Corollary 2.10, we conclude the following theorem.

Theorem 2.11. Let U be the union of all right bases of an ordered LA-I"-semigroup S with left
identity. Then S\ U is a maximal proper left I'-ideal of S containing every proper left I'-ideal of
S.

Proof. Let S be an ordered LA-I"-semigroup with left identity. By Corollary 2.10, we have every
right base of S is one element. Since every right base of S is one element, by Theorem 2.8, we
have S\ U = L*. Therefore S\ U is a maximal proper left I'-ideal of S containing every proper

left ["-ideal of S. U
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