
Available online at http://scik.org

J. Math. Comput. Sci. 2022, 12:110

https://doi.org/10.28919/jmcs/6828

ISSN: 1927-5307

COMMON FIXED POINT THEOREMS FOR OCCASIONALLY WEAKLY
COMPATIBLE MAPS SATISFYING PROPERTY (E. A) USING AN INEQUALITY

INVOLVING QUADRATIC TERMS IN MANGER SPACE FOR SIX MAPS

P. P. MURTHY, K.N.V.V.V. PRASAD, JYOTSANA MAJUMDAR∗

Department of Pure and Applied Mathematics,

Guru Ghasidas Vishwavidyalaya, Bilaspur(Chhattisgarh), 495 009, India

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. The purpose of the paper is to establish the existence of two fixed point theorems for six maps under the

weaker concept of compatibility called occasionally weakly compatible in Menger space in which the contraction

condition contains involving quadratic terms also. The obtained results are improved versions of some of the

results obtain in the literature of Fixed Point Theory and Application by employing the property (E. A).
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1. INTRODUCTION

Probabilistic metric space was first introduced by Menger [10]. Later, there are many au-

thors who have some detailed discussions and applications of a probabilistic metric space, for

example, we may see Schweizer and Sklar [1]. Fixed point theory has extensive applications

in other region also. A generalization of Banach contraction principle on a complete Menger

space which is a milestone in developing fixed point theorems in Menger space was obtained
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by Sehgal and Bharucha [20]. In 1982, Sessa [18] introduced weakly commuting mappings in

metric space. Jungck [4] enlarged this concept to compatible mappings. The notion of compat-

ible mappings in Menger space has been introduced by Mishra [17]. Jungck and Rhoades [6]

introduced the notion of weak compatibility and showed that compatible mappings are weak

compatible but the reverse is always not true.

In this paper, we consider the concept of occasionally compatible maps in Menger spaces to

prove a common fixed point theorem for six mappings. Meanwhile, these results are improved

by weak the completeness of the space to the property (E.A).

2. PRELIMINARIES

We recall some known definitions and results in Menger spaces.

Definition 2.1. [17] A mapping F : R→ [0,1] is called a distribution function if it satisfies

the conditions (i) F is nondecreasing (ii) F is left continuous, with inf{F(t) : t ∈ R} = 0 and

sup{F(t) : t ∈ R}= 1. The Heaviside function H is a distribution function defined by

H(x) =

 0 if x≤ 0,

1 if x > 0.

Definition 2.2. [17] Let X be a non-empty set and let L denote the set of all distribution function

defined on X, i.e., L = {Fx,y : x,y ∈ X}. An ordered pair (X ,F) is called a probabilistic metric

spaces, where F is a mapping from X ×X into L, if for every pair (x,y) ∈ X, a distribution

function Fx,y is assumed to satisfy the following four conditions:

(1): Fx,y(u) = 1, forall u > 0,

(2): Fx,y(u) = Fy,x(u),

(3): Fx,y(u) = 0.

(4): If Fx,y(u1) = 1 and Fx,y(u2) = 1, then Fx,y(u1+u2) = 1 for all x,y,z∈X and u1,u2≥ 0.

Definition 2.3. [2] A t-norm is function t : [0,1]× [0,1]→ [0,1] satisfying the following condi-

tions:

(T1): t(a,1) = a, t(0,0) = 0,

(T2): t(a,b) = t(b,a),
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(T3): t(c,d)≥ t(a,b) for c≥ a, d ≥ b Fx,y(u) = 0.

(T4): t(t(a,b),c) = t(a, t(b,c)) for all a,b,c in [0,1].

Definition 2.4. [2] A Menger probabilistic metric space (X ,F, t) in ordered triple, where t is

a t-norm, and (X ,F) is a probabilistic metric space satisfying the condition Fx,z(u1 + u2) ≥

t(Fx,z(u1),Fx,z(u2)) forall x,y,z ∈ X and u1,u2 ≥ 0.

Recently, Aamri and Moutawakil [13] defined the property (E. A) and proved some common

fixed point theorems in metric spaces. Kubiaczyk and Sharma [12] defined the property (E. A)

in PM-spaces and used it to prove results on common fixed points.

Definition 2.5. [12] A pair of self-mappings(A,S) of a Manger probabilistic metric space

(X ,F,∆) is said to satisfy property (E. A.), if there exists a sequence {xn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = t,

for some t ∈ X.

Proposition 2.6. [2] In a Menger space (X ,F, t), if t(x,x) ≥ x, forall x ∈ [0,1], then t(a,b) =

min{a,b}, for all a,b ∈ [0,1].

Proposition 2.7. [2] A sequence {xn} in probabilistic metric space (X ,F, t)

(a): is said to be converge to a point x ∈ X if for every ε > 0 and λ > 0, there exists a

positive integer N(ε,λ ) such that Fxn,x(ε)> 1−λ for all n,m≥ N(ε,λ ).

(b): is said to be a Cauchy sequence, if for every ε > 0 and λ > 0,there exists a positive

integer N(ε,λ ) such that Fxn,xm(ε)> 1−λ for all n,m≥ N(ε,λ ).

Definition 2.8. Two self mappings A and B of a Menger space (X ,F, t), then the pair (A,B)

(i): is said to be compatible[17] if FABxn,BAxn(ε)→ 1 for all ε > 0, whenever {xn} is a

sequence in X such that ABxn,BAxn→ u as n→ ∞, for some u ∈ X .

(ii): is said to be weakly compatible, if Au = Bu for some u ∈ X, then ABu = BAu.

(iii): is said to be occasionally weakly compatible (owc), if there is a point u ∈ X such

that Au = Bu implies that ABu = BAu.
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Remark 2.9. The implication of above definition is as follows compatible⇒ weakly compatible

⇒ occasionally weakly compatible, its converses is not true.

Definition 2.10. [21] Let (X ,F, t) be a Menger space such that T-norm t is continuous and A, S

be mapping X into itself compatible maps of type(A) if

lim
n→∞

FSAxn
,AAxn

(t) = 1, and lim
n→∞

FASxn
,SSxn

(t) = 1,

for all t > 0, whenever {xn} is a sequence in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = z, for some z ∈ X .

Proposition 2.11. [21] Let (X ,F,T ) be a Menger space such that T-norm t is continuous and

t(x,x) ≥ x for all x ∈ [0,1],and A,S : X → X be mappings. Let the pair (A,S) be compatible

maps of type (A) and lim
n→∞

Axn = lim
n→∞

Sxn = z for some z ∈ X. Then we have

(1): lim
n→∞

SAxn = Az if S is continuous at z.

(2): ASz = SAz and Az = Sz if A and S are continuous at z.

Now, we give the some lemmas relevant to the proof of the out results in the next section.

Lemma 2.12. [17] Let xn be a sequence in a Menger space (X ,F, t) with continuous t-norm

and t(x,x)> x. Suppose, for all k ∈ [0,1],∃ such that for all ∈> 0 and n ∈ N,

Fxn,xn+1(kε))≥ Fxn−1,xn(ε),

then {yn} is a cauchy sequence in X.

Lemma 2.13. [17] Let (X ,F, t) be a Menger space, if there exists k ∈ (0,1) such that for x,y∈ X

and ∈> 0, Fx,y(kε)≥ Fx,y(ε). Then x = y.

Lemma 2.14. [9] Let (X ,F,∆) be a Menger space. If there exists some K ∈ (0,1) which such

the for any p,q ∈ X and all x > 0,∫ Fp,q(kx)

0
φ(t)dt ≥

∫ F(p,q)

0
φ(t)dt

where φ : [0,∞)→ [0,∞) is a summable nonnegative Lebesgue integrable function such that∫ 1
ε

φ(t)dt > 0 for each ε ∈ [0,1),where 0 < k < 1,then p = q.
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S.N. Mishra [17] proved the following theorem.

Theorem 2.15. [17] Let A,B,S,T,L and M are self mappings of a complete Menger space

(X ,F, t) with continuous t-norm that t(x,x)≥ x for all x ∈ [0,1] satisfying condition:

(i): A(X)⊆ T (X),B(X)⊆ S(X),

(ii): ∀ p,q ∈ X,x > 0, α ∈ (0,2) and for some k ∈ (0,1) such that,

FAp,Bq(kx)≥ t(FAp, Sp(x), t(FBq,T q(x), t(FBq,T q(x), t(FAp,T q(αx),FBq,Sp((2−αx))))))

(iii): the pairs (A,S), (B,T ) are compatible.

(iv): and S and T are continuous.

Then A,B,S and T have a unique common fixed point in X.

In 2005, Singh and Jain [2] generalized the Theorem 2.12 to six mappings and generalize it

in other respect. theorem.

Theorem 2.16. [2] Let A,B,S,T,L and M are self mappings of a complete Menger space

(X ,F,∆) with continuous t-norm that t(x,x)≥ x for all x ∈ [0,1] satisfying condition:

(i): L(X)⊆ ST (X),M(X)⊆ AB(X),

(ii): AB = BA, ST = T S, LB = BL and MT = T M,

(iii): either AB or L is continuous,

(iv): (L,AB) is compatible and (M,ST ) is weakly compatible.

(v): there exists k ∈ (0,1) such that

FLp,Mq(kX)≥ min{FABp,Lp(x),FST q,Mq(x),FST q,Mq(βx),FABp,Mp(2−β )(x),FABp,ST q(x)}

for all p,q ∈ X , β ∈ (0,2) and x > 0.

Then A,B,S,T,L and M have a unique common fixed point in X.

In 2013, Liu [22] extend and generalized the above result in some aspects.

Theorem 2.17. [22] Let A,B,S,T,L and M are self mappings of a complete Menger space

(X ,F, t) with continuous t-norm that t(x,x)≥ x for all x ∈ [0,1] satisfying condition:

(i): L(X)⊆ ST (X),M(X)⊆ AB(X),
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(ii): AB = BA, ST = T S, LB = BL and MT = T M,

(iii): the pairs (L,AB), (M,ST ) are both weakly compatible,

(iv): there exists an upper semicontinuous function φ : [0,∞] → [0,∞] with φ(0) =

0,φ(x)< x for all x > 0 such that

FLp,Mq(φ(x))≥ min{FABp,Lp(x),FST q,Mq(x),FST q,Lp(βx),FABp,Mp(1+β )(x),FABp,ST q(x)}

for all p,q ∈ X ,, β ≥ 1 and x > 0.

(v): AB(X) and ST (X) is closed in X.

Then A,B,S,T,L and M have a unique common fixed point in X.

In 2011, Rashwan and Maustafa [15] has been proved a common fixed point theorem for four

weakly compatible maps on a complete Menger space for four maps.

Theorem 2.18. [15] Let A,B,S, and T are self mappings of a complete Menger space (X ,F, t)

where t(x,y) = min(x,y) for all x ∈ [0,1] satisfying the following condition:

(i): A(X),B(X) are closed sets of X and A(X)⊂ T (X), B(X)⊂ S(X),

(ii): the pairs (A,S), (B,T ) are both weakly compatible,,

(iii): for all x,y ∈ X, x > 0 and t > 0, where k ∈ (0,1)

(FAx,By(ku))2 ≥ min
{
[FSx,Ty(t)]2,FSx,Ax(t)FTy,By(u),FSx,Ty(u)FSx,Ax(u),

FSx,Ty(u)FTy,By(u),FSx,Ty(u)FSx,By(2u),

FSx,Ty(t)FTy,Ax(u),FSx,By(2u)FTy,Ax(u)

FSx,Ax(u)FTy,Ax(u),FSx,By(2u)FTy,By(u)
}

for all x,y ∈ X ,, x > 0 and t > 0,where k ∈ (0,1).

Then A,B,S, and T have a unique common fixed point in X.

In this paper, we consider the concept of occasionally weakly compatible mappings (owc) in

Menger spaces to prove a two commom fixed point theorems for six mappings without continu-

ity of these mappings. These results are improved by weakening the completness of the space

by using the property (E.A).These results partially extend the results of Singh and Jain [2].
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3. MAIN RESULT

Theorem 3.1. Let A,B,S,T,L and M are self mappings of a complete Menger space (X ,F,∆)

with continuous t-norm that t(x,x)≥ x for all x ∈ [0,1] satisfying condition:

(i): L(X)⊆ ST (X),M(X)⊆ AB(X), (3.1)

(ii): AB=BA, ST = T S, LB=BL and MT = T M, (3.2)

(iii): the pairs (L,AB), (M,ST ) are owc, (3.3)

(iv): any one of the subspace either L(X) or ST (X) or M(X)

or AB(X) is closed in X, (3.4)

(v): for all p, q ∈ X , t > 0 and for some k ∈ (0,1) such that

(FLp,Mq(kt))2 ≥ min
{
(FABp,ST q(t))2,FABp,Lp(t) ·FST q,Lp(t),

FABp,Lp(t) ·FST q,Mq(t),

FABp,Mq(t) ·FST q,Mq(t),

FABp,Mq(t) ·FST q,Lp(t)
}
. (3.5)

Then A,B,S,T,L and M have a unique common fixed point in X .

Proof. Since L(X)⊆ ST (X), for any arbitrary x0 ∈ X , there exists a point x1 ∈ X such that Lx0 =

ST x1= y0, for this point x1 ∈ X , then we can choose a point x2 ∈ X such that Mx1 = ABx2 = y1.

Inductively, we can define a sequences {xn} and {yn} in X such that

y2n = Lx2n = STx2n+1 and y2n+1 = Mx2n+1 = ABx2n+2, n = 0,1,2 . . . . (3.6)

Now, taking p = x2n and q = x2n+1 in (3.5), we get

(FLx2n,Mx2n+1(kt))2 ≥ min
{
(FABx2n,ST x2n+1(t))

2,FABx2n,Lx2n(t) ·FST x2n+1,Lx2n(t),

FABx2n,Lx2n(t) ·FST x2n+1,Mx2n+1(t),

FABx2n,Mx2n+1(t) ·FST x2n+1,Mx2n+1(t),

FABx2n,Mx2n+1(t) ·FST x2n+1,Lx2n(t)
}
,
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(Fy2n,y2n+1(kt))2 ≥ min
{
(Fy2n−1,y2n(t))

2,

Fy2n−1,y2n(t) ·Fy2n,y2n(t),Fy2n−1,y2n(t) ·Fy2n,y2n+1(t),

Fy2n−1,y2n+1(t) ·Fy2n,y2n+1(t),Fy2n−1,y2n+1(t) ·Fy2n,y2n(t)
}
,

= min
{
(Fy2n−1,y2n(t))

2,Fy2n−1,y2n(t) ·1,

Fy2n−1,y2n(t) ·Fy2n,y2n+1(t),Fy2n−1,y2n+1(t) ·Fy2n,y2n+1(t),

Fy2n−1,y2n+1(t) ·1
}
. (3.7)

It is clear that second, third and fifth terms(independently) in the RHS of the preceding inequal-

ity bigger than of min{(Fy2n−1,y2n(t))
2,(Fy2n,y2n+1(t))

2}, and the fourth term follows as

Fy2n−1,y2n+1(t) ·Fy2n,y2n+1(t) = t(Fy2n−1,y2n(t),Fy2n,y2n+1(t)) ·Fy2n,y2n+1(t)

= min{Fy2n−1,y2n(t),Fy2n,y2n+1(t)} ·Fy2n,y2n+1(t)

= min{Fy2n−1,y2n(t) ·Fy2n,y2n+1(t),(Fy2n,y2n+1(t))
2}

≥ min{min{(Fy2n−1,y2n(t))
2,(Fy2n,y2n+1(t))

2},(Fy2n,y2n+1(t))
2}

≥ min{(Fy2n−1,y2n(t))
2,(Fy2n,y2n+1(t))

2}.

Finally, the inequality (3.7), reduced to the following form

(Fy2n,y2n+1(kt))2 ≥ min
{
(Fy2n−1,y2n(t))

2,min{(Fy2n−1,y2n(t))
2, (Fy2n,y2n+1(t))

2}
}

= min
{
(Fy2n−1,y2n(t))

2, (Fy2n,y2n+1(t))
2
}
.

Similarly, we get

(Fy2n+1,y2n+2(kt))2 ≥ min
{
(Fy2n,y2n+1(t))

2, (Fy2n+1,y2n+2(t))
2
}
.

Then for all n even or odd, we have

(Fyn,yn+1(kt))2 ≥ min
{
(Fyn−1,yn(t))

2, (Fyn,yn+1(t))
2
}

it follows that,

Fyn,yn+1(kt) ≥ min
{

Fyn−1,yn(t),Fyn,yn+1(t)
}
.
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Consequently,

Fyn,yn+1(t) ≥ min
{

Fyn−1,yn(k
−1t),Fyn,yn+1(k

−1t)
}
.

By repeated application of the above inequality, we get

Fyn,yn+1(t) ≥ min
{

Fyn−1,yn(k
−1t),Fyn,yn+1(k

−mt)
}
.

Since Fyn,yn+1(k
−mt)→ 1 as m→ ∞, it follows that

Fyn,yn+1(kt)≥ Fyn−1,yn(t).

By Lemma 2.13, the sequence {yn} is a Cauchy sequence in X . Since X is complete, then the

Cauchy sequence {yn} converges to a point z(say) in X . Now, the subsequences are

{Mx2n+1},{ST x2n+1},{Lx2n},{ABx2n} of {yn}→ z as n→ ∞. (3.8)

Suppose that L(X) be a closed subspace of X , then for every t > 0,there exists a point v ∈ X

such that Lv = z.

Again, for L(X) contained in ST (X), we have a point u ∈ X such that

Lv = STu = z. (3.9)

To prove u is a common coincidence point of L and ST , we shall argue the following manner.

For this put p = x2n, and q = u in (3.5), so, we get

(FLx2n,Mu(kt))2 ≥ min
{
(FABx2n,STu(t))2,FABx2n,Lx2n(t) ·FSTu,Lx2n(t),

FABx2n,Lx2n(t) ·FSTu,Mu(t),FABx2n,Mu(t) ·FSTu,Mu(t),

FABx2n,Mu(t) ·FSTu,Lx2n(t)
}
.

Now,taking limit as n→ ∞ to both sides of the above inequality and using (3.8) and (3.9), we

have

(Fz,Mu(kt))2 ≥ min
{
(Fz,z(t))2,Fz,z(t) ·Fz,z(t),Fz,z(t) ·Fz,Mu(t),

Fz,Mu(t) ·Fz,Mu(t),Fz,z(t) ·Fz,z(t)
}

= (Fz,Mu(t))2
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From Lemma 2.14, we get z = Mu. Hence from (3.9), we get

z = Mu = STu. (3.10)

Since (M,ST ) is owc pair of maps. Therefore, so inequality (3.10) implies that

Mz = MSTu = ST Mu = ST z. (3.11)

Now, we show that z is a common fixed point of M and ST . Taking p = x2n and q = z for t > 0

in (3.5), we get

(FLx2n,Mz(kt))2 ≥ min
{
(FABx2n,ST z(t))2,FABx2n,Lx2n(t) ·FST z,Mz(t),

FABx2n,Mz(t) ·FST z,Mz(t),FABx2n,Lx2n(t) ·FST z,Lx2n(t),

FABx2n,Mz(t) ·FST z,Lx2n(t)
}
.

On letting n→ ∞ in the above inequality also using (3.8) and (3.11), we have

(Fz,Mz(kt))2 ≥ min
{
(Fz,Mz(t))2,Fz,z(t) ·FMz,z(t),Fz,z(t) ·FMz,Mz(t),

Fz,Mz(t) ·FMz,Mz(t),Fz,Mz(t) ·FMz,z(t)
}
,

= (Fz,Mz(t))2.

From Lemma 2.14, we get Mz = z and using (3.11), we have

Mz = ST z = z. (3.12)

Now, we show that z is common fixed point of T also. For this, we taking p = x2n, q = T z in

(3.5),then we obtain that

(FLx2n,MT z(kt))2 ≥ min
{
(FABx2n,ST T z(t))2,FABx2n,Lx2n(t) ·FST T z,Lx2n(t),

FABx2n,Lx2n(t) ·FST T z,MT z(t),FABx2n,MT z(t) ·FST T z,MT z(t),

FABx2n,MT z(t) ·FST T z,Lx2n(t)
}
.



COMMON FIXED POINT THEOREMS FOR OCCASIONALLY WEAKLY COMPATIBLE MAPS 11

On letting n→ ∞ in the above inequality, we get

(Fz,MT z(kt))2 ≥ min
{
(Fz,ST T z(t))2,Fz,z(t) ·FST T z,z(t),

Fz,z(t) ·FST T z,MT z(t),Fz,MT z(t) ·FST T z,MT z(t),

Fz,MT z(t) ·FST T z,z(t)
}
. (3.13)

Using the property (ii) of the hypothesis in the Theorem and From (3.12) we have

MT z = T Mz = T z and ST (T z) = T S(T z) = T (ST z) = T z. (3.14)

Now, using (3.14) in (3.13), we get

(Fz,T z(kt))2 ≥ min{(Fz,T z(t))2,Fz,z(t) ·FT z,z(t),Fz,z(t) ·FT z,T z(t),

Fz,T z(t) ·FT z,T z(t),Fz,T z(t) ·FT z,z(t)},

= (Fz,T z(t))2.

By using Lemma 2.14, we have,

T z = z, then from (3.12), we obtain that z = Mz = ST z = Sz. (3.15)

Hence, z is a common fixed point of M,S and T . Since M(X)⊆ AB(X), then there exists a point

v ∈ X such that

ABv = Mz(= z). (3.16)

On,taking p = v and q = x2n+1 in (3.5), we get

(FLv,Mx2n+1(kt))2 ≥ min
{
(FABv,ST x2n+1(t))

2,FABv,Lv(t) ·FST x2n+1,Lv(t),

FABv,Lv(t) ·FST x2n+1,Mx2n+1(t),

FABv,Mx2n+1(t) ·FST x2n+1,Mx2n+1(t),

FABv,Mx2n+1(t) ·FST x2n+1,Lv(t)
}
.
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Now, taking limits n→ ∞ to both sides and using (3.8) and (3.16), we get

(FLv,z(kt))2 ≥ min
{
(Fz,z(t))2,Fz,Lv(t) ·Fz,Lv(t),

Fz,Lv(t) ·Fz,z(t),Fz,z(t) ·Fz,z(t),Fz,z(t) ·Fz,Lv(t)
}
,

≥ (Fz,Lv(t))2.

Again from Lemma 2.14 we get z = Lv. Therefore from (3.16), we obtain that

Lv = ABv = z. (3.17)

Since the pair (L,AB) is owc, then from (3.17), we get

Lz = LABv = ABLv = ABz. (3.18)

Now, we show that Lz = z, for this purpose, taking p = z, q = x2n+1 in (3.5), we get

(FLz,Mx2n+1(kt)2 ≥ min
{
(FABz,ST x2n+1(t))

2,FABz,Lz(t) ·FST x2n+1,Lz(t),

FABz,Lz(t) ·FST x2n+1,Mx2n+1(t),

FABz,Mx2n+1(t) ·FST x2n+1,Mx2n+1(t),

FABz,Mx2n+1(t) ·FST x2n+1,Lz(t)
}
.

Again letting n→ ∞ to both sides, using (3.8) and (3.18), we get

(FLz,z(kt)2 ≥ min
{
(FLz,z(t))2,Fz,Lz(t) ·Fz,Lz(t),Fz,Lz(t) ·Fz,z(t),

Fz,z(t) ·Fz,z(t),Fz,z(t) ·Fz,Lz(t)
}
,

≥ (Fz,Lz(t))2.

From Lemma 2.14, we get Lz = z. Hence from (3.18), we obtain that

Lz = ABz = z. (3.19)



COMMON FIXED POINT THEOREMS FOR OCCASIONALLY WEAKLY COMPATIBLE MAPS 13

Finally, we show that z is fixed point of B, taking p = Bz, q = x2n+1 in (3.5), we get

(FLBz,Mx2n+1(kt))2 ≥ min
{
(FABBz,ST x2n+1(t))

2,FABBz,ST x2n+1(t) ·FST x2n+1,LBz(t),

FABBz,LBz(t) ·FST x2n+1,Mx2n+1(t),

FABBz,Mx2n+1(t) ·FST x2n+1,Mx2n+1(t),

FABBz,Mx2n+1(t) ·FST x2n+1,LBz(t)
}
. (3.20)

Using the property (ii) of the hypothesis in the Theorem, we have

LBz = BLz = Bz and AB(Bz) = BA(Bz) = B(ABz) = Bz. (3.21)

. Letting n→ ∞ and using (3.21) in (3.20), we get

(FBz,z(kt))2 ≥ min
{
(FBz,z(t))2,FBz,Bz(t) ·Fz,Bz(t),FBz,Bz(t) ·Fz,z(t),

FBz,z(t) ·Fz,z(t),FBz,z(t) ·Fz,Bz(t)
}
,

= (FBz,z(t))2.

From Lemma 2.14, we get

Bz = z from (3.18) z = Lz = ABz = Az. (3.22)

From (3.15) and (3.22), we conclude that z is a common fixed point of A,B,S,T,L and M in X .

Uniqueness follows easily from (3.5).

Uniqueness: Let us assume that z and z1 be two distinct common fixed point of the given six

self maps. Now,put p = z and q = z1 in (3.5), we obtain

(FLz,Mz1(kt))2 ≥ min
{
(FABz,ST z1(t))

2,FABz,Lz(t) ·FST z1,Lz(t),

FABz,Lz(t) ·FST z1,Mz1(t),

FABz,Mz1(t) ·FST z1,Mz1(t),

FABz,Mz1(t) ·FST z1,Lz(t)
}
,
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Since z and z1 are fixed points of A,B,S,T,L and M,then we have

(Fz,z1(kt))2 ≥ min
{
(Fz,z1(t))

2,Fz,z(t) ·Fz1,z(t),Fz,z(t) ·Fz1,z1(t),

Fz,z1(t) ·Fz1,z1(t),Fz,z1(t) ·Fz1,z(t)
}
,

= min
{
(Fz,z1(t))

2,1 ·Fz1,z(t),1 ·1,

Fz,z1(t) ·1,Fz,z1(t) ·Fz1,z(t)

= (Fz,z1(t))
2.

It is clear z = z1 from Lemma 2.14. Hence, A, B, S, T , L and M have a unique common fixed

point in X . �

Theorem 3.2. Let A, B,S,T ,L and M are self mappings of a complete Menger space (X ,F, t)

with continuous t-norm that t(x,x) ≥ x for all x ∈ [0,1] satisfying conditions (3.1),(3.2),(3.4),

(3.5) and the pairs (L,AB), (M,ST ) are compatible maps of type (A) .Then A,B,S,T,L and M

have a unique common fixed point in X.

Proof. The proof is same lines the condition 3.6 to 3.8 in Theorem 3.1. From the hypothesis,

assume (M,ST ) is compatible maps of type (A) and M and ST is continuous, so by proposition

2.12, we get

Mz = ST z. (3.23)

Now, we show that z is a common fixed point of M and ST . Taking p = x2n and q = z for t > 0

in (3.5), we get

(FLx2n,Mz(kt))2 ≥ min
{
(FABx2n,ST z(t))2,FABx2n,Lx2n(t) ·FST z,Mz(t),

FABx2n,Mz(t) ·FST z,Mz(t),FABx2n,Lx2n(t) ·FST z,Lx2n(t),

FABx2n,Mz(t) ·FST z,Lx2n(t)
}
.
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On letting n→ ∞ in the above inequality also using (3.8) and (3.23), we have

(Fz,Mz(kt))2 ≥ min
{
(Fz,Mz(t))2,Fz,z(t) ·FMz,z(t),Fz,z(t) ·FMz,Mz(t),

Fz,Mz(t) ·FMz,Mz(t),Fz,Mz(t) ·FMz,z(t)
}
,

= (Fz,Mz(t))2.

From Lemma 2.14, we get Mz = z and using (3.23), we have

Mz = ST z = z. (3.24)

Rest of the proof is same line from the condition 3.12 to 3.15. Hence, z is a common fixed

point of M,S and T . Since the pair (L,AB) isis compatible maps of type (A) and L and AB is

continuous, so by proposition 2.12, we get

Lz = ABz. (3.25)

Now, we show that Lz = z, for this purpose, taking p = z, q = x2n+1 in (3.5), we get

(FLz,Mx2n+1(kt)2 ≥ min
{
(FABz,ST x2n+1(t))

2,FABz,Lz(t) ·FST x2n+1,Lz(t),

FABz,Lz(t) ·FST x2n+1,Mx2n+1(t),

FABz,Mx2n+1(t) ·FST x2n+1,Mx2n+1(t),

FABz,Mx2n+1(t) ·FST x2n+1,Lz(t)
}
.

Again letting n→ ∞ to both sides, using (3.8) and (3.25), we get

(FLz,z(kt)2 ≥ min
{
(FLz,z(t))2,Fz,Lz(t) ·Fz,Lz(t),Fz,Lz(t) ·Fz,z(t),

Fz,z(t) ·Fz,z(t),Fz,z(t) ·Fz,Lz(t)
}
,

≥ (Fz,Lz(t))2.

From Lemma 2.14, we get Lz = z. Hence from (3.25), we obtain that

Lz = ABz = z. (3.26)

Rest of the proof is same lines from the condition (3.19) onward in Theorem 3.1.

�
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4. COROLLARY AND EXAMPLE

Corollary 4.1. Let A, B,S,T ,L and M are self mappings of a complete Menger space (X ,F, t)

with continuous t-norm that t(x,x) ≥ x for all x ∈ [0,1] satisfying conditions (3.1),(3.2),(3.4),

(3.5) and the pairs (L,AB), (M,ST ) are either compatible or compatible maps of type (A) or

weakly competible.Then A,B,S,T,L and M have a unique common fixed point in X.

Example 4.2. Let (X ,d) be a metric space and (X ,F,∆) is a complete Menger space where

t(a,b) = min{a,b} for all a,b ∈ [0,1]. Let X = [0,6]be the set with the metric d defined by

d(x,y) = |x− y| and for each t ∈ [0,1]. Define

Fx,y(t) =

 t
t+|x−y| if t > 0

0 if t = 0

for all x,y ∈ X. Let A,B,S,T,L and M be self mappings on X defined as L(X) = M(X) = 1,

A(x) =

 x
5 +

4
5 , if 0≤ x≤ 1,

0 , if 1 < x < 6.
B(x) =

 1
6(2x+4) , if 0≤ x≤ 1,

0 , if 1 < x < 6.

S(x) =

 1 , if 0≤ x≤ 1,
2
3 , if 1 < x < 6.

T (x) =

 1 , if 0≤ x≤ 1,
1
5 , if 1 < x < 6.

Now we varifying the conditions of Theorem 3.1.

(1) M(X) = {1} ⊆ AB(X) = {0}∪ [1, 20
15), L(X) = {1} ⊆ ST (X) = {1}.

(2) ST = T S = {1}, AB = BA = x
15 +

14
15 , LB = BL = {1}, T M = MT = {1}.

(3) The pair of maps (L,AB) and (M,ST ) are satisfying owc condition at the point 1.

(4) Finally, it is easy to varify that for any x,y ∈ X , RHS ≥ LHS in (3.4) for all possible cases.

Hence, all the hypothesis of Theorem 3.1 satisfied and 1 is a unique common fixed point of

A,B,S,T,L and M in X

Theorem 4.3. Let A, B,S,T ,L and M are self mappings of a Menger space (X ,F, t) with contin-

uous t-norm that t(x,x)≥ x for all x ∈ [0,1] satisfying condition (3.1), (3.2), (3.5) and

(i): the pairs (L,AB) and (M,ST ) are both owc, (4.1)

(ii): either L(X) or ST (X) is closed in X and (L,AB) satisfies the property (E.A)

or M(X) or AB(X) is closed in X and (M,ST ) satisfies the property (E.A) (4.2)
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Then A,B,S,T,L and M have a unique common fixed point in X.

Proof. From the hypothesis, assume L(X) is closed in X and (L,AB) satisfies the property

(E,A). By the definition of property (E.A) there exists a sequence {xn} in X such that

lim
n→∞

Lxn = lim
n→∞

ABxn = z for some t ∈ X . Since L(X) ⊆ ST (X), there exist a sequence {yn}

such that Lxn = STyn. Hence lim
n→∞

Lxn = lim
n→∞

STyn = z. Now,we show that lim
n→∞

Myn = z. Indeed,

in view of (3.5), taking p = xn and q = yn we get

(FLxn,Myn(kt))2 ≥ min
{
(FSTyn,Lxn(t))

2,FABxn,Lxn(t)FSTyn,Lxn(t),

FABxn,Lxn(t)FSTyn,Myn(t),

FABxn,Myn(t)FSTyn,Myn(t),

FABxn,Myn(t)FSTyn,Lxn(t)
}
.

Letting n→ ∞, we get

(Fz,Myn(kt))2 ≥ min
{
(Fz,z(t))2,Fz,z(t) ·Fz,z(t),Fz,z(t) ·Fz,Myn(t),

Fz,Myn(t) ·Fz,Myn(t),Fz,Myn(t) ·Fz,z(t)
}
,

= (Fz,Myn(t))
2.

From Lemma 2.14, we get Myn = z. Therefore, we concluded that

Lxn,ABxn and Myn,STyn→ z as n→ ∞. (4.3)

Since L(X) is closed in X , then there exists v ∈ X such that Lv = z. Since L(X)⊆ ST (X). There

is a point u ∈ X such that

Lv = STu = z.

Rest of the proof is same lines from the condition (3.9) onward in Theorem 3.1. �

Corollary 4.4. Let A,B,S,T,L and M are self mappings of a Menger space (X ,F,∆) with con-

tinuous t-norm that t(x,x)≥ x for all x ∈ [0,1] satisfying conditions (3.1),(3.2),

(3.5), the pairs (L,AB), (M,ST ) are either compatible or compatible of maps type (A) or weakly

compatible and
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a: either ST (X) is closed in X and (L,AB) satisfies the property (E.A)

or AB(X) is closed in X and (M,ST ) satisfies the property (E.A) (4.4)

Then A,B,S,T,L and M have a unique common fixed point in X.

Example 4.5. Let (X ,d) be a metric space and (X ,F,∆) is a complete Menger space where

t(a,b) = min{a,b} for all a,b ∈ [0,1].

Let X = [0,2] with the metric d defined by d(x,y) = |x− y| and define

Fx,y = H(u−d(x,y)) for all x,y ∈ X and u > 0.

Let A,B,S,T,L and M be self mappings on X defined as L(X) = M(X) = 3
2 ,

A(x) =

 x , if 0≤ x≤ 3
2 ,

1 , if 3
2 < x≤ 2.

B(x) =

 3
2 , if 0≤ x≤ 3

2 ,

0 , if 3
2 < x≤ 2.

S(x) =

 3
2 , if 0≤ x≤ 3

2 ,

1 , if 3
2 < x≤ 2.

T (x) =

 3
2 , if 0≤ x≤ 3

2 ,

x
4 , if 3

2 < x≤ 2.

Now, verification of Theorem 3.4 hypothesis (1)L(X) = {3
2} ⊆ ST (X) = {3

2}, M(X) = {3
2} ⊆

AB(X) = {0, 3
2}.

(2) The condition (3.2) is also satisfying.

(3) Clearly the pairs (L,AB) (M,ST ) satisfying owc condition at the point 3
2 . (4) It is easy

to verify that any x,y ∈ X , RHS ≥ LHS in (3.4) for all possible cases.Hence, 3
2 is the unique

common fixed point of A,B,S,T,L and M in X .

5. APPLICATION

(i) Application to Volterra type integral equation:

A differential equation can be replaced by an integral equation with the help of initial and

boundary conditions. Integral equation were first encountered in the theory of Fourier integrals.

Actual development of the theory of integrals equations began with the works of the Italian

mathematician V.Volterra (1896) and then studied by Traian Lalescu in his thesis (1908) and

the Swedish mathematician I.Fredholm (1990).

The general type of linear integral is of the from

y(x) = F(x)+λ

∫ b

a
K(x, t)y(t)dt,
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where F(x) and K(x, t) are known functions while y(x) is to be determined. The function K(x, t)

is called the Kernel of the integral equation.

If a and b are constants, the equation is known as Fredholm integral equation.

If a is a constant while b is a variable, it is called a Volterra integral equation.

A Volterra integral equation of the first kind is an integral eqution of the from.

F(x) =
∫ x

a
K(x, t)y(t)dt,

A Volterra integral equation of the second kind is an integral eqution of the from.

y(x) = F(x)+
∫ x

a
K(x, t)y(t)dt,

An integral equation is called homogeneous if F(x) = 0.

As an application of our results, we will consider the following Volterra type integral equation

(5.1) p(t) = g(t)+
∫ t

0
Ω(t,s, p(s))ds,

for all t ∈ [0,K], where k > 0

Let C([0,K],R) be the space of all continuous functions defined on [0,K] endowed with the

b-metric

(5.2) d(x,y) = max
t∈[0,K]

∣∣Fx(t)−y(t)
∣∣2 , x,y ∈C([0,K],R)

Alternatively the space C([0,K],R) can be endowed with the b-metric

(5.3) dB(x,y) = max
t∈[0,K]

(
∣∣Fx(t)−y(t)

∣∣2 e−2It), x,y ∈C([0,K],R), I > 0,

and the induced metric dB(x,y) = ‖x− y‖B, for all x,y ∈C([0,K],R).

We define the mapping F : C([0,K],R)×C([0,K],R)→ D by

(5.4) Fx,y = H(t−dB(x,y)), x,y ∈C([0,K],R), t > 0.

We know that the space C([0,K],R,F,TM) is the (ε,λ )−complete Menger space induced by the

Banach space C([0,K],R. Also, one can easily show that in the space C([0,K],R,F,TM), the

convergence in norms ‖.‖B and ‖.‖∞ are equivalent each other,with respect to (ε,λ )− topology.

Now,we discuss the existence of solution for Volterra type integral equation 5.1
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Theorem 5.1. Let C([0,K],R,F,TM) be the Menger PM-space induced by the Banach space

C([0,K],R) and let Ω ∈C([0,K]× [0,K]×R,R) be an operator satisfying the following condi-

tions:

(i): ‖Ω‖= supt,s∈[0,k],R |Ω(t,s, p(s)|< ∞

(ii): there exist I > 0 such that for all p,q ∈C([0,K],R) and all t,s ∈ [0,K] , we get

|Ω(t,s,Lp(s)−Ω(t,s,Mq(s)| ≤ I√
2

I min
{
|ABp−ST p|2 ,

|ABp−Lp| · |ST q−Mq| ,

|ABp−Mq| · |ST q−Mq| ,

|ABp−Mq| · |ST q−Lp|
}
.

where A,B,S,T,L,M : C([0,K],R) is dedined by

p(t) = g(t)+
∫ t

0
Ω(t,s, p(s))ds, g ∈C([0,K],R).

Then, the Volterra type integral equation 5.1 has a unique solution x∗ ∈C([0,K],R)

Proof. For each p,q ∈C([0,K],R) we consider (dB(x,y)) = maxt,∈[0,k](|p(t)−q(t)|2)e−2It ,

where I satisfies condition (ii). As we mentioned above C([0,K],R,F,TN) is a completed

PM-space

dB(Lp,Mq)≤ max
t∈[0,K]

(
∣∣FLp(t)−Mq(t)

∣∣2)e−2It

dB(p,q)≤ max
t∈[0,K]

(∫ t

0
|Ω(t,s,Lp(s))−Ω(t,s,Mq(s)ds|2 e−2It

)

≤ I2

2
max

{
dB(ABp,ST p)2,dB(ABp,Lp) ·dB(ST,Lp),

dB(ABp,Lp) ·dB(ST p,Mq),dB(ABp,Mq) ·dB(ST p,Mq),

dB(ABp,Mq) ·dB(ST p,Lp)
}

maxt∈[0,K]

(∫ t

0
eI(s−t)ds

)2
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=
1
2
(1− e−Ik

′
)2 max

{
dB(ABp,ST p)2,dB(ABp,Lp) ·dB(ST,Lp),

dB(ABp,Lp) ·dB(ST p,Mq),dB(ABp,Mq) ·dB(ST p,Mq),

dB(ABp,Mq) ·dB(ST p,Lp)
}
.

Putting c2 = (1− e−Ik
′
)2 , by using (5.4) , for any r ≥ 0 and k ∈ N we drive

(FLp,Mq(r))2 = H2
(

r2− c2 max
{

dB(ABp,ST p)2,dB(ABp,Lp) ·dB(ST,Lp),

dB(ABp,Lp) ·dB(ST p,Mq),dB(ABp,Mq) ·dB(ST p,Mq),

dB(ABp,Mq) ·dB(ST p,Lp)
})

H2
((

r
c

)2

−max
{

dB(ABp,ST p)2,dB(ABp,Lp) ·dB(ST,Lp),

dB(ABp,Lp) ·dB(ST p,Mq),dB(ABp,Mq) ·dB(ST p,Mq),

dB(ABp,Mq) ·dB(ST p,Lp)
})

= min
{(

FABp,ST q

(
r
c

))2

,FABp,Lp

(
r
c

)
·FST q,Lp

(
r
c

)
,FABp,Lp

(
r
c

)
·FST q,Mq

(
r
c

)
,

FABp,Mq

(
r
c

)
·FST q,Mq

(
r
c

)
,FABp,Mq

(
r
c

)
·FST q,Lp

(
r
c

)}
.

for all p,q ∈C([0,K],R). Therefore by theorem 3.1. We deduce that all operator F has a unique

fixed point x∗ ∈C([0,K],R) , which is the unique solution of the integral equation 5.1. �

(ii) Application to fixed point for metric spaces:

We propose corresponding commom fixed point theorem in metric spaces. In fact,every metric

space (X ,d) can be taken as a particular Menger space by F : X ×X → R defined by Fx,y(t) =

H(t−d(x,y)) for all x,y ∈ X .

Theorem 5.2. Let A,B,S,T,L and M are six self mappings of a complete metric space (X ,d)

for all x ∈ [0,1] satisfying conditions (3.1),(3.2),(3.3) and (3.4).
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(i) for all p, q ∈ X , and for some k ∈ (0,1) such that

d2(Lp,Mq) ≤ k max
{

d2(ABp,ST q),d(ABp,Lp) ·d(ST q,Lp),

d(ABp,Lp) ·d(ST q,Mq),

d(ABp,Mq) ·d(ST q,Mq),

d(ABp,Mq) ·d(ST q,Lp)
}
. (5.5)

Then A,B,S,T,L and M have a unique common fixed point in X .

Proof. Define Fx,y(t) = H(t−d(x,y)), t(a,b) = min{a,b}, for all a,b ∈ [0,1]. Then this metric

space can be taken as a Menger space. Theorem 5.2 enjoys the assumption of Theorem 3.1,

including inequality (5.5) reduces to inequality (3.5) in Theorem 3.1. �

Corollary 5.3. Let A,B,S,T,L and M are self mappings of a complete metric space (X ,d) for

all x ∈ [0,1] satisfying conditions (3.1),(3.2),(3,4) and (5.5), the pairs (L,AB), (M,ST ) are

either compatible or compatible maps of typeg (A).

Theorem 5.4. Let A,B,S,T,L and M are six self mappings of a complete metric space (X ,d)

for all x ∈ [0,1] satisfying conditions (3.1),(3.2),(3.3) and (3.4).

(i): for all p, q ∈ X , and for some t ∈ (0,1) such that

∫ d2(Lp,Mq)

0
φ(t)dt ≤

∫ m(p,q)

0
φ(t)dt (5.6)

where φ : [0,∞)→ [0,∞) is a summable nonnegative Lebesgue integrable function such

that
∫ 1

ε
φ(t)dt > 0 for each ε ∈ [0,1),where 0 < t < 1, and

m(p,q) = min
{
(d2(ABp,ST q),d(ABp,Lp) ·d(ST q,Lp),

d(ABp,Lp) ·d(ST q,Mq),

d(ABp,Mq) ·d(ST q,Mq),

d(ABp,Mq) ·d(ST q,Lp)
}
.

Then the pairs (L,AB) and (M,ST ) have a coincidence point each and A,B,S,T,L and M have

a unique common fixed point in X .
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Proof. Define Fx,y(t) = H(t−d(x,y)), t(a,b) = min{a,b}, for all a,b ∈ [0,1]. Then this metric

space can be taken as a Menger space. Theorem 5.4 enjoys the assumption of Theorem 3.1,

including inequality (5.6) reduces to inequality (3.5) in Theorem 3.1. To accomplish this notice

that for any x,y ∈ X and t > 0, FLp,Mq(kt)2 = 1 provided kt > d(Lp,Mq) which hold (5.6).

Otherwise,if kt ≤ d(Lp,Mq),then

t ≤ min
{
(d2(ABp,ST q),d(ABp,Lp) ·d(ST q,Lp),d(ABp,Lp) ·d(ST q,Mq),d(ABp,Mq) ·

d(ST q,Mq),d(ABp,Mq) ·d(ST q,Lp)
}
.

and hence in all the cases, condition (5.6) holds. �

Corollary 5.5. Let A,B,S,T, and L are five self mappings of a complete metric space (X ,d) for

all x ∈ [0,1] satisfying conditions.

(i): L(X)⊆ ST (X),L(X)⊆ AB(X),

(ii): AB = BA, ST = T S, LB = BL and LT = T L,

(iii): the pairs (L,AB), (L,ST ) are owc,

(iv): any one of the subspace either L(X) or ST (X)

or AB(X) is closed in X,

(v): for all p, q ∈ X , and for some t ∈ (0,1) such that

∫ d2(Lp,Lq)

0
φ(t)dt ≤

∫ m(p,q)

0
φ(t)dt (5.7)

where φ : [0,∞)→ [0,∞) is a summable nonnegative Lebesgue integrable function such

that
∫ 1

ε
φ(t)dt > 0 for each ε ∈ [0,1),where 0 < t < 1, and

m(p,q) = min
{
(d2(ABp,ST q),d(ABp,Lp) ·d(ST q,Lp),

d(ABp,Lp) ·d(ST q,Lq),

d(ABp,Lq) ·d(ST q,Lq),

d(ABp,Lq) ·d(ST q,Lp)
}
.

for all p,q ∈ X , and t > 0. Then A,B,S,L and T have a unique common fixed point in X .
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Corollary 5.6. Let (X ,d) be a metric space and A,B,S,T : X → X be four self mappings satis-

fying the following condition:

(i): A(X),B(X) are closed sets of X and A(X)⊂ T (X), B(X)⊂ S(X),

(ii): the pairs (A,S), (B,T ) are both owc,

(iii): for all p,q ∈ X, and t > 0,

∫ d2(Ap,Bq)

0
φ(t)dt ≤

∫ m(p,q)

0
φ(t)dt (5.8)

where φ : [0,∞)→ [0,∞) is a summable nonnegative Lebesgue integrable function such

that
∫ 1

ε
φ(t)dt > 0 for each ε ∈ [0,1),where 0 < t < 1, and

m(p,q) = min
{

d2(Sp,T q)],d(Sp,Ap) ·d(T q,Bq),d(Sp,T q) ·d(Sp,Ap),

d(Sp,T q) ·d(T q,Bq),d(Sp,T q) ·d(Sp,Bq),

d(Sp,T q) ·d(T q,Ap)
}

for all p,q ∈ X , and t > 0.

Then A,B,S, and T have a unique common fixed point in X.
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