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Abstract. In this paper the convolution sums Y, j—, 6(1)03(m), Yoi13j—, 6(1)03(m), ¥\ 6= 0(1)03(m) and
Y3i42j=n 0(I)03(m) are evaluated for all n € N, and then their evaluations are used to determine the representation
number formulae N(1,1,1,1,1,2;n),N(1,1,1,1,2,2;n) and N(1,1,1,2,2,2;n) where N(ay,...,as;n) denote the
representation numbers of n by the form a; (x% +x1x2 + x%) + az(x§ + x3%4 + xﬁ) +as (x% + x5x¢6 + xé) 4 ay (x% +
X7X8 —i—x%) +as (x% + X9X10 —&—x%o) +ag (x%l 4+ X11X12 —|—x%2).
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1. INTRODUCTION

Let N, Z, R, and C denote the set of positive integers, integers, real numbers and complex
numbers respectively and let Ng = NU{0}. Throughout this paper g € C is taken to satisfy
lg| < 1. For k,n € N we set
(1) o(n) =Y d",

d|n
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2 BULENT KOKLUCE
where d runs through the positive divisors of n. If n ¢ N we set ox(n) = 0. We write o (n)

for o1(n). For a,b,r,s,n € N, we define the convolution sum W,’; (n) by

) Wi = Y, oil)osm).
(1,m)EN?
al+bm=n

Ramanujan [1] evaluated Wll_’f (n) explicitly. He proved that

(3) W7 (n) = —~o5(n) +

The following two sums are given by Huard, Ou, Spearman and Williams [2].

4) W5 (n) = ﬁ (Gs(n) —I—2065(g) + (10—30n)g3(g) _ G(n)>
and
5) WA () = 51 (5050 + 1605(2) + (10~ 15m)a3(n) — o (1))

The convolution sums Wllf(n), W41’13 (n) have been evaluated by Cheng and Williams [3].
A linear equation for W11’33 (n) and W31.’]3 (n) was given before by Huard, Ou, Spearman and
Williams [2] without individual determination. In a recent publication, Yao and Xia [4] com-

pleted the determination of Wl1 ’33(n) and W31.’13 (n). They proved that

1 9 n 1—-3n n 1 1
6 w3 = —— Z o(? ny_ o b
©) 1300 = 7020950 + 104 05(3) + 5 93(3) — 550 (W) + 33390)
and
1 81 n 1—n 1 n 1
1,3
7 ? g N _ 6= —
7 Wa i () = 1049500+ 102095G) T 530 = 559(3) ~ 1)
where a(n) is defined by
(8) Y an)g"=q[J(1-4")°(1—¢")°.
n=1 n=1

Convolution sum W, (n) involving the divisor function ¢'(n) has been evaluated for certain

values a, b, r, s (see, for example, [2, 3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17]).
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In this paper, motivated from the work of Yao and Xia[4] and using the (p, k)-parametrization
of Eisenstein series and theta functions given by Alaca, Alaca and Williams we deter-
mine the convolution sums W6]7’13 (n), W217’33 (n), Wllg (n) and W3l,§3 (n). We’ve used 4 Eisen-
stein series N(q),N(q*),N(q>),N(¢®) and 3 eta products which form a basis of the Mod-
ular space Mg(I'9(6)) (with dimension 7) and express the products (6L(¢%) —L(q)) M (q),
(3L(¢*) —2L(¢*)) M (¢?). (2L(¢*) — L(¢)) M (¢°) and (3L(¢*) —2L(¢*)) M (4*) of Eisenstein
Series (all of which clearly belongs to space) as a linear combination the mentioned Eisenstein
series and eta products. One of the eta products which is used here appeared in literature[4].
Today, some other authors use the theory of quasimodular forms with softwares Magma or the
database LMFDP of L functions and modular forms to obtain formulae for convolution sums.

As an application we use our evaluations to determine formulae for N(1,1,1,1,1,2;n),
N(1,1,1,1,2,2;n) and N(1,1,1,2,2,2;n) where N(ay, ...,aq;n) denote the representation num-
ber of n by the form a; (x% +x1X2 +x%) +ap (x% +X3x4 +xi) +as (x% + X5X6 —i—x%) + a4(x% +x7x8 +

xé) +as (xg -+ X9X10 +x%0) + a6(x%1 +Xx11X12 +X%2>, that is

)\
(X1,...,x12) €Z2 :n= al(x% +X1X2 +x%)

+ay (x5 + x3x4 + x3) + a3 (x% + xsx6 + x2)
N(ay,...,a¢;n) := card

+ay (x% ~+ x7x8 —|—x§) + as (xg ~+ X9X10 +x%0)

2 2
+ag(xy) +x11%12 +X75).

Vs

Formulae for N(1,1,1,1,1,1;n) is given recently by Yao and Xia [4]. Our main results are

as follows.
Theorem 1. Forn € N, we have

(i)

Wi = gigesins s (3)+ e (3) s 2

2—n 1 n 1
©) g 03 () —5550 (6) ~ 13es (W)
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(ii)
13 1 1 n £ mn, 6 ("
W) = 536950+ 1365 <2>+728 (3)+9165<6)
2—3n n 1 n 1
(10) a8 G3<§>_240 <2>+8736 2(n),
(iii)
13 B 1 1 3 n 15 n
Wis) = 3153095 W+ 15925 <2>+728 <3>+182 (6)
1—-3n n 1 1 n 1
D T O3 (6)_%G(”)+R“(§)+4368”3(”)
and
(iv)

Wiz (n) = 21184 ()+;T6 < )JF% (’31>+% <g>
1—n n 1 n 1
12 +5359(3) 3257 (5) 736

where uy(n),uy(n),us3(n) and us(n) are respectively defined by

= —4qH (1=¢")>(1 =g (1 =) (1 — ¢
+105qH (1—¢"o(1—¢g*°
n=1
(13) +972q2H (1= (1= (1—¢")(1—g""),
n=1

(14) +24q2H (1—g")(1—g"")(1—g")>(1—¢"),
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Zus<
+4qH (1—¢")’(1—¢")(1—¢™)(1—¢*")
+14qH (1—¢"o(1—¢g*°
n=1
(15) +120q2H1— )(1—¢*")(1—¢g™) (1 - ¢,
n=1
and
Y
n=1
—101¢JJ(1- P (1—¢™)(1—¢"")
n=1
+105qH(1— (1—¢*)°
(16) —27q2H 1—gq 7" (1—q")>(1—¢%")°.
Theorem 2. Forn € N,
(i)
66 192 /N 1782 /0y 5184  /n
NOLLLLL2n) = Zosn) =0 (5) + =505 (3) =503 ()
432 /ny 108 18
a7 50 (3) + g — g,
(ii)
60 192 /N 1620 /0y 5184 /n
N(1,1,1,1,2,2m) = EGS(”HFGS(E)_ 13 5(3)_ 13 5(8)
18 27
(18) +opi(n) + grua(n)
and
(iii)
18 144 n 486 n 3888 n
NOLL1L22.20) = o) = —os (3) + 705 (§) =05 (§)
324 /0y 81 27
(19) +H <§)+9—1”3( )—a us(n).
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2. PROOF OF THEOREM 1

In his second notebook [18] Ramanujan gives the definitions of Eisenstein series L(q),M(q)

and N(g) by
co nqn
20 L(g):=1-24
(20) (9) L
oo 3 n
,_ q
1) M(q) ._1+240;1 T
and
i nSqn
(22) N(q):==1-504) e
n=1
It can be easily seen that
(23) L(g):=1-24) o(n)q",
n=1
(24) M(q) :=1+240 Z o3 (n)q"
n=1
and
(25) N(q):=1-504) o5(n)q".
n=1
The Jacobi theta function ¢(g) is defined by
=
(26) o(q):=) 4",
n——oo

see for example ([20], p.92).
Alaca, Alaca, and Williams [19] defined p and & respectively by

0*(q) — 0*(q°)

27 — p(g) =
(27) p=rp(q) 202(4%)
and
3.3
(28) k=k(g):= L)
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The (p — k)-parametrization of 2L(g%) — L(q), 6L(q®) — L(q) and 3L(q>) — 2L(q?) are given
by the equations (3.84), (3.89) and (3.90) in [9] respectively as follows:

(29) 2L(¢%) — L(q) = (1 + 14p+24p> +14p°> + p*)k?,
(30) 6L(¢°%) —L(q) = (5+22p+36p* +22p> + 5p)k?
and

31) 3L(¢%) —2L(¢%) = (1+2p+12p* +2p° + p*)i°.

Formulae for the series M (q),M(q*),M(¢*),M(q%),N(q),N(¢*),N(q>),N(q®) in terms of p and
k are determined by Alaca, Alaca, and Williams [5]. Equations (3.14)-(3.16), (3.18), (3.22)-
(3.24) and (3.26) are as follows

M(q) = (1+124p+964p*+2788p> +3910p*

(32) +2788p° +964p° + 124p” + p¥ )k,

M) = (1+4p+64p>+178p> +235p*

(33) +178p° +64p° +4p” + p®)i*,

M) = (1+4p+4p*+28p° +70p*

(34) +28p° +4p° +4p” + p*)k*,

M(¢®) = (1+4p+4p*—2p3—5p*

(35) —2p° +4p° +4p” + p)Kt,

N(g) = (1—246p—5532p* —38614p° —135369p*
—276084p> — 348024 p° — 276084p" — 135369p°

(36) —38614p° —5532p'0 —246p"" + p'2)k®,
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4059
N(g") = (1+6p—114p>—625p’ = —"p*
4059

—4302p° — 5556p° —4302p" — - g
&7 —625p” — 114p'° +6p'! + p'2)k°,

N(g®) = (1+6p+12p*—58p> —297p* —396p° — 264 p°

(38) —396p" —297p% —58p° + 12p' + 6p! + p'2)i°,
and

27
N(¢®) = (1+6p+12p*+5p° — 7p“— 18p° — 12p°

27
(39) —18p" — == p8+5p7 +12p" 0 +6p! 4 p12)iE.

2

In that study, Alaca, Alaca and Williams also derived formulae for [ J(1—¢"), [J(1 -

n=1 n=1

H(l ) and H (1 —¢°") in terms of p and k. Equations (3.28)-(3.30) and (3.32) in [5] are

n=1

“0 [10—4¢") =g 5276p3 (1= p)2 (14 p)5(1+2p)F 2+ p) k7,
n=1

I ) (R e R A NS LI(EE ORCENORES
n=1

“ [101-¢") =g 42 ip (1= p)E 14 P (14 2p) (24 p) Bk
n=1

and

43) H(l _C]6n) :(]7%27%]?%(1 —p)%(] +P>1(1 +2p)i2(2—|—p)i2k§_
n=1

Using (40), (41), (42) and (43) we obtain

) qTT0 =g = ) (0= )1 ~g™) = £p(1 = (14 P01+ 224 )

@s) g [T~ ~g") = 1p(1 = p) (14 p)* (1 +2p) (24 PR
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o3}

46 ¢TI0 =)0 =)0 =) °(1=4")° = g1 =P (1 +)*(1+2) 25 DA

From (8) and (45) it is clear that the eta products in equations are same.

Proof. (1) From (30), (32), (36)-(39), (44), (45), and (46) we deduce that

6 _ —537 320 2 810 3 2592 6
(6L ~L(@) M(a) = SN (@) + N (6) + N (@) + 557 N (¢°)
2880 =2
—Sor a1 == (1 =g")(1-¢")
n=1
10800 =
(47) =5 e[ —-g")"
n=1
699840 hnd
Hl— )1 =) (1™ (1 ¢*)°

By (23) and (24), we see that

<6L(q6) - L(Q)) M(q)

— (5-144 i o) +24Y o (n)q) (14240 Y &3 (n)q")

n=1 n=1

= 5-144Y 6 (n)g” +24Y o(n)q"+1200 Y o3(n)q"

(48) —34560 )" 0 (n)¢™ Y 03(n)q"+5760 ). o (n)q" Y o3(n)q"
n=1 n=1

n=1 n=1

Appealing to (13) and (25), we obtain

—537 320 810 2592
() + 5N (@) + N (¢°)

637 N(H@N 637 * 637

e | (RO (oMU

699840 , =
=@ [T =) =" (1 —g")(1-¢")°

n=1

—537 320
= 1—504 " 1—504 q*"
637 ( 50 265 ) 637 ( 50 ZGS )

=1
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810 > 2592 °°
2 (1-504 7 1504 on
+637( Y os(n)g >+ =y ( }1;65('1)61 >

n=1

720 &

- L m(n)q"

o1 &

38664 & 23040 &
=5 TZGS( )qn—g—lzcs(”)qzn
58320 & 186624 & 720 &
(49) ———Y o5(n)¢" -

91

n=1

(50) ——— ) u(n)q".

Y os (n)g*" + o1 Y ui(n)q".

For n € N, equating the coefficients of ¢"* on both sides of (50) and using (2) we have

o179 2> m\ 27 sn\ 27
Wein) = —14560°5 W+ 37395 (2) *1456°° (3) * 45505
1 1 n 1 13 1
51 () — — (—) W) — — i ().
D +1420° W~ 230 () T Wi () — 35 ()

Identity (9) follows from (3) and (51).

(i) From (31), (34), (36)-(39), (44), (45), and (46) we obtain

(

n

6

)+

5

144

03 (n)
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10 32 1611
3y 2 3 - U= 2 il 3y 7YV
(3L{g") ~2L(g")) M (") oY @~ o7 (4) + 57 N (@) — gV
8640 =
—9—161H(1—qn)s(l—qzn)5(1—613n)(1_
=1
1200 =
(52) +?QH(1—61")6(1—6]3'1)6
n=1
2880 , =
o ¢ IT0=a0 =1 =" (1-g")

From (23) and (24) we have

(3L(¢%) —2L(g*)) M ()
= (1-72 i o (n) g™ +48 i o (n)g*")(1+240 i o3 (n)g™")
n=1

n=1 n=1

(o)

= 1-72Y 6(n)q"+48) o (n)g*"+240 ¥ o3(n)q™"
n=1 n=1 n=1

—17280 ). o (n)¢™ Y o3 (n) g™
n=1 n=1

(53) +11520 ). o (n)g™ Y 03 (n) g™
n=1 n=1

It follows from (14) and (25) that

~10 32 1611 5 960
—_N(q)— —= DUN(P) - 22N
oY @~ forN @) + g7V () ~ g3 (q )
8640 =
—9—1611—1(1 —qn)s(l _q2n)5<1 —6]3”)(1 —Cl6n)
n=1
1200 = ) i
+an(1 —q )6(1 —q )6
n=1
2880 , =
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1611 ind 960
= (1-504Y ) 22 (1-504 Y on
+ 37 ( n:165 (n)q ) 37 ( p os5(n)q >

120 &
+tor Y w(n)d

n=1

240 & 768 &
= 1—{—?265(1’1)41—{-9—1265(11)6]2”

n=1 n=1

115992 & 69120 &
(54) o L 0s(mq"+ ==Y 05(n) ¢+ Y w(n)q"

n=1 n=1

Combining (52), (53) and (54) we have

=1
(55) +8736 Z up (n)q".

For n € N, equating the coefficients of ¢"* on both sides of (55) and using (2) we have

W1’3() 1 o5 (n) + 1 o (n) 16116 (n)+ 60 (n) 16 (n)
n) = ——0s5(n)+-——= ~ )= P~ — - ——= =
23 4368 > 1365 °\2) 14560 °\3) " 91 °\6/) 48 °\3
1 n 1 n 3 43,1 1
0 () ige () I
(56) 230° (3) T 160° (3) T2 (3) + g73612 ()
Identity (10) follows from (3) and (56).

(iii) From (29), (35)-(39), (44), (45), and (46) we deduce that
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(L) - L@)M () = %N (q)+ %N () - %N (@) + gggN (°)
480 £

+9_1qH(1_qn>5(1_q2n)5(1_q3n)(1 _q6n)

(57) + a1 -0 —-¢")"
14400 - &
9—1q2 [Ta-a)1=g") (11—’ (1—¢")
n=1

By (23) and (24), we see that

(L") ~Lia)) M (¢°)

— (1-48 i s +24Y o (n)g")(1+240 Y &3 (n)¢®)

n=1 n=1

= 1—482 G(n)q2"+24z G(n)q”+2402 o3 (n)q*"

n=1
(58) ~11520 )" o (n) g™ Z o3 (n) g™ + 5760 Z o(n)g" Y o3(n)q™
n=1 n=1
Appealing to (15) and (25), we obtain
~1 22 30, 5 660
— N
oY @+ oV () gV () + 637N< >
480 - n n n n
+opa [T =a" (=g (1 =g")(1-¢")
n=1
240 =
+FQH(1 —q")°(1—¢™)°
n=1
1440
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2160 & 47520 & 120
(59) 4= 5( ) 3n 6n

(60) +— Z uz(n)q".

For n € N, equating the coefficients of ¢"* on both sides of (60) and using (2) we have

Wig(n) = 21;14065<”)_1019120‘F (Z)Jr% (g)_%65 (g)_%‘” (9
Q) o)+ o () 42w + s ()

Identity (11) follows from (6) and (61).

(iv) From (31), (33), (36)-(39), (44), (45), and (46) we deduce that

2 ori a2y 101074 81 1620 (48
18180 &=

——or a[10 =g (=" (1=¢™)(1 - ¢")
n=1
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2700 <
(62) +

T‘]H(l —q")°(1—¢™)°
n=1

SRR IO ( - ") (131 4"
n=1

By (23) and (24), we see that

(3L(¢%) —2L(q*)) M (¢°)

(1-72 i o (n) g™ +48 i o (n)g*")(1+240 i o3 (n)g*")
n=1 n=1 n=1

= 1-12) G(n)q3”+482 o (n)g™+240 Y 03 (n) g™
n=1

n=1 n=1

(63) —17280 ) o (n)¢™ Z o3 (n)g*" + 11520 Z o(n)g™ Y o3(n)q™"
n=1 n=1 =
Appealing to (16) and (25), we obtain
10 1074 81 1620
—UN(g)— —2N 2N —N( 6)
g3V (@)~ a7 V(& )+637 (@) + g7V (4
18180 > . . .
qH (1=g"Y(1=g")(1—¢g™)(1—¢"")
2700 =
“——q[J(1-q"°(1—¢)°
13 n=1
4860 =

720 & 77328
I——o- ) os(n)g"+

91 Z o5 (n
5832 116640 & 180 &
(64) os(n)q" - Y os(m)g™+— Y us(n)q".
91 = 91 ~ 91

n=1

Combining (62), (63) and (64) we have

15
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Y c(n)g® Y o3(n)q"
n=1 n=1
I = 179 = 2T & .,
= 2184,;65()‘] 3640,;165()(] +7280;165(”)q
2 Y i)+ = Y s 4 e Y 6 (n) g
364 72 & 360 &

(65) — s 2 ua(n)q".

For n € N, equating the coefficients of ¢g" on both sides of (65) and using (2) we have

13 _ 1 179 (n 27 (n 27 <n> 1 (n)
Wii(n) = 315395 (1)~ 365695 2) *7280°° 3> 3615 \6) T 72932
1 n 1 n 2 13,1 1
(66) +3606(2>_2406<3>+3W171(2> 57364 (")
Identity (12) follows from (3) and (66). 0]
3. PROOF OF THEOREM 2

For [ € Ny we set,

(67) ri(l) = card {(x1,...,x4) € Z4 1= x3 4 x1x0 4+ x5 4+ X3 4 X304 +xﬁ},
and let (1), r3(7) and r4(1) be respectively N(1,1,1,1), N(1,1,1,2) and N(1,2,2,2) where
(68)

N(ay,a,a3,a4;n) = card (x1,sx8) € Z8 1 1 = ay(x] + X102 4 x3) + a2 (63 + X334 +x7)
1,42,43,44, =

+a3(x% +x5x6 + X2) + as (x5 +x7x5 +x3).

Obviously r;(0) = 1 for any i € {1,2,3,4}. It is known (see for example [2]) that

(69) n(l) =120(1) —360(%), leN.

Lomadze [21] proved that



EVALUATION OF FOUR CONVOLUTION SUMS 17

(70) ra(1) = 2405(1) +216G3(§), leN.

The following two formulae was proved by Kokliice [22].

(71 r3(1) = 1803(1) —4863(%) - 16263(%) +43263(é), leN
and
(72) r4(1) = 603(1) —3603(%) —5403(%) +324G3(é), [eN.

Proof. We just prove (ii) in detail. The remaining can be proved in a similar way.

It is clear that

(73) N(1,1,1,1,2,2;n) = Z ri()ra(m) = ri(0)ra(n) 4+ ri(n)r(0) + Z ri(l)ra(m).
I,meNy I,meN
2l4+m=n 2l4+m=n

Thus using (69) and (70) we have

N(1,1,1,1,2,2;n)—(2463(n)+21663(g)+126(%)—366(%))
!
D) (120(1)—360(5))(2463@)+21663(§))
I,meN
2l+m=n
m [
= 2 ) — _
88 Y o(l)os(m)+2592 ) 0(1)03(3) 864 ) 6(3)63(m)
I,meN I,meN I,meN
2l4+m=n 2l+m=n 2l+m=n
[ m
—7776 ~)os(=
Y o(3)03(3)
I,meN
2l+m=n

n

= 288W, 7 (n)+2592W, 5 (n) — 864W, 7 (n) — T776W, 7 ( 3)

Appealing to (5), (9) and (10) and adding 2463(n) +21603(5) + 126 (5) —360(%) to both

sides of the equation we obtain the desired result.

For () use N(1,1,1,1,1,2;n) = Y ri(I)r3(m)
[,meN
I[+m=n

and
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for (iii) use N(1,1,1,2,2,2;n) = Z ri(l)ra(m).

1,meNy
[+m=n
O

Denoting the right hand side of (18) by S(1,1,1,1,2,2;n), we give the first ten values of
N(1,1,1,1,2,2;n) and S(1,1,1,1,2,2;n) in Table 1 to illustrate the equations.
Table 1 The first ten values of S(1,1,1,1,2,2;n) and N(1,1,1,1,2,2;n)

n | S(1,1,1,1,2,2;n) | 65(n) | ui(n) up(n) | N(1,1,1,1,2,2;n)
1 |24 1 101 -2 24

2 228 33 362 —36 228

3 | 1176 244 —27 606 1176

4 14380 1057 1660 —2216 | 4380

5 | 14544 3126 —3138 | 2484 14544
6 | 36804 8052 —486 2172 | 36804
7 | 76800 16808 | 7192 —7408 | 76800
8 | 175692 33825 | 13352 | 4464 | 175692
9 | 244824 59293 | 8181 —162 | 244824
10 | 522648 103158 | —12804 | 9768 | 522648
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