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Abstract. Frame theory has a great revolution in recent years. This new Theory have been extended from Hilbert

spaces to Hilbert C∗-modules. In this paper, we introduce the notion of dual ∗-K-g-frames in Hilbert A -modules.

Lastly we study ∗-K-g-frames in tensor product of Hilbert C∗-Modules and we establish some new results.
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1. INTRODUCTION AND PRELIMINARIES

In 1952, frames in Hilbert spaces were introduced by Duffin and Schaeffer [7] in the study

of nonharmonic Fourier series. Frames possess many nice properties which make them very

useful in wavelet analysis, irregular sampling theory, signal processing and many other fields.

In 2000, Frank and Larson [9] have extended the theory for the elements of C∗-algebras and
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Hilbert C∗-modules. Eventually, frames with C∗-valued bounds in Hilbert C∗-modules have

been considered in [2].

The theory of frames has been generalized rapidly and there are various generalizations of

frames in Hilbert spaces and Hilbert C∗-modules.

In this paper, we introduce the notion of dual ∗-K-g-frames in Hilbert C∗-modules. Lastly

we study ∗-K-g-frames in tensor product of Hilbert ∗-Hilbert Modules and we establish some

results.

Let I and J be countable index sets. In this section we briefly recall the definitions and

basic properties of C∗-algebra and Hilbert C∗-modules. For information about frames in Hilbert

spaces we refer to [3]. Our references for C∗-algebras are [6, 4]. For a C∗-algebra A , an element

a ∈ A is positive (a ≥ 0) if a = a∗ and sp(a) ⊂ R+. A + denotes the set of positive elements

of A .

Definition 1.1. [10].

Let A be a unital C∗-algebra and H be a left A -module, such that the linear structures of

A and H are compatible. H is a pre-Hilbert A -module if H is equipped with an A -valued

inner product 〈., .〉A : H ×H → A , such that is sesquilinear, positive definite and respects

the module action. In the other words,

(i) 〈x,x〉A ≥ 0 for all x ∈H and 〈x,x〉A = 0 if and only if x = 0.

(ii) 〈ax+ y,z〉A = a〈x,z〉A + 〈y,z〉A for all a ∈A and x,y,z ∈H .

(iii) 〈x,y〉A = 〈y,x〉∗A for all x,y ∈H .

For x ∈H , we define ‖x‖ = ‖〈x,x〉A ‖
1
2 . If H is complete with ‖.‖, it is called a Hilbert A -

module or a Hilbert C∗-module over A . For every a in C∗-algebra A , we have |a| = (a∗a)
1
2

and the A -valued norm on H is defined by ‖x‖= 〈x,x〉
1
2
A for x ∈H .

Let H and K be two Hilbert A -modules, a map T : H →K is said to be adjointable if

there exists a map T ∗ : K →H such that 〈T x,y〉A = 〈x,T ∗y〉A for all x ∈H and y ∈K .

From now, let Hi be closed submodules of K for each i ∈ I. Also, we reserve the notation

End∗A (H ,Hi) for the set of all adjointable operators from H to Hi and End∗A (H ,H ) is

abbreviated to End∗A (H ).
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Definition 1.2. [9] Let A be a unital C∗-algebra and I be a finite or countable index of N. A

sequence {xi}i∈I of elements in a Hilbert A -module H is said to be a frame if there are real

constants A,B > 0 such that

(1.1) A〈x,x〉A ≤∑
i∈I
〈x,xi〉A 〈xi,x〉A ≤ B〈x,x〉A , x ∈H .

The numbers A and B are called frames bounds. The frame {xi}i∈I is said to be a tight frame if

A = B, and said to be normalized if A = B = 1.

If the sum in the middle of (1.1) converges in norm, {xi}i∈I is called standard (normalized tight).

Definition 1.3. [1] A ∗-g-frame for H is a collection of ordered pairs (Λi,Hi)i∈I such that

(1.2) A〈x,x〉A A∗ ≤∑
i∈I
〈Λix,Λix〉A ≤ B〈x,x〉A B∗,

for x ∈H and A,B are strictly nonzero elements of A .

The elements A and B are called lower and upper ∗-g-frame bounds, respectively. If A = B, the

∗-g-frame is called tight and it is normalized when A = B.

Definition 1.4. [12] Let K ∈ End∗A (H ), a sequence {Λi ∈ End∗A(H ,Hi) : i ∈ I} is called a

∗-K-g-frame in Hilbert A -module H with respect to {Hi : i ∈ I} if there exist strictly nonzero

elements A, B in A such that

(1.3) A〈K∗x,K∗x〉A A∗ ≤∑
i∈I
〈Λix,Λix〉A ≤ B〈x,x〉A B∗, x ∈H .

In this case, let T be an operator defined by:

T : H −→⊕i∈IHi

x−→ {Λix}i∈I.

T is called the analysis operator. By [12], it’s a linear and bounded operator.

Then it’s adjoint operator is T ∗, is given by,

T ∗ :⊕i∈IHi −→H

{xi}i∈I −→∑
i∈I

Λ
∗
i xi.
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The operator T ∗ is called the synthesis operator.

By composing T and T ∗, we obtain the frame operator S wich’s given by,

S : H −→H

x−→ Sx = T ∗T x = ∑
i∈I

Λ
∗
i Λix.

Let {xi}i∈I and {yi}i∈I in ⊕i∈IHi, there inner product is defined as follow,

〈{xi}i∈I,{yi}i∈I〉= ∑
i∈I
〈xi,yi〉A

For the Following theorem, R(L) denote the range of the operator L and R(L) denote it’s adher-

ence.

Theorem 1.5. [8] Let E,F and G be Hilbert A -modules. Let K ∈ End∗A (G,F) and L ∈

End∗A (E,F) with R(L∗) is orthogonally complemented. The following statements are equiv-

alent,

(i) KK∗ ≤ λLL∗ for some λ > 0.

(ii) There exists µ > 0 such that ‖K∗z‖ ≤ µ‖L∗z‖ for all z ∈ F.

(iii) There exists D ∈ End∗A (G,E) such that K = LD.

(iv) R(K)⊆ R(L).

Theorem 1.6. [13] Given a Hilbert C∗-module H over a C∗-algebra A . If T,S are in

End∗A (H ), and R(S) is closed, then the following statements are equivalent:

(i) R(T )⊂ R(S).

(ii) T T ∗ ≤ λ 2SS∗, for some λ ≥ 0.

(iii) There exists Q ∈ End∗A (H ) such that T = SQ.

2. SOME PROPERTIES OF ∗-K-G-FRAMES IN HILBERT A -MODULES

Proposition 2.1. Let {Λi ∈ End∗A (H ,Hi), i ∈ I} be a ∗-K-g-frame with bounds A,B and anal-

ysis operator T , then :

(2.1) ‖AK∗ f‖2 ≤ ‖∑
i∈I
〈Λi f ,Λi f 〉A ‖ ≤ ‖B f‖2, f ∈H .
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Conversely, if (2.1) holds, for some A,B ∈ Z (A ), and R(T ) is orthogonally complemented,

then {Λi}i∈I is a ∗-K-g frames (Z (A ) denote the center of the C∗-algebra A ).

Proof. ⇒)

Let {Λi ∈ End∗A (H ,Hi), i ∈ I} be a ∗-K-g-frame in Hilbert A -module H with bounds A

and B then, for all f in H we have,

A〈K∗ f ,K∗ f 〉A A∗ ≤∑
i∈I
〈Λi f ,Λi f 〉A ≤ B〈 f , f 〉A B∗.

Then,

0≤ 〈AK∗ f ,AK∗ f 〉A ≤∑
i∈I
〈Λi f ,Λi f 〉A ≤ 〈B f ,B f 〉A .

So,

‖〈AK∗ f ,AK∗ f 〉A ‖ ≤ ‖∑
i∈I
〈Λi f ,Λi f 〉A ‖ ≤ ‖〈B f ,B f 〉A ‖.

Finally we obtain,

‖AK∗ f‖2 ≤ ‖∑
i∈I
〈Λi f ,Λi f 〉A ‖ ≤ ‖B f‖2.

⇐) For f in H , we have:

‖T f‖2 = ‖〈T f ,T f 〉A ‖= ‖∑
i∈I
〈Λi f ,Λi f 〉A ‖ ≤ ‖B f‖2 = ‖B‖2‖ f‖2.

Then,

‖T f‖ ≤ ‖B‖‖ f‖

It is clearly wich show that T is a bounded. On the other hand T is adjointable and it’s ad-

jointable operator is T ∗ is given by,

T ∗({ fi}i∈I) = ∑
i∈I

Λ
∗
i fi

By Theorem 1.5, there existe λ ,µ > 0 such that for every f ∈H , we have,

(
√

λA)〈K∗ f ,K∗ f 〉A (
√

λA)∗ ≤ 〈∑
i∈I

Λi f ,Λi f 〉A ≤ (
√

µB)〈 f , f 〉A (
√

µB)∗.

�
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Proposition 2.2. Let {Λi ∈ End∗A (H ,Hi), i ∈ I} be a ∗-K-g-frame with bounds A and B then:

(2.2) ‖AK∗ f‖2 ≤ ‖∑
i∈I
〈Λi f ,Λi f 〉A ‖ ≤ ‖B f‖2, f ∈H .

Conversely, if (3.2) holds, for some A,B ∈ Z (A ), and T has closed range, then {Λi}i∈I is a

∗-K-g frames.

Proof. Similar to the proof of the last proposition. �

Proposition 2.3. Let K,L ∈ End∗A (H ) and {Λi}i∈I be a ∗-K-g-frames with bounds A and B,

then,

1) If U : H 7−→H is a co-isometry, such that KU = UK then {ΛiU∗}i∈I is a ∗-K-g-

frames.

2) {ΛiL∗}i∈I is a ∗-LK-g-frames with bounds A and B‖L‖ respectively.

3) {Λi(L∗)n}i∈I is a ∗-LnK-g-frames, for any n ∈ N.

4) If R(L)⊆ R(K) and K has closed range then {Λi}i∈I is also

∗-L-g-frames.

Proof. 1) Let {Λi}i∈I be a ∗-K-g-frames with bounds A and B, then,

A〈K∗ f ,K∗ f 〉A∗ ≤∑
i∈I
〈Λi f ,Λi f 〉 ≤ B〈 f , f 〉B∗, f ∈H .

On one hand, we have,

∑
i∈I
〈ΛiU∗ f ,ΛiU∗ f 〉 ≤ B〈U∗ f ,U∗ f 〉B∗ = B〈 f , f 〉B∗, f ∈H .

On the other hand, we have,

A〈K∗ f ,K∗ f 〉A∗ = A〈U∗K∗ f ,U∗K∗ f 〉A∗

= A〈K∗U∗ f ,K∗U∗ f 〉A∗

≤∑
i∈I
〈ΛiU∗ f ,ΛiU∗ f 〉 f ∈H .

which proves (1).

2) For any f in H , we have,

A〈(LK)∗ f ,(LK)∗ f 〉A∗ = A〈K∗L∗ f ,K∗L∗ f 〉A∗ ≤∑
i∈I
〈ΛiL∗ f ,ΛiL∗ f 〉 ≤ B〈L∗ f ,L∗ f 〉B∗.
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Since,

B〈L∗ f ,L∗ f 〉B∗ ≤ (B‖L‖)〈 f , f 〉(B‖L‖)∗,

then,

∑
i∈I
〈ΛiL∗ f ,ΛiL∗ f 〉 ≤ (B‖L‖)〈 f , f 〉(B‖L‖)∗.

3) Obvious by (2).

4) By Theorem 1.6, there exists a positive real number λ > 0 such that for all f ∈H , we

have,

λLL∗ f ≤ KK∗ f .

Thus,

(
√

λA)〈L∗ f ,L∗ f 〉(
√

λA)∗ ≤ A〈K∗ f ,K∗ f 〉A∗ ≤∑
i∈I
〈Λi f ,Λi f 〉 ≤ B〈 f , f 〉B∗.

�

3. PERTURBATION OF ∗-K-G-FRAMES

Theorem 3.1. Assume that K,L ∈ End∗A (H ), with R(L) ⊆ R(K) and K has a closed range.

Let {Λi}i∈I be a ∗-K-g frame with bounds A and B.

If there exists a constant M > 0 such that for all f in H :

‖∑
i∈I
〈(Λi−Γi) f ,(Λi−Γi) f 〉A ‖ ≤M min{‖∑

i∈I
〈Λi f ,Λi f 〉A ‖;‖∑

i∈I
〈Γi f ,Γi f 〉A ‖}.

Then {Γi}i∈I is a ∗-L-g-frames. If K is a co-isometry, R(K)⊆ R(L) and R(L) is closed then the

converse is valid.

Proof. Let f ∈H , we have :

‖(Γi f )i∈I‖= ‖(Γi f )i∈I− (Λi f )i∈I +(Λi f )i∈I‖

≤ ‖(Γi f )i∈I− (Λi f )i∈I‖+‖(Λi f )i∈I‖.
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On one hand, we have,

‖∑
i∈I
〈Γi f ,Γi f 〉A ‖1/2 ≤

√
M‖∑

i∈I
〈Λi f ,Λi f 〉A ‖1/2 +‖∑

i∈I
〈Λi f ,Λi f 〉A ‖1/2

≤ (1+
√

M)(‖∑
i∈I
〈Λi f ,Λi f 〉A ‖1/2)

≤ (1+
√

M)(‖B‖‖ f‖).

On other hand, we have:

‖∑
i∈I
〈Λi f ,Λi f 〉‖1/2 ≤ ‖∑

i∈I
〈(Λi−Γi) f ,(Λi−Γi) f 〉A ‖1/2 +‖∑

i∈I
〈Γi f ,Γi f 〉A ‖1/2

≤
√

M‖∑
i∈I
〈Γi f ,Γi f 〉A ‖1/2 +‖∑

i∈I
〈Γi f ,Γi f 〉A ‖1/2

≤ (1+
√

M)(‖∑
i∈I
〈Γi f ,Γi f 〉A ‖1/2).

Thus,

‖A‖2

(1+
√

M)2
‖K∗ f‖2 ≤ 1

(1+
√

M)2
‖∑

i∈I
〈Λi f ,Λi f 〉A ‖ ≤ ‖∑

i∈I
〈Γi f ,Γi f 〉A ‖.

Finally, we obtain

‖A‖2

(1+
√

M)2
‖K∗ f‖2 ≤ ‖∑

i∈I
〈Γi f ,Γi f 〉A ‖ ≤ (1+

√
M)2(‖B‖2‖ f‖2).

Then by Proposion 2.2 we conclude that {Γi}i∈I is a ∗-K-g-frame. On the other hand, since

R(L)⊆ R(K) and K has a closed range, by proposition 2.3, we conclude that {Γi}i∈I is a ∗-L-g-

frames.
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Conversely; since that {Γi}i∈I is a ∗-L-g-frames with bounds C and D.

On one hand, we have for all f in H ,

‖∑
i∈I
〈(Λi−Γi) f ,(Λi−Γi) f 〉A ‖1/2 ≤ ‖∑

i∈I
〈(Λi f ,(Λi) f 〉A ‖1/2 +‖∑

i∈I
〈(Γi f ,(Γi) f 〉A ‖1/2

≤ ‖∑
i∈I
〈(Λi f ,(Λi) f 〉A ‖1/2 +‖D‖‖ f‖

≤ ‖∑
i∈I
〈(Λi f ,(Λi) f 〉A ‖1/2 +‖D‖‖K∗ f‖

≤ ‖∑
i∈I
〈(Λi f ,(Λi) f 〉A ‖1/2 +

‖D‖
‖A‖
‖∑

i∈I
〈(Λi f ,(Λi) f 〉A ‖1/2

≤ (1+
‖D‖
‖A‖

)‖∑
i∈I
〈(Λi f ,(Λi) f 〉A ‖1/2.

On the other hand we have,

‖∑
i∈I
〈(Λi−Γi) f ,(Λi−Γi) f 〉A ‖1/2 ≤ ‖∑

i∈I
〈Λi f ,Λi f 〉A ‖1/2 +‖∑

i∈I
〈Γi f ,Γi f 〉A ‖1/2

≤ ‖∑
i∈I
〈Γi f ,Γi f 〉A ‖1/2 +‖B‖‖ f‖

≤ ‖∑
i∈I
〈Γi f ,Γi f 〉A ‖1/2 +‖B‖‖K∗ f‖.

By Theorem 1.6, there exist λ ≥ 0 such that

KK∗ ≤ λ
2LL∗,

then

‖K∗ f‖ ≤ λ‖L∗ f‖.

We conclude that,

‖∑
i∈I
〈(Λi−Γi) f ,(Λi−Γi) f 〉A ‖1/2 ≤ ‖∑

i∈I
〈Γi f ,Γi f 〉A ‖1/2 +λ‖B‖‖L∗ f‖

≤ 1+λ‖B‖
‖C‖

‖∑
i∈I
〈Γi f ,Γi f 〉A ‖1/2.

Then

‖∑
i∈I
〈(Λi−Γi) f ,(Λi−Γi) f 〉A ‖ ≤M min{‖∑

i∈I
〈Λi f ,Λi f 〉A ‖;‖∑

i∈I
〈Γi f ,Γi f 〉A ‖}

such that M = min(1+λ‖B‖
‖C‖ ,(1+ ‖D‖‖A‖ )). �
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4. THE DUAL OF ∗-K-G-FRAMES

Definition 4.1. Let A be a unital C∗-algebra and let H an Hilbert A -module over a unital

C∗-algebra and K ∈ End∗A (H ). Let {Λi ∈ End∗A (H ,Hi), i ∈ I} be a ∗-K-g-frames in H

associated to {Hi}i∈I . A ∗-K-g-Bessel sequence {Γi ∈ End∗A (H ,Hi), i ∈ I} is called a dual

∗-K-g-frames for {Λi}i∈I if,

K f = ∑
i∈I

Λ
∗
i Γi f , f ∈H .

Example 4.2. Let K∈ EndA
∗(H ) be a surjective operator and {Λi ∈ End∗A (H ,Hi)}i∈I be a

∗-K-g-frames in H associated to {Hi}i∈I with ∗-K-g-frames operator S.

By [12], S is invertible.

For all f ∈H we have :

S f = ∑
i∈I

Λ
∗
i Λi f .

Then,

K f = ∑
i∈I

Λ
∗
i ΛiS−1K f .

Then the sequence {ΛiS−1K ∈ End∗A (H ,Hi), i ∈ I} is a ∗-K-g frame, and is a dual ∗-K-g

frame of {Λi ∈ End∗A (H ,Hi), i ∈ I}

Example 4.3. Let H be a Hilbert C∗-modules and let (ei)i≥1 be an orthonormal basis for H .

We define an operator K by,

K : H −→H

ei −→ Kei, Ke2i = e2i + e2i−1

By a simple calculation, we have,

K f = ∑
i≥1
〈 f ,e2i〉(e2i + e2i−1),

and,

K∗ f = ∑
i≥1
〈 f ,e2i + e2i−1〉e2i.
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Let Hi = span(ei + ei+1) for any i≥ 1

We define the sequences of operators {Λi}i≥1 and {Γi}i≥1 by,

Λi : Hi −→H

f −→ Λi f = 〈 f ,e2i + e2i−1〉ei

and,

Γi : Hi −→H

f −→ Γi f = 〈 f ,e2i〉ei.

It easy to show that,

〈K∗ f ,K∗ f 〉= ∑
i≥1
〈Λi f ,Λi f 〉

Then {Λi}i≥1 is a normalised tight ∗-k-g frames for H . Moreover, we have

K f = ∑
i≥1

Λ
∗
i Γi f .

which shows that {Γi}i≥1 is the dual of {Λi}i≥1.

5. TENSOR PRODUCT

Theorem 5.1. Let {Λi}i∈I and {Γ j} j∈J be ∗-K-g-frames and ∗-L-g-frames respectively in H ,

with the duals {Λ̃i}i∈I and {Γ̃ j} j∈J respectively. Then {Λ̃i ⊗ Γ̃ j}i∈I, j∈J is a dual of {Λi ⊗

Γ j}i∈I, j∈J .

Proof. By definition, for all x ∈H and y ∈K we have,

∑
i∈I

Λ
∗
i Λ̃ix = Kx and ∑

j∈J
Γ
∗
j Γ̃ jy = Ly.
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Then :

(K⊗L)(x⊗ y) = Kx⊗Ly

= ∑
i∈I

Λ
∗
i Λ̃ix⊗∑

j∈J
Γ
∗
j Γ̃ jy

= ∑
i, j∈I,J

Λ
∗
i Λ̃ix⊗Γ

∗
j Γ̃ jy

= ∑
i, j∈I,J

(Λ∗i ⊗Γ
∗
j)(Λ̃ix⊗ Γ̃ jy)

= ∑
i, j∈I,J

(Λi⊗Γ j)
∗(Λ̃i⊗ Γ̃ j)(x⊗ y).

Then {Λ̃i⊗ Γ̃ j}i, j∈I,J is a dual of {Λi⊗Γ j}i, j∈I,J . �

Corollary 5.2. Let {Λi, j}0≤i≤n; j∈J be a family of ∗-Ki-g-frames, such 0 ≤ i ≤ n and

{Λ̃i, j}0≤i≤n; j∈J their dual, then {Λ̃0, j⊗ Λ̃1, j⊗ ......⊗ Λ̃n, j} j∈J is a dual of {Λ0, j⊗Λ1, j⊗ ......⊗

Λn, j} j∈J .

Proof. Obvious by last theorem. �
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