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1. INTRODUCTION 

The thirst area of present research in analysis is fixed point theory due to its novelty, innovation, 

usage, scope and application. The satiating topic of fixed point theory is the fuzzy set and was 

coined by Zadeh [1]. It is the cornerstone of fuzzy logic and this concept has numerous 

applications in neural network, stability process, mathematical programming, mathematical 

modelling, engineering science, medical field, game theory, decision making, genetics and image 
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processing etc. In covid-19 situation many inferences, theories were made due to fuzzy logic like 

[2] and [3]. Kramosil and Michalek [4] defined fuzzy metric space and used this in the formation 

of Hausdorff topology. Further this notion was modified through continuous t-norm by George and 

Veeramani [5].  Afterwards some more refinements were made by Kaleva and Scikkala [6] in 

generating some fixed point results Further Singh and Jain [7] used the implicit relation to prove 

some of results in fuzzy metric space. The General conditions to establish fixed theorems we need 

commutativity, continuity and contraction or similar conditions. Chauhan et al. [8] coined the idea 

of compatible mappings in fuzzy metric space and established some theory regarding the 

generation of fixed points. Jungck and Rhodes [ 9] generalized the compatibility resulting in the 

formation of weakly compatible mappings and established some results. In fuzzy metric space, V. 

Srinivas and B.V. Reddy [10] presented six maps to establish fixed point theorem by employing 

the concepts of weakly compatible, semi- compatible and continuous t-norm. Some more theorems 

have been witnessed like [11], [12] and [13] in fuzzy metric space. In this paper we use the notion 

of weakly semi compatibility, sub sequentially continuous mappings and occasionally weakly 

compatible mappings and generate two results in fuzzy metric space without using the condition of 

continuity. 

 

2. PRELIMINARIES 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟏 [10] A binary relation ∗ ∶ [0, 1] → [0, 1] is mentioned continuous t- norm if ∗ 

satisfying  

▪   ∗ is associative 

▪   𝜇 ∗   1 =   𝜇    ∀ 𝜇 ∈ [0, 1]  

▪   ∗ is commutative 

▪  ∗ is continuous 

▪  𝜇 ∗  𝜗 ≤   𝜔 ∗ 𝛼 whenever 𝜇  ≤   𝜔 and  𝜗 ≤   𝛼, ∀ 𝜇 , 𝜗 , 𝜔 , 𝛼  ∈ [0, 1]. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.2 If ∗ is defined by 𝛼 ∗ 𝛽 = min {𝛼, 𝛽} and 𝛼 ∗ 𝛽 =  𝛼𝛽 then ∗ is t- norm. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟑 [10] A triplet (Ω, ℳ, ∗) is known as fuzzy metric space if Ω is an random set, 

∗ is continuous t- norm and ℳ is fuzzy set defined on Ω2 × (0, ∞) satisfying the following 

postulates ∀ 𝛼, 𝛽, 𝛾 ∈  Ω and  𝑡1 , 𝑡2  > 0 

➢ ℳ(𝛼, 𝛽, 0) = 0 

➢ ℳ(𝛼, 𝛽, 𝑡1 ) = 1 ∀ 𝑡1 > 0 if and only if 𝛼 = 𝛽 

➢ ℳ(𝛼, 𝛽, 𝑡1 ) =  ℳ(𝛽, 𝛼,   𝑡1 ) 
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➢ ℳ(𝛼, 𝛽, 𝑡1 ) ∗  ℳ(𝛽, 𝛾,   𝑡2 ) ≤  ℳ(𝛼, 𝛾, 𝑡1 +  𝑡2 ) 

➢ ℳ(𝛼, 𝛽, . ): [0, ∞) → [0, 1] continuous from left 

➢ lim  
ղ→∞

 ℳ(𝛼, 𝛽, 𝑡1 ) = 1. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.4 Let (Ω, 𝜌) be a metric space defined 𝛼 ∗ 𝛽 = min {𝛼, 𝛽} ∀ 𝛼, 𝛽 ∈  Ω  and 

𝑡2  > 0, define 

 ℳ(𝛼, 𝛽, 𝑡2 ) =  
𝑡2 

𝑡2 + 𝜌(𝛼,   𝛽) 
   (1). 

Then (Ω, ℳ, ∗) forms fuzzy metric space. Also it is mentioned as fuzzy metric space ℳ 

induced by metric 𝜌 or stated standard fuzzy metric. This shows that each metric generates a 

fuzzy metric but there exists no metric on Ω satisfying (1). 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟓 [10] In fuzzy metric space (Ω, ℳ, ∗) a sequence (𝜇𝑚) 

• converges to a some point 𝜇 ∈  Ω if lim
𝑚→∞

ℳ(𝜇𝑚, 𝜇, 𝑡1 ) = 1 ∀  𝑡1 > 0. 

• Cauchy if lim
𝑚→∞

ℳ(𝜇𝑚, 𝜇𝑚+𝑞 , 𝑡1 ) = 1 ∀  𝑡1 > 0 and q > 0. 

• Further fuzzy metric space (Ω, ℳ, ∗) is complete if every cauchy sequence converges 

in Ω. 

𝐋𝐞𝐦𝐦𝐚  𝟐. 𝟔 Let (Ω, ℳ, ∗) be a fuzzy metric space if ∃ k ∈ (0, 1) in order for 

ℳ(𝛼, 𝛽, 𝑘𝑡2 ) ≥ ℳ(𝛼, 𝛽, 𝑡2 ) ∀  𝑡2 > 0 implies 𝛼 =  𝛽. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟕 A pair of self-mappings 𝜑, 𝜓 of a fuzzy metric space (Ω, ℳ, ∗) is said to  

• compatible [7] if lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜓𝜑𝜇𝑚, 𝑡∆) = 1, ∀  𝑡∆ > 0,  whenever sequence 

(𝜇𝑚) in Ω such that lim  
𝑚→∞

 𝜑𝜇𝑚 = lim  
𝑚→∞

 𝜓𝜇𝑚 = 𝜕 for some 𝜕 ∈ Ω. 

• Weakly compatible [7] if they are commuting at their coincidence points. 

• Occasionally weakly compatible (OWC)[11] if there is a coincidence point at which the 

mappings are commuting. 

• Semi compatible[7] if lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜓𝜕, 𝑡∆) = 1, ∀  𝑡∆ > 0,  whenever a sequence 

(𝜇𝑚) in Ω such that lim  
𝑚→∞

 𝜑𝜇𝑚 = lim  
𝑚→∞

 𝜓𝜇𝑚 = 𝜕 for some 𝜕 ∈ Ω. 

• weakly semi compatible [13] if 

lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜓𝜕, 𝑡∆) = 1 or lim  
𝑚→∞

 ℳ(𝜓𝜑𝜇𝑚, 𝜑𝜕, 𝑡∆) = 1  ∀  𝑡∆ > 0,  whenever 

sequence (𝜇𝑚) in Ω such that lim  
𝑚→∞

 𝜑𝜇𝑚 = lim  
𝑚→∞

 𝜓𝜇𝑚 = 𝜕 for some 𝜕 ∈ Ω. 
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• Sub sequentially continuous [11] if 

lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜑𝜕, 𝑡∆) = 1 and lim  
𝑚→∞

 ℳ(𝜓𝜑𝜇𝑚, 𝜓𝜕, 𝑡∆) = 1  ∀  𝑡∆ > 0,  for some 

sequence (𝜇𝑚) in Ω such that 

lim  
𝑚→∞

 𝜑𝜇𝑚 = lim  
𝑚→∞

 𝜓𝜇𝑚 = 𝜕 for some 𝜕 ∈ Ω. 

𝐑𝐞𝐦𝐚𝐫𝐤: It can be noted that semi compatible pair of mappings imply weakly semi compatible 

but not conversely as can be observed under. 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.8 Let Ω = [−
𝜋

3
,  

𝜋

3
 ] and (Ω, ℳ, 𝑡∆) be the induced fuzzy metric space with        

ℳ(𝛼, 𝛽, 𝑡∆) =  
𝑡∆

𝑡∆+ 𝜌(𝛼,   𝛽) 
.                                               (2.8.1) 

Define the mappings 𝜑 , 𝜓 : Ω → Ω  as 

𝜑(𝑥) =  𝑠𝑖𝑛2𝑥,   𝑥 ∈ [−
𝜋

3
,  

𝜋

3
 ],                                             (2.8.2)   

𝜓(𝑥) = {
𝑥2,   𝑥 ∈ [−

𝜋

3
,

𝜋

3
 ] − {0}

𝜋

2
,                            𝑥 = 0.

         (2.8.3)   

Consider (𝜇𝑚) = −
2

𝑚
 ∀ 𝑚 ≥ 1. Then from (2.8.2), (2.8.3) 

lim  
𝑚→∞

 𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜑 (− 
2

𝑚
) = lim  

𝑚→∞
sin2 ( − 

2

𝑚
) =  0,      (2.8.4) 

lim  
𝑚→∞

 𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ( − 
2

𝑚
 ) = lim  

𝑚→∞
 (− 

2

𝑚
)2 =  lim  

𝑚→∞
 

4

𝑚2  =   0.      (2.8.5) 

From (2.8.4) and (2.8.5) lim  
𝑚→∞

 𝜑𝜇𝑚 =  lim  
𝑚→∞

 𝜓𝜇𝑚 =  0. 

lim  
𝑚→∞

 𝜑𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜑 (
4

𝑚2
) = lim  

𝑚→∞
 sin2 ( 

4

𝑚2
) =  0 ≠ 

𝜋

2
= 𝜓(0).              (2.8.6) 

lim  
𝑚→∞

 𝜓𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜓 (sin2 ( − 
2

𝑚
)) = lim  

𝑚→∞
 (sin2 ( − 

2

𝑚
))

2

  =  𝜑(0).         (2.8.7) 

From  (2.8.6) and (2.8.7) 

lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜓(0), 𝑡∆) ≠ 1 and lim  
𝑚→∞

 ℳ(𝜓𝜑𝜇𝑚, 𝜑(0), 𝑡∆) = 1  ∀  𝑡∆ > 0. 

Thus the mappings 𝜑, 𝜓 are weakly semi compatible but are not semi compatible. 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.9 Let (Ω, ℳ, 𝑡∆) be the as in (2.8.1) where Ω =  ℝ. 

Define the mappings  𝜑 , 𝜓 : Ω → Ω  as 
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𝜑(𝑥) = {
(

3

2
+ 𝑥)2, 𝑥 <

3

2

5, 𝑥 ≥
3

2

                                                      (2.9.1) 

𝜓(𝑥) = {
(

3

2
− 𝑥)2, 𝑥 <

3

2

7, 𝑥 ≥
3

2

                                                      (2.9.2) 

consider a sequence (𝜇𝑚) = 
√3

𝑚
 ∀ 𝑚 ≥ 1. Then 

lim  
𝑚→∞

 𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜑 ( 
√3

𝑚
  ) = lim  

𝑚→∞
 (

3

2
+

√3

𝑚
)2    =  

9

4
 ,    (2.9.3) 

lim  
𝑚→∞

 𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ( 
√2

𝑚
  ) = lim  

𝑚→∞
(

3

2
−

√3

𝑚
)2 =  

9

4
.     (2.9.4) 

From  (2.9.3) and (2.9.4) 

lim  
𝑚→∞

 𝜑𝜇𝑚 =  lim  
𝑚→∞

 𝜓𝜇𝑚 =  
9

4
, 

lim  
𝑚→∞

 𝜑𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜑 ( (
3

2
−

√3

𝑚
)2  ) = lim  

𝑚→∞
 5   =  5 = 𝜑 (

9

4
),   (2.9.5) 

lim  
𝑚→∞

 𝜓𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ((
3

2
+

√3

𝑚
)2    ) = lim  

𝑚→∞
7 =  7   =  𝜓 (

9

4
).     (2.9.6) 

From  (2.9.5) and (2.9.6) 

lim  
𝑚→∞

 ℳ (𝜑𝜓𝜇𝑚, 𝜑 (
9

4
),    𝑡∆) = 1 and lim  

𝑚→∞
 ℳ (𝜓𝜑𝜇𝑚, 𝜓 (

9

4
) , 𝑡∆) = 1  ∀  𝑡∆ > 0. 

Thus both the mappings 𝜑, 𝜓 are sub sequentially continuous but are not continuous at x = 
3

2
. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.10 Let (Ω, ℳ, 𝑡∆) be the as in (2.8.1) where Ω =  ℝ. 

Define the mappings  𝜑 , 𝜓 : Ω → Ω  as 

𝜑(𝑥) = {
𝑥2, 𝑥 < 3

7, 𝑥 = 3 
11, 𝑥 > 3

                                                     (2.10.1) 

𝜓(𝑥) = {
(√3)𝑥, 𝑥 < 3

9, 𝑥 = 3 
7, 𝑥 > 3

                                                   (2.10.2) 

consider a sequence (𝜇𝑚) = 
√3

𝑚
 ∀ 𝑚 ≥ 1. Then from (2.10.1) and (2.10.2) 

lim  
𝑚→∞

 𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜑 ( 
√3

𝑚
  ) = lim  

𝑚→∞
 (

√3

𝑚
)2    =  0.    (2.10.3) 

lim  
𝑚→∞

 𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ( 
√3

𝑚
  ) = lim  

𝑚→∞
=  (√3)(

√3

𝑚
 )  = 0.   (2.10.4) 

From (2.10.3) and (2.10.4)   
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lim  
𝑚→∞

 𝜑𝜇𝑚 =  lim  
𝑚→∞

 𝜓𝜇𝑚 =  0. 

lim  
𝑚→∞

 𝜑𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜑(
3

𝑚
) = lim  

𝑚→∞
 (  

3

𝑚
  )2    =  0 = 𝜑(0).    (2.10.5) 

lim  
𝑚→∞

 𝜓𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ( 
3

𝑚2
    ) = lim  

𝑚→∞
 (√3) (

3

𝑚2
 )    =  0  =  𝜓(0).     (2.10.6) 

From  (2.10.5) and (2.10.6) 

lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜑(0),    𝑡∆) = 1 and lim  
𝑚→∞

 ℳ(𝜓𝜑𝜇𝑚, 𝜓(0), 𝑡∆) = 1  ∀  𝑡∆ > 0,   (2.10.7) 

lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜓(0),    𝑡∆) = 1 and lim  
𝑚→∞

 ℳ(𝜓𝜑𝜇𝑚, 𝜑(0), 𝑡∆) = 1  ∀  𝑡∆ > 0.   (2.10.8) 

Thus from (2.10.7) the mappings 𝜑, 𝜓 are sub sequentially continuous. 

Consider a sequence (𝜇𝑚) = √3 + 
1

𝑚
 ∀ 𝑚 ≥ 1. Then from (2.10.1) and (2.10.2) 

lim  
𝑚→∞

 𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜑 (√3 +  
1

𝑚
  ) = lim  

𝑚→∞
 ( √3 +  

1

𝑚
   )2    =  3,    (2.10.9) 

lim  
𝑚→∞

 𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ( √3 +  
1

𝑚
  ) = lim  

𝑚→∞
  √3 (√3 +  

1

𝑚
) =  3.     (2.10.10) 

From (2.10.9) and (2.10.10) 

lim  
𝑚→∞

 𝜑𝜇𝑚 =  lim  
𝑚→∞

 𝜓𝜇𝑚 =  3. Then 

lim  
𝑚→∞

 𝜑𝜓𝜇𝑚 =   lim  
𝑚→∞

 𝜑 ( 3 + 
√3

𝑚
 ) = lim  

𝑚→∞
 11    ≠  9 =  𝜓(3) and   (2.10.11)  

lim  
𝑚→∞

 𝜓𝜑𝜇𝑚 =   lim  
𝑚→∞

 𝜓 ( ( √3 +  
1

𝑚
   )2    ) = lim  

𝑚→∞
7   =  7   =  𝜑(3).     (2.10.12) 

From  (2.10.11) and (2.10.12) 

lim  
𝑚→∞

 ℳ(𝜑𝜓𝜇𝑚, 𝜓(3),    𝑡∆) ≠ 1 and lim  
𝑚→∞

 ℳ(𝜓𝜑𝜇𝑚, 𝜑(3), 𝑡∆) = 1  ∀  𝑡∆ > 0.  (2.10.13) 

The mappings have coincidence points at x = 0, √3. 

At x = √3, 𝜑(√3) = 3 = 𝜓(√3), 𝜓 𝜑(√3) =  𝜓(3) = 9 and 𝜑𝜓(√3) =  𝜑(3) = 7 implies 

𝜑𝜓(3) ≠  𝜓𝜑(3).  (2.10.14) 

 

Thus from (2.10.7), (2.10.13) and (2.10.14) the mappings  𝜑, 𝜓  are are sub sequentially 

continuous and weakly semi compatible but not weakly compatible. Resulting that sub 

sequentially continuous and weakly semi compatible mappings are weaker than weakly 

compatible mappings. 
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.11 Let (Ω, ℳ, 𝑡∆) be the as in (2.8.1) where Ω =  ℝ. 

Define the mapping𝑠 𝜑 , 𝜓 : Ω → Ω  as 𝜑(𝑥) = 10𝑥, 𝜓(𝑥) = 10𝑥2
 ∀ 𝑥 ∈  Ω.   

Then x = 0, 1 are intersecting points there the mappings 𝜑, 𝜓 are coincidence. 

At x = 0, 𝜑(0) = 1 = 𝜓(0), 𝜓 𝜑(0) =  𝜓(1) = 10 and 𝜑𝜓(0) =  𝜑(1) = 10 implies 

𝜑𝜓(0) =  𝜓𝜑(0).                                                       (2.11.1) 

But at x = 1, 𝜑(1) = 10 = 𝜓(1), 𝜓 𝜑(1) =  𝜓(10) = 10100 and 

𝜑𝜓(1) =  𝜑(10) = 1010 implies  

𝜑𝜓(1) ≠  𝜓𝜑(1).                                                       (2.11.2) 

From (2.11.1) and (2.11.2) we can assert as the mappings 𝜑 , 𝜓 are occasionally weakly 

compatible but are not weakly compatible. 

𝐀 𝐜𝐥𝐚𝐬𝐬 𝐨𝐟 𝐈𝐦𝐩𝐥𝐢𝐜𝐢𝐭 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧 2.12[7] 

Let Փ be collection of all real valued continuous functions ∅ : (ℝ+ )4 →  ℝ non decreasing in 

the 1st  argument satisfying 

(2.12.1) ∅ (𝛼, 𝛽, 𝛽, 𝛼) ≥ 0  or ∅ (𝛼, 𝛽, 𝛼, 𝛽) ≥ 0  ⇒ 𝛼 ≥  𝛽. 

(2.12.2) ∅ (𝛼, 𝛼, 1, 1) ≥ 0   ⇒ 𝛼 ≥  1. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 2.13 

Defining ∅ (𝛼1, 𝛼2, 𝛼3, 𝛼4) = 3𝛼1 −  
13

5
𝛼2 + 𝛼3 −

7

5
𝛼4 .Then 

(i) ∅ (𝛼1, 𝛽, 𝛽,  𝛼1) ≥ 0 ⇒ 3𝛼1 −  
13

5
𝛽 + 𝛽 −

7

5
𝛼1 ≥ 0 ⇒ 

8

5
𝛼1 − 

8

5
𝛽 ≥ 0 ⇒ 𝛼1 ≥  𝛽. 

(ii) ∅ (𝛼1, 𝛽,  𝛼1, 𝛽 ) ≥ 0 ⇒ 3𝛼1 −  
13

5
𝛽 +  𝛼1 −

7

5
𝛽 ≥ 0 ⇒ 4𝛼1 − 4𝛽 ≥ 0 ⇒ 𝛼1 ≥  𝛽. 

(iii) ∅ (𝛼1,  𝛼1, 1, 1) ≥ 0 ⇒ 3𝛼1 − 
13

5
 𝛼1 + 1 −

7

5
 ≥ 0 ⇒ 

2

5
𝛼1 − 

2

5
 ≥ 0 ⇒ 𝛼1 ≥  1. 

 

The following theorem was proved by Bijendra Singh and Shishir Jain [7]. 

Theorem (A)  

Let 𝐴, 𝐵, 𝑆 and 𝑇 be self -mappings of a complete fuzzy metric space (𝑋, ℳ, ∗) satisfying 

that 

(i) 𝐴(𝑋)  ⊆  𝑇(𝑋), 𝐵(𝑋)  ⊆  𝑆(𝑋);  

(ii) the pair (𝐴, 𝑆) is semi compatible and (𝐵, 𝑇) is weakly compatible ; 

(iii) one of 𝐴 or 𝑆 is continuous;  

for some φ ∈ Φ there exists k ∈ (0, 1) such that for all x, y and t > 0,  
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       (𝑖𝑣)     𝜑 (ℳ(𝐴𝑥, 𝐵𝑦, 𝑘𝑡), ℳ (𝑆𝑥, 𝑇 𝑦, 𝑡), ℳ (𝐴𝑥, 𝑆𝑥, 𝑡), ℳ(𝐵𝑦, 𝑇 𝑦, 𝑘𝑡))  ≥  0, 

        (𝑣)      𝜑 (ℳ (𝐴𝑥, 𝐵𝑦, 𝑘𝑡), ℳ(𝑆𝑥, 𝑇 𝑦, 𝑡), ℳ (𝐴𝑥, 𝑆𝑥, 𝑘𝑡), ℳ(𝐵𝑦, 𝑇 𝑦, 𝑡))  ≥  0. 

Then 𝐴, 𝐵, 𝑆 and 𝑇 have unique common fixed point in 𝑋. 

 

Now we generalize the above theorem by using only contraction condition (iv) as under. 

 

3. MAIN RESULTS 

Theorem 3.1 Let A, B, S and T be self -mappings of a complete fuzzy metric space (Ω, ℳ, ∗) 

satisfying that 

(i) 𝐴(Ω)  ⊆  𝑇(Ω), 𝐵(Ω)  ⊆  𝑆(Ω);  

(ii) the pair (𝐴, 𝑆) is weakly semi compatible, sub sequentially continuous and (𝐵, 𝑇) is  

occasionally weakly compatible ;   

(iii) 𝜑 (ℳ (𝐴𝑥, 𝐵𝑦, 𝑘𝑡∆), ℳ (𝑆𝑥, 𝑇𝑦, 𝑡∆), ℳ (𝐴𝑥, 𝑆𝑥, 𝑡∆), ℳ(𝐵𝑦, 𝑇𝑦, 𝑘𝑡∆)) ≥ 0 

for some 𝜑 ∈  𝛷, ∃ k ∈ (0, 1) such that ∀ x, y ∈ Ω and 𝑡∆ > 0.  

Then 𝐴, 𝐵, 𝑆 and 𝑇 having unique common fixed point in Ω. 

Proof:  

The sub sequentially continuous of the pair (𝐴, 𝑆) implies existing a sequence (𝜐ղ) ∈  Ω 

with 

 lim  
ղ→∞

 𝐴𝜐ղ =  lim  
ղ→∞

  𝑆𝜐ղ = 𝛼      (3.1.1) 

such that 

lim  
ղ→∞

 ℳ (𝐴𝑆𝜐ղ , 𝐴𝛼, 𝑡∆) = 1 and lim  
ղ→∞

ℳ (𝑆𝐴𝜐ղ , 𝑆𝛼, 𝑡∆) = 1.    (3.1.2) 

And also weakly semi compatibility of (A, S) implies  

lim  
ղ→∞

 ℳ (𝐴𝑆𝜐ղ , 𝑆𝛼, 𝑡∆) = 1 or lim  
ղ→∞

ℳ (𝑆𝐴𝜐ղ , 𝐴𝛼, 𝑡∆) = 1.      (3.1.3) 

Using (3.1.3) in (3.1.2) we get ℳ (𝐴𝛼 , 𝑆𝛼, 𝑡∆) = 1 this gives  

𝐴𝛼 = 𝑆𝛼. By (i) 𝐴𝛼 ∈  𝐴(Ω)  ⊆  𝑇(Ω) implies there exists 𝛽 ∈ Ω in order that 

𝐴𝛼 = 𝑇𝛽.  Thus 

𝐴𝛼 = 𝑆𝛼 = 𝑇𝛽.        (3.1.4) 

Claim 𝐵𝛽 = 𝑇𝛽. 

By using x = 𝛼,  y = 𝛽 in (iii) 
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𝜑 (ℳ (𝐴𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝑆𝛼, 𝑇𝛽, 𝑡∆), ℳ (𝐴𝛼, 𝑆𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝑇𝛽, 𝑘𝑡∆)) ≥ 0. 

Using (3.1.4)  

𝜑 (ℳ (𝑇𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝑇𝛽, 𝑇𝛽, 𝑡∆), ℳ (𝑇𝛽, 𝑇𝛽, 𝑡∆), ℳ(𝐵𝛽, 𝑇𝛽, 𝑘𝑡∆)) ≥ 0. 

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑘𝑡∆), 1, 1, ℳ(𝐵𝛽, 𝛼, 𝑘𝑡∆)) ≥ 0. 

By (2.12.2 ) ℳ (𝑇𝛽, 𝐵𝛽, 𝑘𝑡∆) ≥ 1 implies 𝐵𝛽 = 𝑇𝛽. Therefore  

𝐴𝛼 = 𝑆𝛼 = 𝑇𝛽 = 𝐵𝛽.                                                              (3.1.5) 

Claim 𝛼 = 𝐵𝛽.     

Then by (iii) substitute x = 𝜐ղ, y = 𝛽 

𝜑 (ℳ (𝐴𝜐ղ, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝑆𝜐ղ, 𝑇𝛽, 𝑡∆), ℳ (𝐴𝜐ղ, 𝑆𝜐ղ, 𝑡∆), ℳ(𝐵𝛽, 𝑇𝛽, 𝑘𝑡∆)) ≥ 0 

Using (3.1.1) and (3.1.5) and letting as ղ →  ∞ 

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝛼, 𝐵𝛽, 𝑡∆), ℳ (𝛼, 𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝐵𝛽, 𝑘𝑡∆)) ≥ 0 

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝛼, 𝐵𝛽, 𝑡∆), 1, 1 ) ) ≥ 0. 

As 𝜑 is increasing in the 1st  argument  

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑡∆), ℳ (𝛼, 𝐵𝛽, 𝑡∆), 1, 1)) ≥ 0. 

Using (2.12.2 ) we get ℳ (𝛼, 𝐵𝛽, 𝑡∆) ≥ 1. 

This gives 𝛼 =  𝐵𝛽. Hence  

𝛼 =  𝐵𝛽 =  𝑇𝛽.     (3.1.6) 

Since the OWC of  (B, T) is resulting 𝑇𝐵𝛽 = 𝐵𝑇𝛽. 

This gives 

𝑇𝛼 = 𝐵𝛼.     (3.1.7) 

Claim 𝛼 = 𝐴𝛼.     

Then by substituting x = 𝛼, y = 𝛽 in (iii) 

𝜑 (ℳ (𝐴𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝑆𝛼, 𝑇𝛽, 𝑡∆), ℳ (𝐴𝛼, 𝑆𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝑇𝛽, 𝑘𝑡∆)) ≥ 0. 

Using (3.1.6) and (3.1.7 ) 

𝜑 (ℳ (𝐴𝛼, 𝛼, 𝑘𝑡∆), ℳ (𝐴𝛼, 𝛼, 𝑡∆), ℳ (𝐴𝛼, 𝐴𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝐵𝛽, 𝑘𝑡∆)) ≥ 0, 

𝜑 (ℳ (𝐴𝛼, 𝛼, 𝑘𝑡∆), ℳ (𝐴𝛼, 𝛼, 𝑡∆), 1, 1 )≥ 0. 

As 𝜑 is non -decreasing in the 1st argument  

𝜑 (ℳ (𝐴𝛼, 𝛼, 𝑘𝑡∆), ℳ (𝐴𝛼, 𝛼, 𝑡∆), 1, 1 )≥ 0. 

Using (2.12.2) we get ℳ (𝐴𝛼, 𝛼, 𝑡∆) ≥ 1. 

This gives 𝛼 =  𝐴𝛼. Hence  
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𝛼 =  𝐴𝛼 =  𝑆𝛼.    (3.1.8) 

Claim 𝛼 =  𝐵𝛼 

Then by substituting x = 𝛼, y = 𝛼 in (iii) 

𝜑 (ℳ (𝐴𝛼, 𝐵𝛼, 𝑘𝑡∆), ℳ (𝑆𝛼, 𝑇𝛼, 𝑡∆), ℳ (𝐴𝛼, 𝑆𝛼, 𝑡∆), ℳ(𝐵𝛼, 𝑇𝛼, 𝑘𝑡∆)) ≥ 0. 

Using (3.1.7 ) and  (3.1.8 ) 

𝜑 (ℳ (𝛼, 𝐵𝛼, 𝑘𝑡∆), ℳ (𝛼, 𝐵𝛼, 𝑡∆), ℳ (𝛼, 𝛼, 𝑡∆), ℳ(𝐵𝛼, 𝐵𝛼, 𝑘𝑡∆)) ≥ 0, 

𝜑 (ℳ (𝛼, 𝐵𝛼, 𝑘𝑡∆), ℳ (𝛼, 𝐵𝛼, 𝑡∆), 1, 1 )≥ 0. 

As 𝜑 is non -decreasing in the 1st argument  

𝜑 (ℳ (𝛼, 𝐵𝛼, 𝑡∆), ℳ (𝛼, 𝐵𝛼, 𝑡∆), 1, 1 )≥ 0. 

Using (2.12.2) we get ℳ (𝛼, 𝐵𝛼, 𝑡∆) ≥ 1. 

This gives 𝛼 =  𝐵𝛼. Hence  

𝛼 =  𝐵𝛼 =  𝑇𝛼.                                                        (3.1.9) 

From (3.1.8), (3.1.9) conclude that 

𝛼 =  𝐵𝛼 =  𝑇𝛼 =  𝐴𝛼 =  𝑆𝛼.                                             (3.1.10) 

Uniqueness: 

Assume 𝛾 be another point such that  

𝐴𝛾 = 𝑆𝛾 = 𝐵𝛾 = 𝑇𝛾 = 𝛾.     (3.1.11) 

Applying x = 𝛼,  y = 𝛾 in (iii) 

𝜑 (ℳ (𝐴𝛼, 𝐵𝛾, 𝑘𝑡∆), ℳ (𝑆𝛼, 𝑇𝛾, 𝑡∆), ℳ (𝐴𝛼, 𝑆𝛼, 𝑡∆), ℳ(𝐵𝛾, 𝑇𝛾, 𝑘𝑡∆)) ≥ 0 

Using (3.1.10) and (3.1.11) 

𝜑 (ℳ (𝛼, 𝛾, 𝑘𝑡∆), ℳ (𝛼, 𝛾, 𝑡∆), ℳ (𝛼, 𝛼, 𝑡∆), ℳ(𝛾, 𝛾, 𝑘𝑡∆)) ≥ 0 

𝜑 (ℳ (𝛼, 𝛾, 𝑘𝑡∆), ℳ (𝛼, 𝛾, 𝑡∆), 1, 1) ≥ 0 

As 𝜑 is non -decreasing in the 1st argument consequences  

𝜑 (ℳ (𝛼, 𝛾, 𝑡∆), ℳ (𝛼, 𝛾, 𝑡∆), 1, 1) ≥ 0 

By (2.12.2) ℳ (𝛼, 𝛾, 𝑡∆) ≥ 1 implies 𝛼 = 𝛾. 

Thus the four maps A, S, B and T are having single common fixed point in Ω. 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 3.2 Let (Ω, ℳ, 𝑡∆) be the induced fuzzy metric space as        

 ℳ(𝛼, 𝛽, 𝑡∆) =  
𝑡∆

𝑡∆+ 𝜌(𝛼,   𝛽) 
  where Ω = 𝑅. 

Define the mapping  𝑇, 𝑆 : Ω → Ω  as  
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𝑇(𝑥) =  𝑆(𝑥)  =  {
𝑥2,                     𝑥 ≤  √2

1.7,          √2   < 𝑥 < 2  
5,                          𝑥 ≥  2

                                     (3.2.1) 

Define the mappings  A, 𝐵 : Ω →  Ω as  

𝐴(𝑥) =  𝐵(𝑥)  =  {

(√2 + 1)𝑥 − √2, 𝑥 ≤  √2

  1.9,                 √2   < 𝑥 < 2  
1.7,                              𝑥 ≥  2.

     (3.2.2) 

Then from (3.2.1), (3.2.2), we have 𝑇(Ω) =  𝑆(Ω) = [0, 2]U{5}, 𝐴(Ω) =  𝐵(Ω) = (−∞, 2]U{5} 

implies 𝐴(Ω) ⊆  𝑇(Ω), 𝐵(Ω) ⊆  𝑆(Ω). 

The mappings B, T have coincidence points at 𝑥 =  1, √2. 

At 𝑥 =  √2, 𝐵(√2) =  2, 𝑇(√2) =  2 further 𝐵𝑇(√2) =  𝐵(2) =  1.7,  

𝑇𝐵(√2) =  𝑇(2)  =  5 so that 𝐵(√2)  = 𝑇(√2) and 𝐵𝑇(√2)  ≠  𝑇𝐵(√2). 

Thus the mappings are not weakly compatible but OWC. 

Since at  𝑥 =  1, 𝐵(1)  = 𝑇(1) = 1 ⇒  𝐵𝑇(1)  = 𝑇𝐵(1). 

Consider a sequence (𝜇𝑚) = 1 + 
𝑒

𝑚
 ∀ 𝑚 ≥ 1. Then from (3.2.1), (3.2.2) 

lim  
𝑚→∞

 𝐴𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (1 +   
𝑒

𝑚
 ) = lim  

𝑚→∞
 (1 +  

𝑒

𝑚
)2     = 1,       (3.2.3) 

 

lim  
𝑚→∞

S𝜇𝑚 =  lim  
𝑚→∞

S ( 1 +  
𝑒

𝑚
 )=lim  

𝑚→∞
 (√2 + 1)(  1 +  

𝑒

𝑚
  ) − √2  =  lim  

𝑚→∞
  (1 +

√2+1

𝑚
 ) = 1.     

   (3.2.4) 

 

From (3.2.3) and (3.2.4) 

lim  
𝑚→∞

 𝐴𝜇𝑚 =  lim  
𝑚→∞

 S𝜇𝑚 =  1 and 

 lim  
𝑚→∞

 S𝐴𝜇𝑚 =   lim  
𝑚→∞

 S ( (1 + 
𝑒

𝑚
)2 ) = lim  

𝑚→∞
  (√2 + 1)(1 +  

𝑒

𝑚
)2 − √2 =  1 = 𝐴(1). 

    (3.2.5) 

Then from (3.2.1), (3.2.5) and 

lim  
m→∞

 ℳ (𝐴𝑆𝜇𝑚 , 𝐴(1), 𝑡∆) = 1.                                            (3.2.6) 

lim  
𝑚→∞

 𝐴𝑆𝜇𝑚 =   lim  
𝑚→∞

 𝐴 ((1 +
√2+1

𝑚
 )  ) = lim  

𝑚→∞
(1 +

√2+1

𝑚
 )2     = 1 = 𝐴(1 ),       (3.2.7) 
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lim  
𝑚→∞

S𝐴𝜇𝑚 =  lim  
𝑚→∞

S ((1 + 
𝑒

𝑚
)2) = lim  

𝑚→∞
(√2 + 1)(1 +  

𝑒

𝑚
)2 − √2 =  1 = 𝑆(1).    (3.2.8) 

From (3.2.7), (3.2.8)  

lim  
m→∞

 ℳ (𝐴𝑆𝜇𝑚 , 𝐴(1), 𝑡∆) = 1 and lim  
m→∞

ℳ (𝑆𝐴𝜇𝑚 , 𝑆(1),  𝑡∆) = 1.     (3.2.9) 

Thus from (3.2.9) the mappings A, S are sub sequentially continuous.  

Consider a sequence (𝜇𝑚) = √2 − 
3

𝑚
 ∀ 𝑚 ≥ 1. Then 

lim  
𝑚→∞

 𝐴𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (√2 −  
3

𝑚
 ) = lim  

𝑚→∞
  (√2 − 

3

𝑚
)2   = 2  and         (3.2.10) 

lim  
𝑚→∞

S𝜇𝑚 =  lim  
𝑚→∞

S ( √2 −  
3

𝑚
 )=lim  

𝑚→∞
 (√2 + 1) (√2 −  

3

𝑚
 ) − √2 =  lim  

𝑚→∞
 (2 −

3(√2+1)

𝑚
 ) = 2.    

     (3.2.11) 

From (3.2.10) and (3.2.11) 

lim  
𝑚→∞

 𝐴𝜇𝑚 =  lim  
𝑚→∞

 S𝜇𝑚 =  2. 

lim  
𝑚→∞

 𝐴𝑆𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (2 −
3(√2+1)

𝑚
 ) = lim  

𝑚→∞
1.9    = 1.9 ≠ 5 = 𝑆(2 ). Then     (3.2.12) 

lim  
𝑚→∞

 S𝐴𝜇𝑚 =   lim  
𝑚→∞

 S ( (√2 −  
3

𝑚
)2 ) = lim  

𝑚→∞
  1.7 =  1.7 =  𝐴(2).       (3.2.13) 

From (3.2.12) and (3.2.13) 

lim  
m→∞

 ℳ (𝐴𝑆𝜇𝑚 , 𝑆(2), 𝑡∆) ≠ 1 but lim  
m→∞

ℳ (𝑆𝐴𝜇𝑚 , 𝐴(2),  𝑡∆) = 1.      (3.2.14) 

From (3.2.6), (3.2.9) and (3.2.14) we observe that the pair ( 𝐴, 𝑆 ) satisfied weakly semi 

compatibility, sub sequentially continuity and (𝐵, 𝑇) satisfies occasionally weakly compatible 

property. At 𝑥 =  1, 𝐴(1)  = 𝑆(1) = 𝐵(1)  = 𝑇(1) = 1. 

Further we can assert that 𝑥 =  1 is the single common fixed point for the mappings A, S, B 

and T. 

Moreover from (3.2.14) the pair (𝐴, 𝑆) does not satisfy semi compatibility and the pair (𝐵, 𝑇) is 

not weakly compatible there by fulfilling all the conditions of Theorem(3.1). 

 

Now we present another theorem. 

Theorem 3.3 Let A, B, S and T be self -mappings of a complete fuzzy metric space (Ω, ℳ, ∗) 

satisfying  

(i) the pairs (𝐴, 𝑆), (𝐵, 𝑇) are weakly semi compatible and sub sequentially continuous  

(ii) 𝜑 (ℳ (𝐴𝑥, 𝐵𝑦, 𝑘𝑡∆), ℳ (𝑆𝑥, 𝑇𝑦, 𝑡∆), ℳ (𝐴𝑥, 𝑆𝑥, 𝑡∆), ℳ(𝐵𝑦, 𝑇𝑦, 𝑘𝑡∆)) ≥ 0 
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for some 𝜑 ∈  𝛷, ∃ k ∈ (0, 1) such that ∀ x, y ∈ Ω, 𝑡∆ > 0. 

Then 𝐴, 𝐵, 𝑆 and 𝑇 having unique common fixed point in Ω. 

Proof:  

The pair (𝐴, 𝑆) is sub sequentially continuous implies there is a sequence (𝜐ղ) ∈  Ω with 

 lim  
ղ→∞

 𝐴𝜐ղ =  lim  
ղ→∞

  𝑆𝜐ղ = 𝛼            

(3.3.1) 

such that 

lim  
ղ→∞

 ℳ (𝐴𝑆𝜐ղ , 𝐴𝛼, 𝑡∆) = 1 and lim  
ղ→∞

ℳ (𝑆𝐴𝜐ղ , 𝑆𝛼, 𝑡∆) = 1.     

(3.3.2) Also the pair (A, S) is weakly semi compatible implies  

lim  
ղ→∞

 ℳ (𝐴𝑆𝜐ղ , 𝑆𝛼, 𝑡∆) = 1 or lim  
ղ→∞

ℳ (𝑆𝐴𝜐ղ , 𝐴𝛼, 𝑡∆) = 1.    (3.3.3) 

Using (3.3.3) in (3.3.2) we get ℳ (𝐴𝛼 , 𝑆𝛼, 𝑡∆) = 1 this gives  

𝐴𝛼 = 𝑆𝛼.                                 (3.3.4) 

The pair (𝐵, 𝑇) is also sub sequentially continuous implies there is a sequence(𝜇ղ )  ∈  Ω with 

lim  
ղ→∞

 𝐵𝜇ղ =  lim  
ղ→∞

  𝑇𝜇ղ = 𝛽                                (3.3.5) 

such that 

lim  
ղ→∞

 ℳ (𝐵𝑇𝜇ղ , 𝑇𝛽,  𝑡∆) = 1 and lim  
ղ→∞

ℳ (𝑇𝐵𝜇ղ , 𝐵𝛽, 𝑡∆) = 1.                          (3.3.6) 

Also weakly semi compatible property of the pair (B, T) is implies  

lim  
ղ→∞

 ℳ (𝐵𝑇𝜇ղ , 𝐵𝛽,  𝑡∆) = 1 and lim  
ղ→∞

ℳ (𝑇𝐵𝜇ղ , 𝑇𝛽, 𝑡∆) = 1.                           

(3.3.7) 

Using (3.3.7) and (3.3.6) we get ℳ (𝐵𝛽 , 𝑇𝛽, 𝑡∆) = 1 this gives  

𝐵𝛽 =  𝑇𝛽.                                 (3.3.8) 

Claim 𝐴𝛼 = 𝐵𝛽.  

By using x = 𝛼,  y = 𝛽 in (ii) 

𝜑 (ℳ (𝐴𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝑆𝛼, 𝑇𝛽, 𝑡∆), ℳ (𝐴𝛼, 𝑆𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝑇𝛽, 𝑘𝑡∆)) ≥ 0. 

Using (3.3.4) and (3.3.8) 

𝜑 (ℳ (𝐴𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝐴𝛼, 𝐵𝛽, 𝑡∆), ℳ (𝐴𝛼, 𝐴𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝐵𝛽, 𝑘𝑡∆)) ≥ 0. 

𝜑 (ℳ (𝐴𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝐴𝛼, 𝐵𝛽, 𝑡∆), 1, 1) ≥ 0. 
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As 𝜑 is non -decreasing in the 1st argument consequences  

𝜑 (ℳ (𝐴𝛼, 𝐵𝛽, 𝑡∆), ℳ (𝐴𝛼, 𝐵𝛽, 𝑡∆), 1, 1) ≥ 0. 

By ( 2.12.2) ℳ (𝐴𝛼, 𝐵𝛽, 𝑡∆) ≥ 1 implies   

𝐴𝛼 = 𝐵𝛽.                          (3.3.9) 

Claim 𝛼 = 𝛽.  

By using x = 𝜐ղ,  y = 𝜇ղ in (ii) 

𝜑 (ℳ (𝐴𝜐ղ, 𝐵𝜇ղ, 𝑘𝑡∆), ℳ (𝑆𝜐ղ, 𝑇𝜇ղ, 𝑡∆), ℳ (𝐴𝜐ղ, 𝑆𝜐ղ, 𝑡∆), ℳ(𝐵𝜇ղ, 𝑇𝜇ղ, 𝑘𝑡∆)) ≥ 0. 

As ղ →  ∞  implies from (3.3.1), (3.3.5) 

𝜑 (ℳ (𝛼, 𝛽, 𝑘𝑡∆), ℳ (𝛼, 𝛽, 𝑡∆), ℳ (𝛼, 𝛼, 𝑡∆), ℳ(𝛽, 𝛽, 𝑘𝑡∆)) ≥ 0. 

𝜑 (ℳ (𝛼, 𝛽, 𝑘𝑡∆), ℳ (𝛼, 𝛽, 𝑡∆), 1, 1) ≥ 0. 

As 𝜑 is non -decreasing in the 1st argument consequences  

𝜑 (ℳ (𝛼, 𝛽, 𝑡∆), ℳ (𝛼, 𝛽, 𝑡∆), 1, 1) ≥ 0. 

By (2.12.2 ) ℳ (𝛼, 𝛽, 𝑡∆) ≥ 1 implies 𝛼 = 𝛽. 

Combining all we get  

𝐵𝛼 =  𝑇𝛼 =  𝐴𝛼 =  𝑆𝛼. 

Claim 𝛼 = 𝐵𝛽.     

Then substituting x = 𝜐ղ, y = 𝐵𝛽 by using(ii) 

𝜑 (ℳ (𝐴𝜐ղ, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝑆𝜐ղ, 𝑇𝛽, 𝑡∆), ℳ (𝐴𝜐ղ, 𝑆𝜐ղ, 𝑡∆), ℳ(𝐵𝛽, 𝑇𝛽, 𝑘𝑡∆)) ≥ 0 

Using (3.3.1) and (3.3.8) and letting as ղ →  ∞ 

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝛼, 𝐵𝛽, 𝑡∆), ℳ (𝛼, 𝛼, 𝑡∆), ℳ(𝐵𝛽, 𝐵𝛽, 𝑘𝑡∆)) ≥ 0. 

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑘𝑡∆), ℳ (𝛼, 𝐵𝛽, 𝑡∆), 1, 1)) ≥ 0. 

As 𝜑 is increasing in the first argument implies 

𝜑 (ℳ (𝛼, 𝐵𝛽, 𝑡∆), ℳ (𝛼, 𝐵𝛽, 𝑡∆), 1, 1)) ≥ 0. 

Using ( 2.12.2 ) we get ℳ (𝛼, 𝐵𝛽, 𝑡∆) ≥ 1. 

This gives 𝛼 =  𝐵𝛽. 

Substitute 𝛼 =  𝛽 we get  

𝐵𝛼 =  𝑇𝛼 =  𝐴𝛼 =  𝑆𝛼 = 𝛼. 

Uniqueness follows as in Theorem (3.1). 
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 3.4  

Let (Ω, ℳ, 𝑡∆) be the induced fuzzy metric space with        

 ℳ(𝛼, 𝛽, 𝑡∆) =  
𝑡∆

𝑡∆+ 𝜌(𝛼,   𝛽) 
  where Ω = 𝑅. 

Define the mapping𝑠  𝑇, 𝑆 : Ω → Ω  as  

𝑇(𝑥) =  𝑆(𝑥)  =  {
21+2(𝑥−2)  ,   𝑥 ≤  4

11,    4 <  𝑥 <   25

7,                  𝑥 ≥  25

                                            (3.4.1) 

Define the mappings   A, 𝐵 : Ω →  Ω as  

𝐴(𝑥) =  𝐵(𝑥)  =  {
21+(𝑥−2)2  ,   𝑥 ≤  4

10,        4 <  𝑥 <   25

11,                  𝑥 ≥  25

.                                     (3.4.2) 

From (3.4.1) and (3.4.2) the mappings B, T have coincidence points at 𝑥 =  2, 4.  

At 𝑥 =  4, 𝐵(4)  =  21+(4−2)2  =  25, 𝑇(4) =  21+2(4−2)  =  25 

𝐵𝑇(4) =  𝐵(25) =  11, 𝑇𝐵(4) =  𝑇(25)  =  7 so that  

𝐵(4)  = 𝑇(4) but 𝐵𝑇(4)  ≠  𝑇𝐵(4).                                        (3.4.3) 

Thus from (3.4.3) the mappings are not weakly compatible but OWC. 

Since at 𝑥 =  2, 𝐵(2)  = 𝑇(2) = 2 ⇒  𝐵𝑇(2)  = 𝑇𝐵(2). 

Consider a sequence (𝜇𝑚) = 2 + 
5

𝑚
 ∀ 𝑚 ≥ 1. Then from (3.4.1), (3.4.2) 

lim  
𝑚→∞

 𝐴𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (2 +   
5

𝑚
 ) = lim  

𝑚→∞
21+ (2+

5

𝑚
−2)2

    = lim  
𝑚→∞

21+(
5

𝑚
)2

 = 2,       (3.4.4) 

lim  
𝑚→∞

 S𝜇𝑚 =   lim  
𝑚→∞

 S ( 2 +  
5

𝑚
 ) = lim  

𝑚→∞
  21+2(2+

5

𝑚
−2 ) =  lim  

𝑚→∞
  2(1+

10

𝑚
 )
 =  2.     (3.4.5) 

 

From (3.4.4) and (3.4.5) 

lim  
𝑚→∞

 𝐴𝜇𝑚 =  lim  
𝑚→∞

 S𝜇𝑚 =  2 and  

lim  
𝑚→∞

 S𝐴𝜇𝑚 =   lim  
𝑚→∞

 S ( 21+(
5

𝑚
)2

 ) = lim  
𝑚→∞

  21+2(2
1+(

5
𝑚

)2
−2 ) =  2 =  𝐴(2).       (3.4.6) 

From (3.4.6) 

lim  
m→∞

ℳ (𝑆𝐴𝜇𝑚 , 𝐴(2),  𝑡∆) = 1.                                                      (3.4.7)  

lim  
𝑚→∞

 𝐴𝑆𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (2(1+
10

𝑚
 )  ) = lim  

𝑚→∞
21+ (2

(1+
10
𝑚

 )
−2)2

    = 2 = 𝐴(2 ),       (3.4.8) 

lim  
𝑚→∞

 S𝐴𝜇𝑚 =   lim  
𝑚→∞

 S ( 21+(
5

𝑚
)2

 ) = lim  
𝑚→∞

  21+2(2
1+(

5
𝑚

)2
−2 ) =  2 =  𝑆(2).         (3.4.9) 
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Thus from (3.4.8) and (3.4.9) 

lim  
m→∞

ℳ (𝑆𝐴𝜇𝑚 , 𝑆(2),  𝑡∆) = 1 and lim  
m→∞

ℳ (𝐴𝑆𝜇𝑚 , 𝐴(2),  𝑡∆) = 1.                  (3.4.10) 

Consider a sequence (𝜇𝑚) = 4 − 
2

𝑚
 ∀ 𝑚 ≥ 1. Then 

lim  
𝑚→∞

 𝐴𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (4 −  
2

𝑚
 ) = lim  

𝑚→∞
21+ (4−

2

𝑚
−2)2

    = lim  
𝑚→∞

21+(2−
2

𝑚
)2

 = 25    (3.4.11) 

lim  
𝑚→∞

 S𝜇𝑚 =   lim  
𝑚→∞

 S ( 4 −  
2

𝑚
 ) = lim  

𝑚→∞
  21+2(4−

2

𝑚
−2 ) =  lim  

𝑚→∞
  2(5−

4

𝑚
 )
 =  25.     (3.4.12) 

From (3.4.11) and (3.4.12) 

lim  
𝑚→∞

 𝐴𝜇𝑚 =  lim  
𝑚→∞

 S𝜇𝑚 =  25. Also 

lim  
𝑚→∞

 𝐴𝑆𝜇𝑚 =   lim  
𝑚→∞

 𝐴 (2(5−
4

𝑚
 ) ) = lim  

𝑚→∞
10    = 10 ≠ 7 = 𝑆(25 ) and           (3.4.13) 

lim  
𝑚→∞

 S𝐴𝜇𝑚 =   lim  
𝑚→∞

 S ( 21+(2−
2

𝑚
)2

 ) = lim  
𝑚→∞

  11 =  11 =  𝐴(25).             (3.4.14) 

Thus from (3.4.13) and (3.4.14) 

lim  
m→∞

ℳ (𝑆𝐴𝜇𝑚 , 𝐴(25),  𝑡∆) = 1 but lim  
m→∞

ℳ (𝐴𝑆𝜇𝑚 , 𝑆(25 ),  𝑡∆) ≠ 1.              (3.4.15) 

Thus from (3.4.7), (3.4.10) and (3.4.15) we say that the joint pairs (𝐴, 𝑆), (𝐵, 𝑇) are weakly semi 

compatible and sub sequentially continuous. At 𝑥 =  2, 𝐴(2)  = 𝑆(2) = 𝐵(2)  = 𝑇(2) = 2. 

We can conclude that 𝑥 =  2 is the single common fixed point for the mappings A, S, B and T. 

Moreover from (3.4.3), (3.4.15) the pairs (𝐴, 𝑆), (𝐵, 𝑇) are neither semi compatible nor weakly 

compatible. 

 

CONCLUSION 

In this paper we generalized Theorem (A) in two ways by using 

(i) weaker conditions such as weakly semi compatibility, sub sequentially continuity and 

occasionally weakly compatible mappings instead of semi compatibility, continuity 

and weakly compatible mappings in Theorem (3.1) and dropped condition (v) of 

Theorem(A). 

(ii) Further using the weaker conditions such as weakly semi compatibility and sub 

sequentially continuity instead of semi compatibility, continuity and weakly 

compatible maps in Theorem (3.2) without using the inclusion condition and also by 

dropping the condition(v) of Theorem(A). 
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Moreover these two results are validated by discussing the appropriate examples. 
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