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Abstract. In this paper, we introduce (y,¢)-weak contraction condition that involves cubic terms of distance
function. We prove some fixed point theorems for pairs of intimate mappings satisfying newly introduced contrac-
tion condition and generalize the result of Murthy and Prasad [14] and Jain ez al. [8]. At the end, an application
for integral type contraction condition is given.
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1. INTRODUCTION AND PRELIMINARIES

Banach contraction principle [2] which is known as the basic tool of fixed point theory en-
sures the existence of a unique fixed point for every contraction mapping 7' (say) defined on a
complete metric space E. The mapping T in Banach contraction principle is always uniformly
continuous. For the last ten decades, authors are continuously trying to extend and generalize

the Banach contraction principle in various directions.

One of the directions of generalization of Banach contraction principle concerns the coinci-
dence points and common fixed points of pair of mappings satisfying contractive conditions.
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The use of notion of commutative mappings in fixed point theory literature became a turning
moment. The first attempt to relax commutative condition of mapping to weak commutative
condition was initiated by Sessa [17]. In 1986, Jungck [10] further weakened the notion of
commutativity/weak commutative to compatible mappings. In 1993, Jungck, Murthy and Cho
[12] further generalized the notion of compatible mappings to compatible mappings of type (A).
The process of generalizing the concept of compatible mappings still going on.

Now, we recall some basic concepts which are useful for our work.

Definition 1.1. Let (E,d) be a metric space. Two mappings S,7T : E — E are said to be com-
patible [10] if and only if

limd(STu,, TSu,) =0,

n—yoo

whenever {u, } is a sequence in E such that lim Su, = lim Tu, = z, for some z € E.
n—sco n—oo

Definition 1.2. Let (E,d) be a metric space. Two mappings S,7T : E — E are said to be com-

patible of type (A) [12] if

limd(SSu,, TSu,) = 0 and lgnd(TTun,STun) =0,
n—>oo

n—oo

whenever {u, } is a sequence in E such that lim Su,, = lim Tu, = z, for some z € E.
n—sco n—oo

In 2001, Shahu and Dhagat [16] generalized the concept of compatible mappings of type (A)

and introduce the concept of intimate mappings as follows.

Definition 1.3. Let S and 7" be two self mappings on a metric space E. Then S and T are said

to be
(a) T—intimate if

od(T Sup, Tuy,) < od(SSuy, Suy),

where a = liminf or limsup and {u, } is a sequence in E such that lim, Su,, = lim,, Tu,, =
z, for some z € E.

(a) S—intimate if

od(STuy,Su,) < ad(TTu,, Tuy,),
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where a = liminf or limsup and {u, } is a sequence in E such that lim, Su,, = lim,, Tu,, =

z, for some z € E.

Preposition 1.1. If S and T are compatible mappings of type (A), then S and T are S-intimate
mappings or T -intimate mappings.

Proof. Since d(STuy,Su,) < d(STu,, TTuy,) 4+ d(TTuy,, Tuy), forn > 1.

Therefore, od(STuy,Su,) < a0+ od (T Tuy, Tuy),

implies that od(STuy,,Su,) < od(TTuy,Tuy,), whenever {u,} is a sequence in E such that
lim Su,, = nli_rg)loTun =z, for some z € E.

n—oo

Thus, the pair (S,T) is S—intimate. Similarly, one can prove that the pair (S,T) is T —intimate.
Converse of the above Preposition 1.1 may not true.

Example 1.1. Let E = [0, 5] be a metric space with usual metric d and S,T : E — E be defined

as follows

Su= 23 forall ucE, Tu= 25, forall ucE.

Let {uy,} be a sequence such that u, = %, then lim Su,, = 1 and limTu,, = 1.
n—oo n—oo

Also, d(STuy,Sun) — 5 and d(TTuy, Tu,) — % as n — . Therefore,

lim d(STup, Su,) < imd(TTuy,, Tuy,).

n—oo n—oo
Hence, the pair (S,T) is S—intimate, but d(STu,,TTu,) — 1—12, asn— o, so S and T are not

compatible mappings of type (A).

Preposition 1.2. Let S and T be two self mappings on a metric space (E,d). Suppose that pair
(S,T) is a pair of T -intimate mappings and Su =Tu =z, z € E.Then d(Tz,z) < d(Sz,z).
Proof. Assume that u,, = u, for alln > 1. So, Su,, — Su =z and Tu, — Tu = 2.
Since the pair (S,T) is T —intimate, then
d(TSu,Tu) = limd(T Suy, Tuy)
n—soo
< limd(SSuy, Suy,)
n—soo

=d(SSu,Su),
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ie,d(Tz,z) <d(Sz,z).

2. FIXED POINTS

In 1969, Boyd and Wong [5] introduced ¢ contraction condition of the form d(Tu,Tv) <
¢ (d(u,v)) for all u,v € E, where T is a self map on a complete metric space E and ¢ : [0,00) —
[0,00) is an upper semi continuous function from right such that 0 < ¢(¢) < ¢ for all z > 0. In
1997, Alber and Guerre- Delabriere [1] generalized ¢ contraction to ¢ —weak contraction in
Hilbert spaces, which was further extended and proved by Rhoades [15] in complete metric

space.

A self map T on a complete metric space is said to be a ¢ — weak contraction if for each u,v € E,
there exists a continuous non-decreasing function ¢ : [0,00) — [0,0) satisfying ¢ (¢) > 0, for all

t >0and ¢(¢t) = 0if and only if # = O such that
(2.1) d(Tu,Tv) <d(u,v)—¢(d(u,v)).

The function ¢ in the above inequality (2.1) is known as control function or altering distance

function. The notion of control function was given by Khan ez al. [13] as follows.

Definition 2.1. [13] An altering distance is a function ¢ : [0,0) — [0, o) satisfying the following

(1) ¢ is an increasing and continuous function,

(ii) ¢(¢) =0if and only if 7 = 0.

In 2009, Zhang and Song [18] gave the notion of generalized ¢ — weak contraction by gen-

eralizing the concept of ¢ —weak contraction.

Definition 2.2. [18] Two self mappings S and T on a metric space (E,d) are said to be gener-
alized ¢ —weak contractions if there exists a mapping ¢ : [0,00) — [0,00) with ¢(z) > O for all
t >0and ¢(0) = 0 such that

d(Su,Tv) < M(u,v) — ¢(M(u,v)) for all u,v € E,

where M(u, v) = max{d(u,v), d(u, Su),d (v, Tv), LD A5,
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In 2013, Murthy and Prasad [14] introduced a weak contraction that involves cubic terms of

distance function.

Theorem 2.1. [14] Let T be a self-map on a complete metric space E satisfying:
[1+ pd(u,v))d*(Tu,Tv) < pmax {%[dz(u, Tu)d(v,Tv) +d(u, Tu)d*(v,Tv)],
d(u, Tu)d(u, Tv)d(v,Tu),d(u, Tv)d (v, Tu)d(v, Tv)}
+m(u,v) — ¢ (m(u,v))
where

m(u,v) = max {dz(u, v),d(u, Tu)d(v,Tv),d(u,Tv)d(v,Tu),

%[d(u, Tu)d (u, Tv) +d (v, Tu)d(v, Tv)]},

where p > 0 is a real number and ¢ : [0,00) — [0,00) is a continuous function with ¢ (t) = 0 iff

t =0and ¢(t) > 0 for eacht > 0. Then T has a unique fixed point in E.

In 2017, Jain et al. [7] generalized Theorem 2.1 for pairs of commuting mappings and in
2018, Jain and Kumar [8] generalized Theorem 2.1 for the pairs of intimate mappings.
In this paper, we will prove fixed point theorems for pairs of intimate mappings by using the
control function ¥ € ¥ and generalize the result of Jain and Kumar [8] and Murthy and Prasad
[14], where P is a collection of all functions y : [0,00)* — [0,0) satisfying the following con-
ditions:

(y1) v is non decreasing and upper semi continuous in each coordinate variables,

(v2) A(t) = max{y(t,7,0,0),y(0,0,0,7),w(0,0,¢,0), y(t,z,¢,t)} <t,foreacht > 0.
Let @ be a collection of all the functions ¢ : [0,00) — [0, 0) satisfying the following conditions:

(¢1) ¢ is a continuous function,

(¢2) ¢(t) >t foreacht > 0and ¢(0) =0.

Now, we prove our main results.

Theorem 2.2. Let (E,d) be a metric space and f, g, S and T be four self mappings on E

satisfying the following conditions:
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(E) C8(E) and T(E) C f(E),

) S
pair (f,S) is f—intimate and (g,T) is g—intimate,

8))
G
Cy

(C1)
(C2)
(C3) f(E) is a complete subspace,
(C4)

]J:rl,lle‘P ¢ € ®, real number p > 0 and for all u,v € E,
[1+ pd(fu,gv))d*(Su,Tv) <
w(dz( fu,Su)d(gv,Tv),d(fu,Su)d*(gv,Tv),
d(fu,Su)d(fu,Tv)d(gv,Su),
d(fu,Tv)d(gv,Su)d (g, Tv)>
+m(fu,gv) — ¢(m(fu,gv)),
where

m( fu,gv) = max {d*(fu,gv),d(fu, Su)d (gv, Tv),d(fu, Tv)d(gv,Su),

1
Sld(fu,Su)d(fu. Tv) +d(gv.Suw)d(g.Tv)] }.
Then f, g, S and T have a unique common fixed point in E.
Proof. Let uy € E be an arbitrary point. Since S(E) C g(E) and T(E) C f(E), therefore one

can find uy and uy such that Suy = guy = vy and Tuy = fuy = vi. Continuing in this fashion,

one can construct Sequences SMCh thal
(2.2) Vop = Supy = guopt1  and  Voup1 = Tuzui1 = fususa,

for each n =0,1,2,3.... First, we shall prove that 1i_r>n d(Vn,vut1) = 0. For simplicity, let us
n—soo

denote
(2.3) yn:d(vn,vn+1),n:O,1,2,3,.‘..

Now, we prove that {Y,} is non-increasing sequence, i.e., Yy+1 < Yy forn=1,2,3,....

Case I. If n is even. By taking u = up, and v = up, 11 in (Cy), we get



FIXED POINTS FOR INTIMATE MAPPINGS 7

[1 +pd<fu2n>gu2n+l)]dZ(SMZm T“2n+1) <p w<d2(fu2nasu2n)d(gu2n+l s Tu2n+1)7

d(fuon, Stzn)d*(guans 1, Ton 1),

d(fuan, Suzy)d(fuon, Tuzyt1)d(guant1,Su),
d(fuan, T”2n+1)d(g”2n+l7S’/t2n)d(g”2n+laTu2n+l)>

+m(fuon, guont1) — @ (m(fuzn, gu2nt1)),
where

m(f“vagMZn—H) = max {dz(fu2n7gu2n+l)7d(fu2nasu2n)d(gu2n+l ; Tu2n+1)>
d(fuon, Tuoyi1)d(guan1,Suzn,
1
E[d(fu2msu2n)d(fu2m Tupui )+

d(guon+1,Suzn)d(guans1, Tusn1)] }

Using equations (2.2) and (2.3) in the above inequality, we have

[L+ pYon—1]12n* < PV (Yon—12Von, Yon-172n>,0,0) +
(2.4) m(van—1,van) — @ (M(van—1,v2n)),

where

m(van—1,v2n) = max { Yon—12, Yon—1%,0, 3 [oa—1d (van—1,v2n11) +0] }.
By triangular inequality, we have

d(van—1,van+1) <d(van—1,van) +d(Van,van+1)

= Yon—1+ Yon-
Hence,

1
(2.5) m(van—1,v2n) < max {¥ou—12, Yon—1%n;0, 3 [Yon—1(Pon—14+120)] }-
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Now we claim that {7, } is non-increasing. Suppose it is not possible, i.e., Yan—1 < Yan, then by

using the inequality (2.5) with the property of ¢ and y, equation (2.4) reduces to

[1 + p’}/Zn—l]’)an < p’}/Zn—lyan + VYon—1Ym — ¢(Y2n—1 ’}/Zn)v

ie., ’yznz < 7’22n , a contradiction. Therefore, Vb, < Von—1. In a similar way, if n is odd, then we
can obtain Y11 < P, It follows that the sequence {¥,} is non-increasing. Now we prove that
limy, =0.

nﬁm'}’n

Suppose limy, #0, i.e.,
n—oo

(2.6) limy, =t, for somet > 0.
n—oo

Taking n — oo,using the inequality (2.5), the equation (2.6) with the property of ¢, Y the in-
equality (2.4) reduces to
[1+pt]e? < pt +12 — ¢ (1%).
This implies that ¢ (t*) < 0, a contradiction to the definition of ¢.
Therefore,
(2.7) r}glgoy,, = nlgrolod(vn, Vp—1) =0.

Now, we prove that sequence {v,} is a Cauchy sequence in E. Let us assume that {v,} is not
a Cauchy sequence, so there exists an € > 0, for which, one can find two sequences of positive

integers {m(k)} and {n(k)} such that
(2.8) d(vm(k),vn(k)) > € and d("m(k)yvn(k)fl) < E,

for all positive integers k,n(k) > m(k) > k.

Now, € < d(Vyk)s Vak) < dVm)s Vak)—1) T dVn) =15 Vak))-

Letting k — oo, we get

2.9) limd(vm(k),vn(k)) =E.

k—soo

From the triangular inequality, we have,

V) Vi) +1) — AWy s V)| < AWy s Vi +1)-
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Taking limit as k — oo and using equations (2.7) and (2.9), we have

(2.10) limd(vn(k),vm(k)+1) = €.

k—boo

Again from the triangular inequality, we have

|d(vm(k)7vn(k)+1) - d(vm(k)avn(k))| < d(vn(k)7vn(k)+l)

Taking limit as k — oo and using equations (2.7) and (2.9), we have

2.11) limd(vm(k),vn(k)ﬂ) = E.

k—yo0

Similarly, on using triangular inequality, we have

[V 415 Vi) +1) — V) s Va) | < dVme)s Vi +1) +dVnikys V() +1)

Taking limit as k — oo in the above inequality and using equations (2.7) and (2.9), we have

(2.12) limd(vn(k)+1,vm(k)+1) =E.

k—ro0

On taking u = u,,y and v = u, and using equation (2.2) in (Cy), we get

[1 + pd(vm(k)—l »Vn(k)—1 )]dz(vm(k) ) Vn(k)) <
A% <d2 Vi) =15 Ymx)d Vn() =15 Va(k))

AV -1 V() ) (Va(k)— 1> V()

AV =1 Vi) Vmk)—15 V)4 Vn() =15 V() )»
AV =1, Vn(6))4d V(k)—15Vim(x) )d (Vn(k)—hvn(k)))

V()15 V() 1) = O (M) 15 Va)-1)) »
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where
M(Vy(l) 15 Va(k)—1) = Max {dz(vm(k)—lavn(k)—l)7
AV =15 Vm(k)dVn) =1 Va(k))»

AV 1Y) V() =15 Vm(k) )

% [d(vm(k)—l7Vm(k))d(vm(k)—17vn(k))+
d(Vagk)-1, Vm(k))d(vn(k)—lvvn(k))] }
Letting k — oo and using equations (2.7)-(2.12) with the property of ¢ and Y, we obtain
[1+pele® < py(0,0,0,0) +€” — 9 (e) < &7,

which is a contradiction. Thus, the sequence {v,} is a Cauchy sequence in E. Since f(E)
is a complete subspace, therefore, there exists 7 € f(E) such that vy, = Tuppy1 = fuonio
converges to 7 as n — . Consequently, one can find a point t € E such that ft = z. Now, {v,}
is a Cauchy sequence containing a convergent subsequence {va,+1}, so, the sequence {v,} is
also convergent. {vy,} being a subsequence of a convergent sequence {v,}, is also convergent.
So, the sub sequences {Suz,}, {fuont2}, {Tuzns1}, and {gusni1} also converges to the same
point z.

We claim that St = z. For this substituting u =t and v = up,+1 in (C4) and letting n — oo, we

have

[1+ pd(f1,2)]d*(S1,2) < py(0,0,0,0) +m(f1,2) — (m(f1,2)),
where
m(ft,2) = max {d? (f1,2).d(f1.51)d(z,2).d(f1.2)d(z,S1),
SUE30d(1.2) +d (2,502, 2)] } =

On solving, we get d*(St,z) = 0 which implies that St = z. Therefore, we have 7 = ft = St.

Since S(E) C g(E), therefore for this 7 there exists a point x € E such that gx = St = z.
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Now, we prove that Tx = z. For this, taking u =t, v=xin (Cy), we get
[+ p(f1,82)]d* (1, Tx) < py(0,0,0,0) +m(f1,8x) =  (m(f1,£x)),
where
m(ft,gx) = max {dz(ft,gx),d(ft,St)d(gx, Tx),d(ft,Tx)d(gx,St),
Sd(/1,S0)d(f1,T2) +d(gx, $1)d (g, Tx)]} =0

On simplification, we get d* (z,Tx) =0, which implies that z =Tx, i.e., gx =7 =Tx.

Thus, z = ft = St = gx = Tx. The pair (f,S) is f—intimate and St = ft = z, so by Proposition
1.2, we have d(fz,z) < d(Sz,z).

Let us suppose that Sz # z, then from the inequality (Cy), we have

[1+ pd(fz,8x)]d*(Sz,Tx) < py(0,0,0,0) +m(fz,gx) — ¢ (m(fz,8x)),

where
m(fz,gx) = max {dz(fz,gx),d(fz,Sz)d(gx, Tx),d(fz,Tx)d(gx,Sz),
%[d(fz,Sz)d(fz, Tx)+d(gx,Sz)d(gx, TX)]} =0.

After simplification, we get dz(Sz,z) < 0, a contradiction.Therefore, Sz = z.Similarly, we get
gz =Tz = z. For the uniqueness, let us suppose thatw, z, w # z, be two common fixed points of

f,8,Sand T. Taking u=w, v=zn (Cy), we get,
[1+ pd(w,z2)]d*(w,z) < py(0,0,0,0) +m(w,z) — ¢ (m(w,z)),
where

m(w,z) = max {dz(w, 2),d(w,w)d(z,2),d(w,z)d(z,w),

%[d(w, w)d(w,z) +d(z,w)d(z,z)]} =d*(w,2).

After simplification the above inequality reduce to d* (w,2) <0, a contradiction. So, w = z. This

proves the uniqueness of the common fixed point of f,g,S and T. This completes the proof.

On substituting f = g = S and S = T in Theorem 2.2, one can deduce the following corollary

which generalizes the result of Murthy and Prasad [14] and Jain et al. [7].
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Corollary 2.1. Let (E,d) be a metric space. Suppose that S,T : E — E are two mappings

satisfying the following conditions
Cr+

Cy-
Cs-

T(E) CS(E),

the pair (S,T) is S—intimate,

(Cr+)
(Cor)
(Cs+) T(E) is a complete subspace,
(Cs+)

Cy+) forallu,v € E, real number p >0, y € ¥, ¢ € P,

[1+ pd(Su,Sv)|d*(Tu,Tv) <p l//(dz(Su, Tu)d(Sv,Tv),d(Su, Tu)d*(Sv,Tv),

d(Su,Tu)d(Su,Tv)d(Sv,Tu),d(Su,Tv)d(Sv,Tu)d(Sv, Tv))

+m(Su,Sv) — ¢ (m(Su,Sv)),
where

m(Su,Sv) = max {d2 (Su, Sv),d(Su, Tu)d(Sv, Tv),d(Su, Tv)d(Sv, Tu),

1
5 [d(Su,Tu)d(Su,Tv)+d(Sv,Tu)d(Sv, Tv)]}.
Then S and T have a unique common fixed point in E.

Next, we generalize the above Theorem 2.1 and Theorem 2.2 for six intimate mappings.

Theorem 2.3. Let A, B,P,Q, S and T be six self-mappings on metric space (E,d) satisfying the

conditions

P)) A(E) C PQ(E) and B(E) C ST(E),

P) PQ=QP, ST =TS, AT = TA and BQ = OB,

Py

(P1)
(P2)
(P3) the pair (A,ST) is ST —intimate and the pair (B, PQ) is PQ—intimate,
(Py) ST(E) is a complete subspace.

(P5) fo

Ps) for y € ¥, ¢ € ®, real number p > 0 and for all u,v € E,



FIXED POINTS FOR INTIMATE MAPPINGS 13

[1+ pd(STu, PQv)|d*(Au,Bv) <

Py (dz(STu,Au)d(PQv, Bv),d(STu,Au)d*(PQv,Bv),

d(STu,Au)d(STu,Bv)d(PQv,Au),d(STu,Bv)d(PQv,Au)d(PQv, Bv)>

m(STu, Bv) — ¢ (m(STu, POV)),
where
m(STu, POv) = max {d2 (STu, POV),d(STu,Au)d(PQv, Bv),d(STu, Bv)d(PQv,Au),
%[d(STu,Au)d(STu, BY) + d(PQv. Auw)d (PQv. BV)] ).

Then A,B,S,T, P, and Q have a unique common fixed point in E.
Proof. Let ug € E be arbitrary point. Using (Py), one can find uy,up € E such that Auy =

PQu| = vy and Buy = STu, = v|. Following it, one can construct sequences such that
(2.13) Von = Augy = PQuopy1 and  voui1 = Bugyiy = STugy, 2,
foreachn =0,1,2,3.... For simplicity, let us denote

(2.14) ﬁn:d(vn,vn+l),n:0,1,2,3,....

First, we prove that {B,} is non-increasing sequence, i.e., P11 < B, forn=1,2,3,....

Case L If n is even. By taking u = uy, and v = up,1 in (Ps), we get
[1 +pd(STu2n;PQu2n+l )]dZ(AMZn;BMZn-H)
S v (dz (STMZnaAZ’Qn)d(PQuZnJrI ) Bu2n+1 )a

d(STuap, Az, )d* (PQuay s 1, Buans1),

d(STu2n 7Au2n)d(STu2n s B”2n+1 )d(PQ’/QnJrI 7Au2n>7
d(STuzp, Buzyi1)d(PQuapi1,Auzn)d(PQuopi1,Buz,ti ))

+m(STuzn, PQuay 1) — ¢ (m(STuzy, PQuony1)),
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where
m(STuzn, POtirns1) = max {dZ(STuzn, PQuns1),d(STuuzn, Attn)d(PQuon 1, Butons1),
d(STuzy, Bugy+1)d(PQuapi1,Augy,
%[d(STMZnaAMZn)d<STM2n7Bu2n+1)"—

d(PQM2n+1,Au2n)d(PQu2n+1,Bu2n+1)]}-

Using equations (2.13) and (2.14) in the above inequality, we have

[1+ pBan—1]Bon” < pW (Bon—1Bons Bon—1Bon”,0,0) +
(2.15) m(VanhVZn) - ¢ (m(V2n717V2n))7

where m(va,—1,van) = max { Ban—1%, Bon—1Ban, 0, % [Bon—1d(van—1,v20+1) +0] }.

Using triangular inequality, we get

d(van—1,v2n11) <d(van—1,v2n) +d(van, vani1) = Ban—1+ Bon-
Hence,
(2.16) m(van_1,v20) < max {Bon_17, Bon—1B2n0, % [Bon—1(Ban—1+Bon)] }-

Now we claim that {Bo,} is non-increasing. Suppose it is not possible, i.e., By,—1 < Bon, then

by using the inequality (2.16) with the property of ¢ and y, equation (2.15) reduces to

[1+ pBan—1]Ban” < PBan—1B2n” + Ban—1Ban — O (Bon—1B2n),

ie. [32,,2 < Bzzn , a contradiction. Therefore, By, < Bon_1. In a similar way, if n is odd, then we

can obtain Bop+1 < Bon. It follows that the sequence {f,} is non-increasing. Now we prove that

nlglgoﬁn = 0. Suppose ,}%ﬁ" #0, i.e.,
(2.17) lim B, =t, for somet > 0.
n—oo

Taking n — oo in inequality (2.15) and using the inequality (2.16), the equation (2.17) with the

property of ¢, Y, we have

[1+pt]e? < pt +12 — ¢ (1%).
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This implies that ¢ (t*) < 0, a contradiction to the definition of ¢.

Therefore,

(2.18) lim B, = limd(vy,vo-1) = 0.

n

Let us assume that {v,} is not a Cauchy sequence, so there exists an € > 0, for which, one can

find two sequences of positive integers {m(k)} and {n(k)} such that
(2.19) d(vm(k),vn(k)) > € and d(Vm(k)vvn(k)—l) <E,

for all positive integers k,n(k) > m(k) > k.
Now

€ <Ay Vaw) < dVmi)s Vak)—1) T dVn) =15 Va))-
Letting k — oo, we get
(2.20) klgl}od(vm(k)’v"(k)) = E.

Now from the triangular inequality, we have,

[dV(iys Vi) +1) = iy Vi) | < dVmiie)s Vin(ioy+1)-

Taking limit as k — oo and using (2.18) and (2.20), we have

2.21 li = €.
(2.21) Hmd (V) Vi) 1) = €

Again from the triangular inequality, we have

|d(vm(k)vvn(k)+l) - d(vm(k)avn(k)>| < d(vn(k)avn(k)-‘rl)
Taking limit as k — oo and using (2.18) and (2.20), we have
(2.22) I}geod(vm(k),vn(k)+l) =E.

Similarly, on using triangular inequality, we have

V()15 Vak)+1) — Vi) Va) | < dOmiiys Vi) +1) +dVne)s Vae+1)
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Taking limit as k — oo in the above inequality and using (2.18) and (2.20), we have

(2.23) limd(vn(k)+1,vm(k)+1) = €.

k—oo

On taking u = u,,y and v = u,y and using equation (2.13) in (Ps), we get
[1 +pd(vm(k)—1 ) Vn(k)—l)]dz(vm(k)avn(k)) <
py (dz(vm(k)lvvm(k))d(vn(k)lvvn(k))y

A (Vi) 1 V()4 (V)15 V)

AVmk)=15VmE)AVm) =15 V()4 Va1 Vim(k))
AV -1 V()4 V()= 15 Vi) )d V(i) — 15 V(o) ))
AV )1 V() —1) = ¢ (M)~ 1> Vax)—1))
where
M(Vy(k) 15 Va(k)—1) = Max {dz(vm(k)—l Vn(k)—1)5

AV =15 Vm(k)dVn) =1 Va(k) )

dVim(k)—15Vnk))d V() -1 V(i)

1

3 [d(vm(k)fl7vm(k))d(vm(k)fl7vn(k))+

AdVn()=1Vim(k))d Va1 Vn(k))] } :
Letting k — oo and using equations (2.18)-(2.23) with the property of ¢ and W, we obtain
[1+ pele? < py(0,0,0,0) + &% — ¢ (%) < €7,

which is a contradiction. So, the sequence {v,} is a Cauchy sequence in E. Since ST (E) is
a complete subspace, so there exists a point 7 € St(E) such that vy,+1 = Bupy+1 = STuzp o
converges to z as n — oo. Consequently, one can find a point t € E such that STt = z. Now, {v,}
is a Cauchy sequence containing a convergent subsequence {vy,.1}, so, the sequence {v,} is

also convergent. {vy,} being a subsequence of a convergent sequence {v,}, is also convergent.
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So, the sub sequences {Auy,}, {STuzni2}, {Busy+1}, and {PQuy,11} also converges to the
same point 7.We claim that At = z. For this substituting u =t and v = up, in (Ps) and letting

n — oo, we have
[1+ pd(STt,z)|d*(At,z) < pw(0,0,0,0) +m(STt,z) — ¢ (m(STt,z)),
where
m(STt,z) = max {dZ(STt,z),d(STt,At)d(Z,Z),
d(STt,z)d(z,At),
%[d(STt,At)d(STt,z) +d(zAd(z,9)] } =0,

On solving it, we get d*(At,z) = O which implies that At = z.Therefore, we have 7 = STt =
At.Since A(E) C PQ(E), therefore for this z there exists a point x € E such that PQx = At = z.

Now, we claim that Bx = z. For this taking u =t, v=xin (Ps), we get
[1 + pd(STt,PQx)]d*(At,Bx) < py(0,0,0,0) 4+ m(STt, PQx) — ¢ (m(STt, PQx)),
where
m(STt,PQx) = max {dz(STt,PQx) ,d(STt,At)d(PQx,Bx),d(STt,Bx)d(PQx,At),
%[d(STt,At)d(STt,Bx) + d(PQx,At)d(PQx,Bx)]} —0.
After simplification, we get d? (z,Bx) = 0, which implies that z = Bx, i.e., PQx = z = Bx. Thus,
7=_S8Tt = At = PQx = Bx. The pair (A,ST) is ST —intimate and STt = At = z, so by Proposition

1.2, we have d(STz,z) < d(Az,z). Let us suppose that Az # z, then from the inequality (Ps), we

have
[1 + pd(STz, PQx)]d*(Az, Bx) < pw(0,0,0,0) +m(STz, POx) — ¢ (m(STz, PQx)),
where
m(STz, PQx) = max {dZ(STz,PQx),d(STz,Az)d(PQx,Bx),d(STz,Bx)d(PQx,Az),

%[d(STz,Az)d(STz,Bx) +d(PQx,Az)d(PQx,Bx)]} =0.
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After simplification, we get d*(Az,z) < 0, a contradiction. Therefore, Az = zi.e., STz = Az = z.
Similarly, we get PQz = Bz = z. Suppose that Tz # z. Substituting u = Tz, v = ug,+1 in (Ps)

and letting n — oo, we have
[1+ pd(STTz,2)|d*(ATz,z) < pw(0,0,0,0) +m(STTz,z) — ¢ (m(STTz,z)),
where
m(STTz,z) = max {dz(STTz,z),d(STTz,ATz)d(z,z),d(STTz,z)d(z,ATz),
Sd(STT2 AT(STTz,2) + d( AT2)d(z,2)] b = d(T2,2),
since STTz=TSTz=Tzand ATz =TAz = Tz On simplifying, we get
[1+pd(Tz,2)|d*(Tz,2) < d*(Tz,2) — 9(d*(Tz.2)) <0,

which is a contradiction. Therefore, Tz =z and z = STz = Sz.

Now we claim that Qz = z. For this taking u = up,, v = Qz in (Ps) and letting n — oo, we get,

[1+ pd(z, POQz)]d*(z,BQz) < py(0,0,0,0) +m(z,PQQz) — ¢ (m(z, POQz)),

where

m(z, PQQz) = max {d2 (z,PQQ2),d(z,2)d(PQQz,BQz),d(z, BQz)d(PQQz,7),
%[d (z,2)d(z,BQz) +d(PQQz,2)d(PQQz, BQZ)]} = d*(z,02),
since PQQz = QPQz = Qz and BQz = QBz. After simplifying the above inequality, we obtain

d*(z,0z) = 0, which implies that Qz = z. 7z = PQz = Pz.The uniqueness can be proved easily.

Hence, 7 is a unique common fixed point of A,B,S, T, P and Q.

Remark 2.1. If we consider the function v : [0,00)* — [0,00) defined by

w<t17t27t37t4) = maX{%[t] + t2]7t37t4};
in Theorem 2.2 and Theorem 2.3, then we conclude that our results generalize the Theorem 2.1

and the results of Jain et al. [8].
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3. APPLICATION
In 2001, Branciari [6] obtained Banach contraction principle for mapping satisfying an in-

tegral type contraction condition. On the similar lines, we analyze our results for mappings

satisfying a generalized (¢ — y)—weak contraction condition of integral type.

Theorem 3.1. Let f,g,S and T be four self mappings on a metric space (E,d) satisfying the
conditions (Cy), (C2), (C3) and

(Cs) foru,v €E,

M(u,v) N(u,v)
| voar< [ v,

where

M(u,v) = [1 + pd(fu,gv)|d*(Su, Tv),

N(u,v) = py (dz(fu, Su)d(gv, Tv),d(fu,Su)d*(gv, Tv),d(fu,Su)d(fu,Tv)d(gv,Su),

d(fu,Tv)d(gv,Su)d(gv, TV)) +m(fu,gv) — @ (m(fu,gv)),
where
m(fu, gv) = max {dz( Fu,gv),d(fu,Su)d(gv,Tv),d(fu,Tv)d(gv,Su),
%[d( fu.Su)d(fu Tv) + d(gv,Sw)d (g TV)]

yeW, ¢ €® p>0isareal number and y: [0,00) — [0,00) is a Lebesgue integrable function
€

which is summable on each compact subset of [0,00) such that for each € >0, [y(t)dt > 0.
o

Then f,g,S and T have a unique common fixed point.

Proof. On putting y(t) = c (some non zero constant ), it reduces to Theorem 2.2 .

Theorem 3.2. Let A,B,S,T,P and Q be six self mappings on a metric space (E,d) satisfying
the conditions (Py), (P»), (P3), (Py) and

(Ps) foru,v €E,
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where

M(u,v) = [1 + pd(STu,PQv)|d*(Au, Bv),

N(u,v)=py (dZ(STu,Au)d(PQv, Bv),d(STu,Au)d*(PQv,Bv),
d(STu,Au)d(STu,Bv)d(PQv,Au),
d(STu,Bv)d(PQv,Au)d(PQv, Bv))

+m(STu,Bv) — ¢ (m(STu, PQv)),
where
m(STu, PQv) = max {dZ(STu,PQv),d(STu,Au)d(PQv, Bv),d(STu,Bv)d(PQv,Au),
1
5 [d(STu, Aw)d(STu, B) +d(PQv. Au)d (PO, Bv)]}.
yeW, ¢ €® p>0isareal number and y: [0,00) — [0,00) is a Lebesgue integrable function
€
which is summable on each compact subset of [0,0) such that for each € > 0, [y(t)dt > 0.
o
Then A,B,S,T,P and Q have a unique common fixed point.
Proof. On putting y(t) = ¢ (some non zero constant ), it reduces to Theorem 2.3 .
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