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Abstract. The purpose of the paper is to establish the existence of two fixed point theorems for six maps under the
weaker concept of compatibility called occasionally weakly compatible in Menger space in which the contraction
condition contains involving quadratic terms also. The obtained results are improved versions of some of the
results obtain in the literature of Fixed Point Theory and Application by employing the property (E. A).
Keywords: fixed point; complete metric space; probabilistic metric space; menger spa compatible maps; compat-
ible maps of type (A); weakly compatible; occasionally weakly compatible.

2010 AMS Subject Classification: 47H09, 47H10.

1. INTRODUCTION

Probabilistic metric space was first introduced by Menger [10]. Later, there are many au-
thors who have some detailed discussions and applications of a probabilistic metric space, for
example, we may see Schweizer and Sklar [1]. Fixed point theory has extensive applications
in other region also. A generalization of Banach contraction principle on a complete Menger
space which is a milestone in developing fixed point theorems in Menger space was obtained
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by Sehgal and Bharucha [20]. In 1982, Sessa [18] introduced weakly commuting mappings in
metric space. Jungck [4] enlarged this concept to compatible mappings. The notion of compat-
ible mappings in Menger space has been introduced by Mishra [17]. Jungck and Rhoades [6]
introduced the notion of weak compatibility and showed that compatible mappings are weak
compatible but the reverse is always not true.

In this paper, we consider the concept of occasionally compatible maps in Menger spaces to
prove a common fixed point theorem for six mappings. Meanwhile, these results are improved

by weak the completeness of the space to the property (E.A).
2. PRELIMINARIES
We recall some known definitions and results in Menger spaces.
Definition 2.1. [17] A mapping F : R — [0,1] is called a distribution function if it satisfies

the conditions (i) F is nondecreasing (ii) F is left continuous, with inf{F(t) :t € R} =0 and

sup{F(t) : t € R} = 1. The Heaviside function H is a distribution function defined by

0 ifx<0,
1 ifx>0.

H(x)=

Definition 2.2. [17] Let X be a non-empty set and let L denote the set of all distribution function
defined on X, i.e., L= {Fy, : x,y € X}. An ordered pair (X,F) is called a probabilistic metric
spaces, where F is a mapping from X x X into L, if for every pair (x,y) € X, a distribution
function Fyy is assumed to satisfy the following four conditions:

(1): Fey(u) =1, forall u >0,

(2): Fry(u) = Fyx(w),

(3): Fey(u) =

(

4): IfFey(u1) =1 and Fy y(uz) =1, then Fy y(ui +uz) = 1 for all x,y,z € X and uy,u > 0.

Definition 2.3. [2] A t-norm is function t : [0,1] x [0, 1] — [0, 1] satisfying the following condi-
tions:

(T1): t(a,1) =a, t(0,0) =0,

(T2): 1(a,b) = t(b,a),
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(T3): t(c,d) > t(a,b) forc >a, d > b F, y(u) =0.
(T4): t(t(a,b),c) =t(a,t(b,c)) for all a,b,c in [0,1].

Definition 2.4. [2] A Menger probabilistic metric space (X,F,t) in ordered triple, where t is
a t-norm, and (X,F) is a probabilistic metric space satisfying the condition Fy ;(uj +uz) >

I(FX,Z(MI)7Fx7Z(u2))f0rall x,y,z€X and ui,uy > 0.

Recently, Aamri and Moutawakil [13] defined the property (E. A) and proved some common
fixed point theorems in metric spaces. Kubiaczyk and Sharma [12] defined the property (E. A)

in PM-spaces and used it to prove results on common fixed points.

Definition 2.5. [12] A pair of self-mappings(A,S) of a Manger probabilistic metric space
(X,F,A) is said to satisfy property (E. A.), if there exists a sequence {x,} in X such that

lim Ax, = lim Sx, =1,
n—yoo n—soo

for somet € X.

Proposition 2.6. [2] In a Menger space (X,F,t), if t(x,x) > x, forall x € [0, 1], then t(a,b) =
min{a,b}, for all a,b € [0, 1].

Proposition 2.7. [2] A sequence {x,} in probabilistic metric space (X, F,t)
(a): is said to be converge to a point x € X if for every € > 0 and A > 0, there exists a
positive integer N(€,A) such that Fy, (€) > 1 —A foralln,m > N(g,1).
(b): is said to be a Cauchy sequence, if for every € > 0 and A > 0,there exists a positive

integer N(€,A) such that Fy, x, (€) > 1—A for alln,m > N(g,A).

Definition 2.8. Two self mappings A and B of a Menger space (X, F,t), then the pair (A,B)
(i): is said to be compatible[17] if Fxpx, pax,(€) — 1 for all € > 0, whenever {x,} is a
sequence in X such that ABx,,, BAx, — u as n — oo, for some u € X .
(ii): is said to be weakly compatible, if Au = Bu for some u € X, then ABu = BAu.
(iii): is said to be occasionally weakly compatible (owc), if there is a point u € X such

that Au = Bu implies that ABu = BAu.
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Remark 2.9. The implication of above definition is as follows compatible = weakly compatible

= occasionally weakly compatible, its converses is not true.

Definition 2.10. [21] Let (X, F,t) be a Menger space such that T-norm t is continuous and A, S
be mapping X into itself compatible maps of type(A) if

lim FSAX YAA, (t) =1, and lim FASX 1SS, (t) =1,

n—roo n " n—roo n "
for all t > 0, whenever {x,} is a sequence in X such that

lim Ax,, = lim Sx,, = z, for some z € X.
n—soo n—yoo

Proposition 2.11. [21] Let (X,F,T) be a Menger space such that T-norm t is continuous and
t(x,x) > x for all x € [0,1],and A,S : X — X be mappings. Let the pair (A,S) be compatible
maps of type (A) and 1im Ax, = lim Sx,, = z for some z € X. Then we have

n—»oo n—soo

1): li_r>n SAx, = Az if S is continuous at z.
n—roco

(2): ASz=SAzand Az =Sz if A and S are continuous at z.
Now, we give the some lemmas relevant to the proof of the out results in the next section.

Lemma 2.12. [17] Let x,, be a sequence in a Menger space (X ,F,t) with continuous t-norm

and t(x,x) > x. Suppose, for all k € [0, 1],3 such that for all €> 0 andn € N,

Fxnaxn+1 (kg)) Z Fxnfl Xn (8)7

then {y,} is a cauchy sequence in X.

Lemma 2.13. [17] Let (X, F,t) be a Menger space, if there exists k € (0, 1) such that for x,y € X
and €> 0, Fy y(ke) > F(€). Then x = y.

Lemma 2.14. [9] Let (X,F,A) be a Menger space. If there exists some K € (0,1) which such

the for any p,q € X and all x > 0,

Fp.q(kx) Fp.q)
/ 0(0)di > / 0 ()dt
0 0

where @ : [0,00) — [0,00) is a summable nonnegative Lebesgue integrable function such that

[2o(t)dt > 0 for each € € [0,1),where 0 < k < 1,then p = q.
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S.N. Mishra [17] proved the following theorem.

Theorem 2.15. [17] Let A,B,S,T,L and M are self mappings of a complete Menger space
(X, F,t) with continuous t-norm that t(x,x) > x for all x € [0, 1] satisfying condition:
(: AX)CT(X),B(X) CS(X),
(ii): Vp,geXx>0, ac(0,2)and for some k € (0,1) such that,
Fappg(kx) > 1(Fap, sp(x),1(Fbg,1q(x),1(FBg,1q(x),1(Fap,1q(0X), F3y.5p((2 — @))))))
(iii): the pairs (A,S), (B,T) are compatible.
(iv): and S and T are continuous.

Then A,B,S and T have a unique common fixed point in X.

In 2005, Singh and Jain [2] generalized the Theorem 2.12 to six mappings and generalize it

in other respect. theorem.

Theorem 2.16. [2] Let A,B,S,T,L and M are self mappings of a complete Menger space

(X, F,A) with continuous t-norm that t(x,x) > x for all x € [0, 1] satisfying condition:

(): L(X)C ST(X),M(X) C AB(X),

(ii): AB=BA,ST =TS, LB=BLand MT =TM,

(iii): either AB or L is continuous,

(iv): (L,AB) is compatible and (M,ST) is weakly compatible.
(v): there exists k € (0,1) such that

FprMq(kX) > min{FABpr (x)»FSTqu (x)vFSTqu(ﬁx)aFABP,Mp(z - ﬁ)(x)vFABPSTCI(x)}

forallp,ge X, B € (0,2) and x > 0.

Then A,B,S,T,L and M have a unique common fixed point in X.
In 2013, Liu [22] extend and generalized the above result in some aspects.

Theorem 2.17. [22] Let A,B,S,T,L and M are self mappings of a complete Menger space

(X, F,t) with continuous t-norm that t(x,x) > x for all x € 0, 1] satisfying condition:

(i): L(X)C ST(X),M(X)C AB(X),
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(ii): AB=BA, ST =TS, LB=BLand MT =TM,
(iii): the pairs (L,AB), (M,ST) are both weakly compatible,
(iv): there exists an upper semicontinuous function ¢ : [0,00] — [0,00] with ¢(0) =

0,0 (x) < x for all x > 0 such that

Frpmq(9(x)) > min{ Fapp 1p(x), Fsrqmq(x), Fstq.Lp(Bx), Fapp mp(1+ B)(x), Fapp sTq(x) }

forall p,ge X, B> 1andx>0.
(v): AB(X) and ST (X) is closed in X.

Then A,B,S,T,L and M have a unique common fixed point in X.

In 2011, Rashwan and Maustafa [15] has been proved a common fixed point theorem for four

weakly compatible maps on a complete Menger space for four maps.

Theorem 2.18. [15] Let A,B,S, and T are self mappings of a complete Menger space (X,F,t)

where t(x,y) = min(x,y) for all x € [0,1] satisfying the following condition:

(i): A(X),B(X) are closed sets of X and A(X) C T(X), B(X) C S(X),
(ii): the pairs (A,S), (B,T) are both weakly compatible,,
(iii): forallx,y € X, x> 0andt >0, where k € (0,1)

(FAx,By(k”))2 > min{ [FSx,Ty(t)]zaFSx,Ax(t)FT%By(”)7FSx,Ty(”)FSx,Ax(”)a
Fsy 1y (1) Fry py(ut), Fse 7y (1) Fsx py(2u),
Fsx1y(t) Fryax(u), Fsx py(2u) Fry ax(u)
Fas 0 0 i (20,0

forallx,y e X,, x> 0andt > 0,where k € (0,1).

Then A,B,S, and T have a unique common fixed point in X.

In this paper, we consider the concept of occasionally weakly compatible mappings (owc) in
Menger spaces to prove a two commom fixed point theorems for six mappings without continu-
ity of these mappings. These results are improved by weakening the completness of the space

by using the property (E.A).These results partially extend the results of Singh and Jain [2].
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3. MAIN RESULT

Theorem 3.1. Let A,B,S,T,L and M are self mappings of a complete Menger space (X,F,A)

with continuous t-norm that t(x,x) > x for all x € [0, 1] satisfying condition:

(i): L(X)CST(X),M(X)CAB(X), (3.1)
(ii): AB=BA, ST =TS, LB=BLand MT =TM, (3.2)
(iii): the pairs (L,AB), (M,ST) are owc, (3.3)

(iv): any one of the subspace either L(X) or ST(X) or M(X)
or AB(X) is closed in X, (3.4)
(V): forall p, g € X,t > 0 and for some k € (0,1) such that

(FLpmg(kt))? > min{ (Fasp.stq(1))*, Fasp.Lp(1) - FsrqLp(1),
Fapp.Lp(t) - Fstgmq(t),
Fappmq(t) - FsTgmq(t),

Fappmq(t) 'FSTq,Lp(l)}- (3.5)

Then A,B,S,T,L and M have a unique common fixed point in X.

Proof. Since L(X) C ST (X), for any arbitrary x( € X, there exists a point x; € X such that Lxy =
ST x1= yo, for this point x; € X, then we can choose a point x; € X such that Mx; = ABx; = y.

Inductively, we can define a sequences {x,} and {y,} in X such that

Yon = Ly, :SsznH and yo,41 :Mx2n+l =AB

X2n427

n=0,1,2.... (3.6)
Now, taking p = x;,, and ¢ = x2,+1 in (3.5), we get

(Fszn Mxoy 1 (kt»z > min{ (FABXZmSTxZnJrI (t))z’FABXZmLXZn (t) ’ FSTx2n+1 JLxo, (t) )
FABmeLxZn (t) ) FSTX2n+1 Mxop 1 (t)7
FAszmean (t) ) FSTX2n+1 Mxp 41 (t)7

FAszmean (t) ) FSTx2n+1 Lo (t) } )
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2 . 2
B WP = mind (00, (0,
FS’anb)’Zn (t) ’ Fy2n Y2n (t) ) FS’anb)’Zn (t) ’ Fy2n 2Y2n+1 (t)7

Fyer Yon+1 (Z) ’ Fyz;17y2n+1 (t) ’ Fyanl YV2n+1 (t) ' Fyzmyzn (t) }’

. 2
= ind (o 0P B, 01,
Fyzn—l Yan <t> ’ Fy2n7y2n+l (t)7Fyzn—1 Yon+1 (t) 'Fyzn,y2n+1 (t)v

Fyp iy (£) -1 } (3.7)

It is clear that second, third and fifth terms(independently) in the RHS of the preceding inequal-

ity bigger than of min{(Fy,, | y,,())?, (Fy,, y2,,(t))*}, and the fourth term follows as

Fyznq Vant1 (t> ) Fyzn Yon+1 (t> = t(F)’anl Y2n (t) ) Fyzmy2n+1 (t)) ) Fy2my2n+1 (t)

= min{Fy,, v, (1), Fyyp 30000 (0 1 Fygyyn (1)

= min{Fy,,_;y,,() - Fyp 0,0 (1), (Fypyvn (t))z}
min{min{(Fy,, , y,,(r) )27 (Fyspyans (t))z} s (Fypnyn (1) )2}

> min{ (Fyznq Yon (t))za (Fyzn,yznﬂ (t) )2}

v

Finally, the inequality (3.7), reduced to the following form

(Fypyonia (kt))* > min{(Fyzn_l,yzn (t))27min{(Fy2n—l7y2n (1)), (Fypyon s (t))z}}

_ min{ (Fyznfl Yon (t))z, (E’Zn7y2n+l (t))z }

Similarly, we get

2 . 2 2
@Mmm»szmmmm%WMw}

Then for all n even or odd, we have

mmxmfzm%mwmeammw}

it follows that,

FYna)’11+l (kt) 2 min{F)’n—l »Yn (t) ) FYm)’rH-l (t) } :
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Consequently,

Fy”’y’”rl (t) Z min{Fs’nl:Yn (kilt)7F3’n:yn+l (klt)}

By repeated application of the above inequality, we get

. 1 _
F&n:)’rﬂrl (t) > mln{ﬂ’nl:)’n (k t)?E’na)’nJrl (k mt)}

Since Fy, y, ., (k™) — 1 as m — oo, it follows that

Fyn »Yn+1 (kt) Z F;’nfl Yn (t) .

By Lemma 2.13, the sequence {y,} is a Cauchy sequence in X. Since X is complete, then the

Cauchy sequence {y, } converges to a point z(say) in X. Now, the subsequences are

{Mxp11},{STx0n+1},{Lx2n},{ABx2, } of {y,} =z asn — oo. (3.8)

Suppose that L(X) be a closed subspace of X, then for every ¢t > 0,there exists a point v € X
such that Lv = z.

Again, for L(X) contained in ST (X ), we have a point u € X such that
Ly=STu=z. (3.9)

To prove u is a common coincidence point of L and S7', we shall argue the following manner.

For this put p = x,, and ¢ = u in (3.5), so, we get

(Frey, mu(kt))? > min{ (FaBry,57u(t))? FaBryy Ly, (1) - FsTu, Ly, (1),
FABxy, Lxy, (1) - Fstumu(t) FABxy, mu(t) - FsTumu(t),

FpBuy, Mu(t) - Fstu Ly, (1) } '

Now,taking limit as n — oo to both sides of the above inequality and using (3.8) and (3.9), we

have
(Fosnab)? > mz‘n{<f;,z<t>>2,f;,z<r)-FZ,Z<r>,zz,z<r>-Fz,Mu<r>,

Fontalt)- Fota(t), Fua(t) ~Fz,z<t>}

= (Fz,Mu(t))z
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From Lemma 2.14, we get z = Mu. Hence from (3.9), we get
z2=Mu = STu. (3.10)
Since (M, ST) is owc pair of maps. Therefore, so inequality (3.10) implies that
Mz=MSTu = STMu = STz. (3.11)

Now, we show that z is a common fixed point of M and ST. Taking p = xp, and g =z fort > 0

in (3.5), we get

(Froy,mz(kt))? > min{ (FaBry,.sT=(1)) FABryy Ls, (1) - Fsrzpz(1),
Fxy, Mz (t) - Fsromz (1) FABxy, Lxoy () - FST2 L, (1),

FiBy, Mz(t) - Fst2 L3, (1) } :
On letting n — oo in the above inequality also using (3.8) and (3.11), we have
(Fz,Mz(kt))z > mi”l{ (Fz,Mz(t))zan,z(t) ‘FMz.,z(t>an,z(t) 'FMz,Mz(t)y

Fomz(t) - Fuzmz(t), oz (2) 'FMz,Z(l)}v

(Fz7Mz(t))2-
From Lemma 2.14, we get Mz = z and using (3.11), we have
Mz=STz=z. (3.12)

Now, we show that z is common fixed point of T also. For this, we taking p = x,, ¢ =Tz in

(3.5),then we obtain that

(Froy,mrz(kt))> > min{ (FABxy, 5772(1))? FABry, Lxs, (1) - FSTT2 Ly, (1),
FABxyy Loy () - FsTTo M7 (), FABxy, MT2 (1) - FSTTZ MTZ(1),

FuBxy, m72(t) - FSTT 210, (1) } .
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On letting n — oo in the above inequality, we get

(F. - (kt ) > min{(Fz,STTz(f ))27Fz,z(t ) Fsrr22(1),
F.o(t) - Fsrromrz(t), Four:(t) - Fsromr(1),

F_ (1) ~FSTTz,z(t)}~ (3.13)
Using the property (ii) of the hypothesis in the Theorem and From (3.12) we have
MTz=TMz=Tzand ST(Tz) =TS(Tz) =T(STz) =Tz. (3.14)
Now, using (3.14) in (3.13), we get

(Fz,Tz(kt»z > min{(Fz7Tz(t))27F},z(t) 'FTz,z(t)an,z(t) 'FTZ7Tz(t)a
Fz,Tz(t) ‘FTZ,Tz(t)an,Tz(t) ‘FTz,z(t)}7

(E,TZ(I>)2‘
By using Lemma 2.14, we have,
Tz = z, then from (3.12), we obtain that z = Mz = STz = Sz. (3.15)

Hence, z is a common fixed point of M, S and 7. Since M(X) C AB(X), then there exists a point

v € X such that
ABv = Mz(=7z). (3.16)
On,taking p = v and g = x3,41 in (3.5), we get
(Fivay,,, (kt))* > min{ (FaBvSTxy 1 (1)) Fauin (1) - sy, 10(1),
Fapu (1) - FsTay, 1 Mo (1),

FABVaMXZrH—l (t) : FSTXZrH—l 7Mx2n+1 (t)7

FABV:Mx2n+1 (t) ’ FSTx2n+1 ,LV(I) } .
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Now, taking limits n — oo to both sides and using (3.8) and (3.16), we get

(Foc(i)? > min{<Fz,z<r>>2,Fz,Lv<r>-FZ,LV@,

FZ,LV(I) 'Fz,z(t)sz,z(t) 'Fz,z(t)an,z(t) 'FZ,LV(t)}>

> (FZ7LV<I))2'
Again from Lemma 2.14 we get z = Lv. Therefore from (3.16), we obtain that
Lv=ABv=z.
Since the pair (L,AB) is owc, then from (3.17), we get
Lz =LABv =ABLv = ABz.
Now, we show that Lz = z, for this purpose, taking p = z, ¢ = x2,,4-1 in (3.5), we get

(Freag,,, (kt)* > min{ (FaBe.ST o1 (1)) FaBo,o(t) - Fstasy 1 12(2),
Fapz 1z (t) 'FSsznH,sznH (t)7
FABZ7MX2n+1 (t) ) FSTx2n+1 Moy (t),

FABz Myt (t) - FSToyy oy 12(2) } .
Again letting n — oo to both sides, using (3.8) and (3.18), we get

(FLz,z(kt)z > min{(FLz,z(t))zaE,Lz(t) 'Fz,Lz(t)aF%,Lz(t) 'Fz,z(t)a

Folt)-Fonlt), Fon(t) -Fz,Lzm},

> (F(1)
From Lemma 2.14, we get Lz = z. Hence from (3.18), we obtain that

Lz =ABz =7z.

(3.17)

(3.18)

(3.19)
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Finally, we show that z is fixed point of B, taking p = Bz, ¢ = x2,+1 1in (3.5), we get

(Fugznn,s, (k)2 > ml’”{“ABBz,srw<r>>2,FABBz,srxzm<r>~Fm2m,wz<r>,
FapBe1B:(t) - FsTxy ) Mooy (1)

FABB My i1 (1) FSTx, 1 Mgy (1),

FaBBz Mz (t) - FSTxy, 1 1B (1) } . (3:20)

Using the property (ii) of the hypothesis in the Theorem, we have
LBz = BLz = Bz and AB(Bz) = BA(Bz) = B(ABz) = Bz. (3.21)
. Letting n — oo and using (3.21) in (3.20), we get

(FBz,z(kt»z > min{(FBz,z(t))zaFBz,Bz<t>'Fz,Bz<t)7FBz,Bz(l)'Fz,z(t)v

Fian(t) - Fon(t), Fian(t) - Fo(t }

= (FBZ,Z(t))Z-
From Lemma 2.14, we get
Bz =z from (3.18) z = Lz = ABz = Az. (3.22)

From (3.15) and (3.22), we conclude that z is a common fixed point of A,B,S,7T,L and M in X.
Uniqueness follows easily from (3.5).
Uniqueness: Let us assume that z and z; be two distinct common fixed point of the given six

self maps. Now,put p =z and ¢ = z; in (3.5), we obtain
(Frenmz (k1))* > min{ (FaBe,s720(1))%, Fae,2(1) - Fsrey 12(0),
Fpgz,1:(t) - Fsrzy pz, (2),

FABZ,le (t) ’ FSTZ1,M21 (t)v

FABZ,le (t) ’ FSTZ1 ,Lz(t> }a
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Since z and z; are fixed points of A, B, S, T, L and M ,then we have

(Fz,z1(kt))2 > mi”{(Fz,zl (t))zan,z(t) 'Fz1,z(l)7Fz,z(l) F (t)a
FZ,Z] (t) 'FZ1.,Z1(t)7FZ,Zl (t) 'le,z(l>}v

= min{(FZ,Zl(t))z,l-thz(t),l-l,
Fop (1) 1,F () - Fyy (1)

= (Eu(0)

It is clear z = z; from Lemma 2.14. Hence, A, B, S, T, L and M have a unique common fixed

point in X. U

Theorem 3.2. Let A, B,S,T,L and M are self mappings of a complete Menger space (X,F,t)
with continuous t-norm that t(x,x) > x for all x € [0,1] satisfying conditions (3.1),(3.2),(3.4),
(3.5) and the pairs (L,AB), (M,ST) are compatible maps of type (A) .Then A,B,S,T,L and M

have a unique common fixed point in X.

Proof. The proof is same lines the condition 3.6 to 3.8 in Theorem 3.1. From the hypothesis,
assume (M, ST) is compatible maps of type (A) and M and ST is continuous, so by proposition

2.12, we get

Mz =STz. (3.23)

Now, we show that z is a common fixed point of M and ST. Taking p = xp, and g = z forz > 0

in (3.5), we get

(FLoy, mo(k1))* > min{ (FaBxy, 572(t))?, FABxy, Ly, () - FsToaz (1),
FaBry, Mz(t) - Fsromz(t), FABxy, Lxo, (1) - FST2 L1y, (),

FaBx,, Mz () Fs12 Lxy, (t) } .
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On letting n — oo in the above inequality also using (3.8) and (3.23), we have

(Fz,Mz(kl))z > min{(Fz,Mz(t))vaz,z(t)'FMz.,z(t)an,z(t)'FMz,Mz<t>7

Fopmz(t) - Frgmz(t), Fomz(t) - Fuz (1) },
= (Fou(0))*.
From Lemma 2.14, we get Mz = z and using (3.23), we have
Mz=S8Tz=z. (3.24)

Rest of the proof is same line from the condition 3.12 to 3.15. Hence, z is a common fixed
point of M, S and T. Since the pair (L,AB) isis compatible maps of type (A) and L and AB is

continuous, so by proposition 2.12, we get
Lz =ABz. (3.25)
Now, we show that Lz = z, for this purpose, taking p = z, ¢ = x2,,4-1 in (3.5), we get
(FLe Mg, (k1)* > min{ (FaBzSTxser (1)) FaBo, 2 (1) - Fsray, 1 12(1),
FpBz12(t) - FsTxy i Museiy (1)
FpBz Mooy 1 (1) FSTo 1 Moan iy (1)

FABz My, () FsTxy oy L2 (F) } :

Again letting n — oo to both sides, using (3.8) and (3.25), we get
(Fiez(kt)? > min{ (Free(0))? Foa(t) - Fopa(t), Fora(1) - Foa (1),
Falt) Felt) Feclt) Pl
> (Fr(n)*.
From Lemma 2.14, we get Lz = z. Hence from (3.25), we obtain that
Lz=ABz=1z. (3.26)

Rest of the proof is same lines from the condition (3.19) onward in Theorem 3.1.
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4. COROLLARY AND EXAMPLE

Corollary 4.1. Let A, B,S,T,L and M are self mappings of a complete Menger space (X, F,t)
with continuous t-norm that t(x,x) > x for all x € [0, 1] satisfying conditions (3.1),(3.2),(3.4),
(3.5) and the pairs (L,AB), (M,ST) are either compatible or compatible maps of type (A) or
weakly competible.Then A,B,S,T,L and M have a unique common fixed point in X.

Example 4.2. Let (X,d) be a metric space and (X,F,A) is a complete Menger space where
t(a,b) = min{a,b} for all a,b € [0,1]. Let X = [0,6]be the set with the metric d defined by
d(x,y) = |[x—y| and for each t € [0, 1]. Define

—L _ ift>0
Foy(t) = t+[x—yl f
0 ift =0

forall x,y € X. Let A,B,S,T,L and M be self mappings on X defined as L(X) =M (X) =1,

44 fo<x<l, Lox+4) Jifo<x<1,
Aw={ 35 Y B(x) = s(2eta)
0 Jf1 <x<6. 0 Jif1 <x<6.
1 ,ifo<x<I, 1 ,ifo<x<1,
S(x) = ) T(x) =

Jif 1 <x<6.

N —

2 ifl<x<6.

Now we varifying the conditions of Theorem 3.1.

(1) M(X) = {1} CAB(X) = {0} U[1,22), L(x) = {1} € ST(X) = {1}.
2)ST=TS={1},AB=BA = lx—s-l-{—g,LB:BL: {1}, TM =MT = {1}.

(3) The pair of maps (L,AB) and (M, ST) are satisfying owc condition at the point 1.

(4) Finally, it is easy to varify that for any x,y € X, RHS > LHS in (3.4) for all possible cases.
Hence, all the hypothesis of Theorem 3.1 satisfied and 1 is a unique common fixed point of

A,B,S,T,Land M in X

Theorem 4.3. Let A, B,S,T,L and M are self mappings of a Menger space (X, F,t) with contin-
uous t-norm that t(x,x) > x for all x € [0, 1] satisfying condition (3.1), (3.2), (3.5) and
(i): the pairs (L,AB) and (M,ST) are both owc, (4.1)
(ii): either L(X) or ST (X) is closed in X and (L,AB) satisfies the property (E.A)
or M(X) or AB(X) is closed in X and (M,ST) satisfies the property (E.A) (4.2)
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Then A,B,S,T,L and M have a unique common fixed point in X.

Proof. From the hypothesis, assume L(X) is closed in X and (L,AB) satisfies the property
(E,A). By the definition of property (E.A) there exists a sequence {x,} in X such that

1i_r>n Lx, = 1i_r>n ABx, = z for some ¢t € X. Since L(X) C ST(X), there exist a sequence {y,}
n—roo n—roco

such that Lx, = STy,. Hence lim Lx, = li_r}n STy, = z. Now,we show that lim My, = z. Indeed,
Nn—yoo

n—soo n—oo
in view of (3.5), taking p = x,, and g = y,, we get

(FLmeyn (kt))z 2 mm{ (FST)’nvan (t))27 FAmean (I)FSTYman (t)7
FAanaan (I)FST)’n aMYn <t>7
FAanyMyn (I)FSTymMYH (t)7

Fats, iy, (0 Fstoy o, <r>}.

Letting n — oo, we get

(Foty, (k1) > mz’n{(az(r))%az(r)-FZ,Z<z>,FZ,Z<r>-FaMyn(r),

Foan 0 P (0, P, (0 )}
= (Femy, (1)
From Lemma 2.14, we get My, = z. Therefore, we concluded that
Lx,,ABx, and My,,, STy, — z as n — . (4.3)

Since L(X) is closed in X, then there exists v € X such that Lv = z. Since L(X) C ST (X). There

is a point u € X such that

Lv=S8Tu=1z.

Rest of the proof is same lines from the condition (3.9) onward in Theorem 3.1. 0

Corollary 4.4. Let A,B,S,T,L and M are self mappings of a Menger space (X ,F,A) with con-
tinuous t-norm that t(x,x) > x for all x € [0, 1] satisfying conditions (3.1),(3.2),
(3.5), the pairs (L,AB), (M,ST) are either compatible or compatible of maps type (A) or weakly

compatible and
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a: either ST (X) is closed in X and (L,AB) satisfies the property (E.A)
or AB(X) is closed in X and (M, ST) satisfies the property (E.A) (4.4)

Then A,B,S,T,L and M have a unique common fixed point in X.

Example 4.5. Let (X,d) be a metric space and (X,F,A) is a complete Menger space where
t(a,b) = min{a,b} for all a,b € [0, 1].

Let X = [0,2] with the metric d defined by d(x,y) = |x — y| and define

F.y=H(u—d(x,y)) forall x,y € X and u > 0.

Let A,B,S,T,L and M be self mappings on X defined as L(X) = M(X) = %,

x L if0<x<3, 3o ifo<x<3,
Alx) = fosx= Bx)={ ? fOsx=;
1, ifd<x<2 0 ,if3<x<2
3 . 3 3 3
5 ,if0<x<3, 5 ,if0<x<3,
1, if3 <x<2. roifd<x<2

Now, verification of Theorem 3.4 hypothesis ()L(X) = {3} C ST(X) = {3}, M(X) = {3} C
AB(X)=1{0,3}.

(2) The condition (3.2) is also satisfying.

(3) Clearly the pairs (L,AB) (M,ST) satisfying owc condition at the point % (4) It is easy
to verify that any x,y € X, RHS > LHS in (3.4) for all possible cases.Hence, % is the unique
common fixed point of A,B,S,T,L and M in X.

5. APPLICATION

(i) Application to Volterra type integral equation:
A differential equation can be replaced by an integral equation with the help of initial and
boundary conditions. Integral equation were first encountered in the theory of Fourier integrals.
Actual development of the theory of integrals equations began with the works of the Italian
mathematician V.Volterra (1896) and then studied by Traian Lalescu in his thesis (1908) and
the Swedish mathematician I.Fredholm (1990).

The general type of linear integral is of the from

b
Y = F@+2 [ Koy,
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where F(x) and K (x,7) are known functions while y(x) is to be determined. The function K (x,?)
is called the Kernel of the integral equation.

If a and b are constants, the equation is known as Fredholm integral equation.

If a 1s a constant while b is a variable, it is called a Volterra integral equation.

A Volterra integral equation of the first kind is an integral eqution of the from.

F) = [ Koy,

A Volterra integral equation of the second kind is an integral eqution of the from.

Yo =F(x)+ [ K(xoyar,

An integral equation is called homogeneous if F(x) = 0.

As an application of our results, we will consider the following Volterra type integral equation

5.1) p(0) = g)+ [ Qlt.s.p(s))ds,

for all t € [0, K], where k > 0
Let C(]0,K],R) be the space of all continuous functions defined on [0, K| endowed with the

b-metric

2
(5.2) d(x7y) = tg[l&)]g] ‘Fx(t)—y(t)} » X, Y € C([O,K],]R)

Alternatively the space C([0,K],R) can be endowed with the b-metric

(5.3) dp(x,y) = tg[lg');q(‘Fx(I)fy(t) 1?72, x,y € C([0,K],R),I >0,

and the induced metric dg(x,y) = ||x — y||, for all x,y € C([0,K],R).
We define the mapping F : C([0,K],R) x C([0,K],R) — D by

(5.4) Fyy=H(t—dp(x,y)), x,y € C([0,K],R), > 0.

We know that the space C([0,K], R, F, Ty) is the (€,A)—complete Menger space induced by the
Banach space C([0,K],R. Also, one can easily show that in the space C(]0,K],R,F,Ty), the
convergence in norms ||.||p and ||. || are equivalent each other,with respect to (€, 4)— topology.

Now,we discuss the existence of solution for Volterra type integral equation 5.1
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Theorem 5.1. Let C([0,K],R,F,Ty) be the Menger PM-space induced by the Banach space
C([0,K],R) and let Q € C(]0,K] x [0,K] x R,R) be an operator satisfying the following condi-

tions:

(@): [|Qf = SuPt,se[o,k],R\Q(R&P(S)‘ < oo
(ii): there exist I > 0 such that for all p,q € C([0,K],R) and all t,s € [0,K], we get

I
|Q(t,5,Lp(s) — Q(t,5,Mq(s)] < —=I min{ |ABp —STp*,
V2
|ABp — Lp|-|STq— Mg,
|ABp —Mgq| - |STq— Mg,
|ABp —Mgq|-|STq— Lp| }

where A,B,S,T,L,M : C(]|0,K],R) is dedined by

t
plt) = gl0)+ [ Qt.5,p(9)ds, ¢ € C0.K]B).
Then, the Volterra type integral equation 5.1 has a unique solution x* € C([0,K],R)
Proof. For each p,q € C([0,K],R) we consider (dp(x,y)) = max, ¢[o 4 (|p(t) — g(0))?)e20,
where [ satisfies condition (ii). As we mentioned above C(]0,K],R,F,Ty) is a completed
PM-space
2y 21t
dp(Lp,Mq) < max (|Fy ;) _
B(Lp,Mgq) < IE[O}]Q Lp(t) Mq(z)} )e

dp(p,q) < max (/ |Q(¢,s,Lp(s Q(t,s,Mq(s)ds|ze_21’)
t€[0,K]

IA
(Y

ma)C{dB (ABp,STp)*,dp(ABp,Lp) - dp(ST,Lp),
dg(ABp,Lp)-dg(STp,Mq),dg(ABp,Mq) - dg(ST p,Mq),

dp(ABp,Mq) -dB(STp,LP)}

; 2
Maxse[o K] (/0 el(s_t)ds)
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1 /
= 5(1 —e k)2 max{dB(ABp,STp)Z,dB(ABp,Lp) -dp(ST,Lp),
dg(ABp,Lp)-dp(ST p,Mq),dp(ABp,Mq) - dp(ST p,Mq),

dp(ABp,Mq) -dB(STp,Lp)}-
Putting ¢? = (1 — e*”‘,)2 , by using (5.4) , for any r > 0 and k € N we drive
(FLpmq(r))* =H? (rz —c? max{dB(ABp,STp)z,dB(ABp,Lp) -dg(ST,Lp),
dg(ABp,Lp)-dg(STp,Mq),dg(ABp,Mq) - dg(STp,Mq),
dp(ABp,Mgq) -dB(STp,Lp)})
r 2
H? ( (—> —max{dB(ABp,STp)z,dB(ABp,Lp) -dp(ST,Lp),
C

dg(ABp,Lp)-dg(STp,Mq),dg(ABp,Mq) - dg(ST p,Mq),

dp(ABp,Mq) -dB(STp,Lp)})

. r r r r r

= mln{ (FABp,STq (E)) FABp Lp (E) FSTq,Lp (E) ;FABp,Lp (E) 'FSTq,Mq (E) )
r 7" r r

FABp,Mq E ’ FSTq,Mq FABp Mg E ’ FSTq,Lp E .

for all p,q € C(]0,K],R). Therefore by theorem 3.1. We deduce that all operator F has a unique

fixed point x* € C([0,K],R) , which is the unique solution of the integral equation 5.1. O

(ii) Application to fixed point for metric spaces:

We propose corresponding commom fixed point theorem in metric spaces. In fact,every metric
space (X,d) can be taken as a particular Menger space by F : X x X — R defined by Fy ,(t) =
H(t—d(x,y)) forall x,y € X.

Theorem 5.2. Let A,B,S,T,L and M are six self mappings of a complete metric space (X,d)
for all x € [0,1] satisfying conditions (3.1),(3.2),(3.3) and (3.4).
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(i) for all p, q € X, and for some k € (0, 1) such that
d*(Lp,Mq) < k max{dz(ABp,STq),d(ABp,Lp) -d(STq,Lp),
d(ABp,Lp)-d(STq,Mq),
d(ABp,Mq)-d(STq,Mq),
d(ABp,Mq) -d(STq,Lp)}. (5.5)
Then A,B,S,T,L and M have a unique common fixed point in X.

Proof. Define Fy ,(t) = H(t —d(x,y)), t(a,b) = min{a,b}, for all a,b € [0,1]. Then this metric
space can be taken as a Menger space. Theorem 5.2 enjoys the assumption of Theorem 3.1,

including inequality (5.5) reduces to inequality (3.5) in Theorem 3.1. U

Corollary 5.3. Let A,B,S,T,L and M are self mappings of a complete metric space (X,d) for
all x € [0, 1] satisfying conditions (3.1),(3.2),(3,4) and (5.5), the pairs (L,AB), (M,ST) are

either compatible or compatible maps of typeg (A).

Theorem 5.4. Let A,B,S,T,L and M are six self mappings of a complete metric space (X,d)
for all x € [0,1] satisfying conditions (3.1),(3.2),(3.3) and (3.4).

(i): forall p, q € X, and for some t € (0, 1) such that

d*(Lp,Mq) m(p.q)
/ o(1)dr < / o(t)dr (5.6)
0 0

where ¢ : [0,00) — [0,00) is a summable nonnegative Lebesgue integrable function such

that fel ¢ (t)dt > 0 for each € € [0,1),where 0 <t < 1, and
m(p,q) = min{(dz(ABp,STq),d(ABan)-d(STq,Lp%
d(ABp,Lp)-d(STq,Mq),
d(ABp,Mq)-d(STq,Mq),
d(ABp,Mq) ~d(STq,Lp)}.

Then the pairs (L,AB) and (M, ST) have a coincidence point each and A,B,S,T,L and M have

a unique common fixed point in X.
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Proof. Define Fy ,(t) = H(t —d(x,y)), t(a,b) = min{a,b}, for all a,b € [0, 1]. Then this metric
space can be taken as a Menger space. Theorem 5.4 enjoys the assumption of Theorem 3.1,
including inequality (5.6) reduces to inequality (3.5) in Theorem 3.1. To accomplish this notice
that for any x,y € X and ¢ > 0, Fy,, p4(kt)? = 1 provided kt > d(Lp,Mgq) which hold (5.6).
Otherwise,if kr < d(Lp,Mgq),then

1< min {(dz(ABp,STq),d(ABan) +d(STq,Lp),d(ABp,Lp)-d(STq,Mq),d(ABp,Mq) -
d(STq,Mq),d(ABp,Mq) -d(STq,Lp)}-
and hence in all the cases, condition (5.6) holds. [

Corollary 5.5. Let A,B,S, T, and L are five self mappings of a complete metric space (X ,d) for

all x € [0,1] satisfying conditions.

(): L(X)C ST(X),L(X) C AB(X),

(ii): AB=BA, ST =TS, LB—=BLand LT = TL,

(iii): the pairs (L,AB), (L,ST) are owrc,

(iv): any one of the subspace either L(X) or ST (X)
or AB(X) is closed in X,

(v): forall p, q € X, and for some t € (0,1) such that

d*(Lp,Lq) m(p,q)
/ o (1)dt < / o(0)dt (5.7)
0 0

where ¢ : [0,00) — [0,00) is a summable nonnegative Lebesgue integrable function such

that fel ¢ (t)dt > 0 for each € € [0,1),where 0 <t < 1, and

m(p,q) = min{(dZ(ABp,STq),d(ABp,Lp)-d(STq,Lp),
d(ABp,Lp)-d(STq,Lq),
d(ABp,Lq)-d(STq,Lq),

d(ABp,Lq)-d(STq,Lp) }

for all p,g € X, and ¢ > 0. Then A,B,S,L and T have a unique common fixed point in X.
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Corollary 5.6. Let (X,d) be a metric space and A,B,S,T : X — X be four self mappings satis-
fying the following condition:

(i): A(X),B(X) are closed sets of X and A(X) C T(X), B(X) C S(X),

(ii): the pairs (A,S), (B,T) are both owc,

(iii): forall p,qe X, andt >0,

d*(Ap,Bg) m(p,q)
/ o(1)dr < / o(1)di (5.8)
0 0

where ¢ : [0,00) — [0,00) is a summable nonnegative Lebesgue integrable function such

that [} ¢(t)dt > 0 for each & € [0,1),where 0 <t < 1, and

m(p,q) = min{dz(Sp,Tq)]yd(Sp,Ap)-d(Tq,Bq),d(Sp, Tq)-d(Sp,Ap),
d(Sp,Tq)-d(Tq,Bq),d(Sp,Tq)-d(Sp,Bq),

d(Sp,Tq) 'd(Tq,Ap)}

forall p,ge X, andt > 0.

Then A,B,S, and T have a unique common fixed point in X.
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