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1. INTRODUCTION

The thirst area of present research in analysis is fixed point theory due to its novelty, innovation,
usage, scope and application. The satiating topic of fixed point theory is the fuzzy set and was
coined by Zadeh [1]. It is the cornerstone of fuzzy logic and this concept has numerous
applications in neural network, stability process, mathematical programming, mathematical

modelling, engineering science, medical field, game theory, decision making, genetics and image
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processing etc. In covid-19 situation many inferences, theories were made due to fuzzy logic like
[2] and [3]. Kramosil and Michalek [4] defined fuzzy metric space and used this in the formation
of Hausdorff topology. Further this notion was modified through continuous t-norm by George and
Veeramani [5]. Afterwards some more refinements were made by Kaleva and Scikkala [6] in
generating some fixed point results Further Singh and Jain [7] used the implicit relation to prove
some of results in fuzzy metric space. The General conditions to establish fixed theorems we need
commutativity, continuity and contraction or similar conditions. Chauhan et al. [8] coined the idea
of compatible mappings in fuzzy metric space and established some theory regarding the
generation of fixed points. Jungck and Rhodes [ 9] generalized the compatibility resulting in the
formation of weakly compatible mappings and established some results. In fuzzy metric space, V.
Srinivas and B.V. Reddy [10] presented six maps to establish fixed point theorem by employing
the concepts of weakly compatible, semi- compatible and continuous t-norm. Some more theorems
have been witnessed like [11], [12] and [13] in fuzzy metric space. In this paper we use the notion
of weakly semi compatibility, sub sequentially continuous mappings and occasionally weakly
compatible mappings and generate two results in fuzzy metric space without using the condition of

continuity.

2. PRELIMINARIES
Definition 2.1 [10] A binary relation *: [0,1] — [0,1] is mentioned continuous t- norm if *
satisfying

= % jsassociative

= ux 1= pu Vu€lo1]

= % iscommutative

= x [scontinuous

» ux*x9 < wx*a whenever u < wand 9 < a, Vu,9, w, a €[0,1].
Example 2.2 If * isdefinedby a * f = min{a, f} and a *f = af then * ist- norm.
Definition 2.3 [10] A triplet (0, M, *) is known as fuzzy metric space if () is an random set,
* is continuous t- norm and M is fuzzy set defined on Q2 X (0, o) satisfying the following
postulates Va, £, y € Q and t;, t, >0

» M(a, B, 0)=0

» M(a, B, t;)=1Vt; >0 ifandonlyif a =pf

> M(a, B, t1) = MB, a, t;)
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> M(al :81 tl) * M(ﬁ) V; tZ) S M(al V; tl + tZ)
» M(a, B, .):[0, ©) — [0,1] continuous from left

» lim M(a, B, t;) =1.
rl—)OO

Example 2.4 Let (£, p) be a metric space defined ¢ * f =min{a, f} Va, f € Q and
t, > 0, define

Ma, B, t;) =

_ta
t2+p(a, B)

(D).

Then (Q, M, *) forms fuzzy metric space. Also it is mentioned as fuzzy metric space M
induced by metric p or stated standard fuzzy metric. This shows that each metric generates a
fuzzy metric but there exists no metric on Q satisfying (1).

Definition 2.5 [10] In fuzzy metric space ({, M, *) a sequence (L)

e convergestoasome point u € Q if lim M(u,, u, t;) =1V t; >0.
m-—-0o

e Cauchy if r}liilgoM(um, Um-+qs tl) =1V t; >0 andq > 0.
e Further fuzzy metric space (2, M, =) is complete if every cauchy sequence converges
in Q.
Lemma 2.6 Let (), M, *) be a fuzzy metric space if 3k € (0,1) in order for
M(a, B, kty;) = M(a, B, t;) V t, >0 implies a = .
Definition 2.7 A pair of self-mappings ¢, Y of a fuzzy metric space ({), M, *)is said to

e compatible [7] if im M (oY, Youn, ta) =1, V t, > 0, whenever sequence
m—oco
(4 in Q such that lim o¢u,, = lim Yu,, = d forsome d € Q.
m-oo m-oo

e Weakly compatible [7] if they are commuting at their coincidence points.
e Occasionally weakly compatible (OWC)[11] if there is a coincidence point at which the
mappings are commuting.

e Semi compatible[7] if lim M (oyu,, Ya, tp) =1, V t, >0, whenever a sequence
m—oo

(Up) In Q such that lim ¢u,, = lim Yu,, = d forsome d € Q.
m-—-0oo m-—-0oo

e weakly semi compatible [13] if

lim M(eYu,, Yo, ty) =1or lim M@peuy, @0, ty) =1 V ty >0, whenever
m—0o m—0oo

sequence (i,,) in Q suchthat lim ¢u,, = lim Yu,, = 0 forsome d € Q.
m-—-0oo m-—-0oo
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e Sub sequentially continuous [11] if

lim M(eyu,, @d, t,) =1land lim M @Qeu,, Ya, ta) =1 V t, >0, forsome
m—oo m—oo

sequence (i) in Q such that

lim ou, = lim yu, = 0 forsome d € Q.
m-—-oo m-—-0oo

Remark: It can be noted that semi compatible pair of mappings imply weakly semi compatible
but not conversely as can be observed under.

Example 2.8 Let Q= [— g, g] and (Q, M, t,) be the induced fuzzy metric space with

— ta
M, B t) = o 5 (2.8.1)
Define the mappings ¢ , ¥ : Q@ - Q as
p(x) = sin’x, x € [— g, g], (2.8.2)
x%, x€ —g, g]—{O}
P(x) =14, (2.8.3)
-, x = 0.
2
Consider (1) = —= ¥m = 1. Then from (2.8.2), (2.8.3)
. o 2\ _ g c 2 2) _
i o=t 0 (~2) = tm s (- 2)= 0 o5
. o 2\ o 232 e 4
From (2.8.4) and (2.8.5) lim ¢u,, = lim vu, = 0.
m—oo m—oo
11111er (plp#m - }rllllloo <p(m2) }rllr—l;loo sih (mz) o O * 2 - l/J(O) (286)
. . o 2Y _ s o 2\)\* _
i, o=, 0o (- 2) <, (e (-2)' = o0 e

From (2.8.6) and (2.8.7)

lim M(eyu,,, ¥(0), t,) # land lim M @ouy,, ©(0), ty) =1 V t, > 0.
m—oo m—oo

Thus the mappings ¢, P are weakly semi compatible but are not semi compatible.

Example 2.9 Let (Q, M, t,) be the as in (2.8.1) where Q = R.
Define the mappings ¢ , P : Q@ - Q as



p(x) = {

m—oo
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(§+x)2,x<§
5,x2§
G-0% x<;
7,222
. _ 3
consider a sequence (i,,) = g Vm = 1. Then
' = i Y3\ _ 3,32 _ 29
lim gy = lim o (52) = lim G+3D* =3,
i T V2N~ jim (3_Y3y2 = 2
lim Y = Hm_ p(57) = hm G50 = 3

From (2.9.3) and (2.9.4)

. . 9
lim oy, = lim  Pu, = -,
m-—-0oo m—-0oo

lim ppun = lim ¢ (G-3D?) =1lm 5 = 5=¢(2),

m-oo

lim pun = lim (G307 ) = lim7=7 = (7).

From (2.9.5) and (2.9.6)

lim M

m—oo

Thus both the mappings ¢, 1P are sub sequentially continuous but are not continuous at x =

(fpwm. w(%), tA) = land lim M (¢¢Mm' w(z) tA) =1V ta>0.

Example 2.10 Let (), M, t,) be the as in (2.8.1) where . = R.

Define the mappings ¢ , Y : @ > Q as

x%, x <3
p(x) =17 x=3
11, x > 3
(V3)x, x <3
P(x) = 9, x=3
7, x >3
consider a sequence (U,,) = V3 V' m = 1. Then from (2.10.1) and (2.10.2)

lim ¢@u, = lim <p(
m-—-0oo m—oo

lim Yu,, = lim 1/)(
m-—-0oo m—0oo

lim (32 = o.

) = lim, G,
):

lim = V3)(E) =o.

m—oo

& 2%

m

From (2.10.3) and (2.10.4)

(2.9.1)

(2.9.2)

(2.9.3)

(2.9.4)

(2.9.5)

(2.9.6)

N | W

(2.10.1)

(2.10.2)

(2.10.3)

(2.10.4)
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im =~ ouy, = lim pu, = 0.

m-—-oo

lim  gpun = lim @G = lim ()° = 0 =¢(0).

m-—oo m-—oo m-—oo

. . 3 . 3

lim Youn= lm_ (5 ) =lm (D)) =0 =vO.

From (2.10.5) and (2.10.6)

lim M(‘Plpﬂm; (P(O)» tA) = land lim M(lpfpﬂm: 1/](0)' tA) =1V th > 0,
m—oo m—oo

m-oo m—oo
Thus from (2.10.7) the mappings ¢, Y are sub sequentially continuous.

Consider a sequence (i;,) = V3 + % Vv m = 1. Then from (2.10.1) and (2.10.2)

lim  ouy = }rigloo<p(\/§+i) =},ilr3m(\/§+% ) =3,

m-oo

lim Yu,, = lim lp(\/§ + l) = lim \/§(\/§+l)= 3.
m-oo m—oo m m—oo m
From (2.10.9) and (2.10.10)

lim ¢u, = lim Yu, = 3. Then
m—oco m—oo

lim g, = lim ¢(3+2) =lim 11 # 9= P(3) and
m-oo m—oo m-oo

lim You, = lim 1,[1((\/3 +% )2 ) =lim7 =7 = ¢@3).
m—oco m—oo m-—-co

From (2.10.11) and (2.10.12)

(2.10.5)

(2.10.6)

(2.10.7)

(2.10.8)

(2.10.9)

(2.10.10)

(2.10.11)

(2.10.12)

lim M(eyu,, ¥Y(3), ty) # land lim M@Qeu,, ©3), ta) =1 V t, > 0. (2.10.13)
m—oo m—oo

The mappings have coincidence points at x = 0, /3.

Atx= 3, ¢(V3) =3= ¥(3), Y 9(V3) = ¥(3) =9 and ¢(V3) = ¢(3) =7 implies

Pp(3) # Pe(3).

(2.10.14)

Thus from (2.10.7), (2.10.13) and (2.10.14) the mappings ¢, Y are are sub sequentially

continuous and weakly semi compatible but not weakly compatible. Resulting that sub

sequentially continuous and weakly semi compatible mappings are weaker than weakly

compatible mappings.
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Example 2.11 Let (), M, t,) be the as in (2.8.1) where Q = R.
Define the mappings @ , ¥ : Q - Q as @(x) = 10%, P(x) =10 Vx € Q.

Then x =0, 1 are intersecting points there the mappings ¢, Y are coincidence.

Atx=0, ¢(0) =1= 1(0), Y (0) = Y(1) =10 and ey (0) = @(1) = 10 implies

PP (0) = P (0). @.11.1)
Butatx=1, ¢(1) =10= ¥(1), ¥ ¢(1) = ¥(10) = 101°° and

eY(1) = (10) = 101° implies

PyY(1) # Po(1). (2.11.2)
From (2.11.1) and (2.11.2) we can assert as the mappings ¢ , P are occasionally weakly
compatible but are not weakly compatible.

A class of Implicit relation 2.12[7]

Let @ be collection of all real valued continuous functions @: (R*)* —» R non decreasing in
the 1% argument satisfying

2.12.1) @ (a, B, B, @) =20 or @ (e, B, a, B)=0 = a = B.

2.122) ¢ (a, a, 1, 1) =20 = a= 1.

Example 2.13

. 13 7
Defining @ (aq, @y, a3, a,) =3a; — St az—cay .Then

() @(ay, B B, @) 20 23a; — Zf+ f—2a; 20 = Za;— 2f 20 = a; = B.

()@ (ay, B, a;, B)=0 :>3a1—15—3/3+ al—gﬁ >0 = 4a;— 48 =20 = a, = B.

(i) @ (ay, @1, ,1) 20 230y — oy + 1-2 20> 2, — =202 a; = 1.

The following theorem was proved by Bijendra Singh and Shishir Jain [7].
Theorem (A)
Let 4, B, S and T be self -mappings of a complete fuzzy metric space (X, M, *) satisfying
that
) AX) € T(X),B(X) € S(X);
(i) the pair (4, S) is semi compatible and (B, T) is weakly compatible ;
(i)  oneof A or S iscontinuous;

for some ¢ € O there exists k € (0, 1) such that for all x, y and t> 0,
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(iv) @ (M (Ax,By, kt),M (Sx,T y,t),M (Ax,Sx,t), M (By,T y, kt)) = 0,
(v) @ (M (Ax, By, kt), M (Sx,T y,t), M (Ax,Sx, kt), M (By,T y,t)) = 0.

Then A,B,S and T have unique common fixed point in X.
Now we generalize the above theorem by using only contraction condition (iv) as under.

3. MAIN RESULTS
Theorem 3.1 Let A, B, S and T be self -mappings of a complete fuzzy metric space (0, M, *)
satisfying that

() A(Q) € T(Q), B(Q) < S(Q);

(i) the pair (4, S) is weakly semi compatible, sub sequentially continuous and (B, T) is

occasionally weakly compatible ;

@iii) @ (M (Ax, By, ktp), M (Sx, Ty, tp), M (Ax, Sx, tp), M (By, Ty, kty))>0
forsome ¢ € @, 3 k € (0, 1)suchthat V x,y € Q and t, >0.
Then A,B,S and T having unique common fixed point in ().

Proof:

The sub sequentially continuous of the pair (4, S) implies existing a sequence (V) €

with

lim Avy = lim Sv, = «a (3.1.1)
n—00 n—oo
such that
lim M (ASvy,Aa,t,) = 1and lim M (SAvy,Sa,t,) = 1. (3.1.2)
Il—)OO I]_—)OO
And also weakly semi compatibility of (A, S) implies
lim M (ASvy,Sa,t,) = 1or lim M (SAvy,Aa,ty) = 1. (3.1.3)
]’l—)OO rl—)OO

Using (3.1.3) in (3.1.2) we get M (Aa, Sa,tp) = 1 this gives

Aa = Sa. By (i) Aa € A(Q)) € T(Q) implies there exists f € Q in order that

Aa =Tf. Thus

Aa = Sa =Tp. (3.1.4)
Claim BB =Tp.

By usingx = @, y=p in (iii)
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@ (M (Aa, BB, ktp), M (Sa, TB, ta), M (Aa, Sa, tn), M (BB, TB, ktp))>0.
Using (3.1.4)
¢ (M (Ta, BB, kty), M (TB, TB, ta), M (TB, TR, ta), M(BB, TB, kts))>0.
@ (M (a, BB, ktp), 1, 1, M (BB, a, kty))>0.
By (2.12.2) M (TS, BB, kt,) > 1 implies Bf = Tp. Therefore
Aa =Sa =TB = Bp. (3.1.5)
Claim a = Bp.

Then by (iii) substitute x = U,y = f

@ (]V[ (AUI’]_J BB, ktA): M(SUI]_J Tﬁ, tA)l M(AUI]_J SUI]_' tA)7 M(Bﬁ, Tﬁ' ktA))EO

Using (3.1.1) and (3.1.5) and letting asn = oo

@ (M (a, BB, ktp), M (a, BB, tp), M (a, a, tp), M (BB, Bf, kty))>0

@ (M (a, BB, ktp), M (a, BB, tp), 1, 1))>0.

As ¢ is increasing in the 1% argument

@ (M (a, BB, tp), M (a, BB, tp), 1, 1))>0.

Using (2.12.2 ) we get M (a, BS, tp) > 1.

This gives @ = Bf3. Hence

a= BB = Tp. (3.1.6)
Since the OWC of (B, T) is resulting TBS = BTp.

This gives

Ta = Ba. (3.1.7)
Claim a = A«a.

Then by substituting x = a, y = f in (iii)

@ (M (Aa, BB, kty), M (Sa, TS, tp), M (Aa, Sa, tp), M (BB, TB, kta))>0.
Using (3.1.6) and (3.1.7 )

@ (M (Aa, a, ktp), M (Aa, a, ty), M (Aa, Aa, tr), M (BB, BB, kty)) >0,

@ (M (Aa, a, ktp), M (Aa, a, tp), 1, 1 )>0.

As ¢ is non -decreasing in the 1% argument

@ (M (Aa, a, ktp), M (Aa, a, ty), 1, 1 )>0.

Using (2.12.2) we get M (Aa, a, tp) > 1.

This gives @ = Aa. Hence
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a= Aa = Sa. (3.1.8)
Claim a = Ba

Then by substituting x = @, y = a in (iii)

@ (M (Aa, Ba, ktp), M (Sa, Ta, tp), M (Aa, Sa, t;), M(Ba, Ta, ktp))>0.
Using (3.1.7 )and (3.1.8)

@ (M (a, Ba, ktp), M (a, Ba, t;), M (a, a, ty), M(Ba, Ba, kty))>0,

@ (M (a, Ba, ktp), M (a, Ba, tp), 1, 1 )>0.

As ¢ is non -decreasing in the 1% argument

@ (M (a, Ba, tp), M (a, Ba, ty), 1, 1 )>0.

Using (2.12.2) we get M (a, Ba, ty) > 1.

This gives @ = Ba. Hence

a= Ba = Ta. (3.1.9)
From (3.1.8), (3.1.9) conclude that

a= Ba=Ta = Aa = Sa. (3.1.10)
Uniqueness:

Assume y be another point such that

Ay =Sy =By =Ty =v. (3.1.11)
Applying x = a, y =y in (ii1)

@ (M (Aa, By, ktp), M (Sa, Ty, tpy), M (Aa, Sa, tp), M(By, Ty, kty))>0

Using (3.1.10) and (3.1.11)

@ M (a, v, kty), M (a, v, ta), M (a, @, tr), M(y, v, kta))=0

o M (a, v, ktp), M (a, v, t), 1, 1) 20

As ¢ is non -decreasing in the 1% argument consequences

» M@ vy ty), M(a, vy, ), 1, 1) 20

By (2.12.2) M (a, vy, tp) = 1 implies a = y.

Thus the four maps A, S, B and T are having single common fixed point in Q.

Example 3.2 Let (, M, t,) be the induced fuzzy metric space as

_ ta _
M(a, B, ty) = P — where Q = R.

Define the mapping 7, S : 1 - Q as
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x?, x < V2
T(x)=Sx) =417, V2 <x <2 3.2.1)
5, x= 2

Define the mappings A, B : 1 —» ( as

(VZ+1)x -2 x< 2
A(x) = B(x) = 1.9, \/E <x <2 (3.2.2)
1.7, x = 2.

Then from (3.2.1), (3.2.2), we have T(Q) = S(Q) =10, 2]U{5}, A(Q2) = B(Q) = (-0, 2]U{5}
implies A(Q) € T(Q), B(Q2) & S(Q).

The mappings B, T have coincidence points at x = 1, V2.
At x = V2, B(V2) = 2, T(V2) = 2 further BT(V2) = B(2) = 1.7,
TB(V2) = T(2) = 5 sothat B(v2) = T(v2)and BT(v2) # TB(2).

Thus the mappings are not weakly compatible but OWC.
Sinceat x = 1, B(1) = T(1) =1 = BT(1) = TB(1).

Consider a sequence (4;;) = 1 + % Vm = 1. Then from (3.2.1), (3.2.2)

im, A=l A1+ 2) < lm 4 7 -1 623
lim Spy, = lim S(1+ < )-lim (VZ+1)(1+ 2)—vZ = lim (1 +22) -1
m-—oo ‘U.m m—co m m—co m m-oo m '

(3.2.4)

From (3.2.3) and (3.2.4)

lim Ap,, = lim Su,, = 1 and
m—oo m—oo

lim  SApy, = lim_ s((+9?) = lim (VZ+1)(1+ D?=v2=1 = A(D).

m—oo

(3.2.5)
Then from (3.2.1), (3.2.5) and
lim M (ASp,, ,A(1),t)) = 1. (3.2.6)
m-—oco
lim  ASpy = lim A(A+22) ) = lim @ +22)2 =1 =4(1), (3.2.7)
m-—oo m—oo m m—oo m
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lim SAu, = lim S((1+ 2)?) = lim (VZ+ 1)1+ 2?-v2=1=S1). (328)
m-oo m-oo m m-—oo m

From (3.2.7), (3.2.8)

lim M (ASu,, ,A(1),ty) = 1and lim M (SAu,,,S(1), tp) = 1. (3.2.9)
m—oo m—oo

Thus from (3.2.9) the mappings A, S are sub sequentially continuous.

Consider a sequence (i) = V2 — % vVm = 1. Then

im Apy = lim A(VZ-2)=1lim (V2-2)? =2 and (3.2.10)

m-—co m-—oo m m—oo m

. L 3 \_p; 3\ T _3(V2+1) | _
(3.2.11)

From (3.2.10) and (3.2.11)

lim Aw, = lim Sy, = 2.

m-—oo m—oo

lim  ASp, = lim A(2 —@) — lim 1.9 =19%5=5(2). Then (3.2.12)

m—oo m-—oo m m—oo

lim SAp, = lim S((V2-2)?) =lim 17=17 = AQ2). (3.2.13)

m-— oo m-— oo m m—oo

From (3.2.12) and (3.2.13)

lim M (ASw,,,S(2),ty) # 1but lim M (SAu, ,A(2), t,) = 1. (3.2.14)

m— oo m-—oo

From (3.2.6), (3.2.9) and (3.2.14) we observe that the pair (A4,S) satisfied weakly semi
compatibility, sub sequentially continuity and (B, T) satisfies occasionally weakly compatible
property. At x = 1, A(1) = S(1) = B(1) = T(1) =1.

Further we can assert that x = 1 is the single common fixed point for the mappings A, S, B
and T.

Moreover from (3.2.14) the pair (4, S) does not satisfy semi compatibility and the pair (B, T) is
not weakly compatible there by fulfilling all the conditions of Theorem(3.1).

Now we present another theorem.
Theorem 3.3 Let A, B, S and T be self -mappings of a complete fuzzy metric space (), M, *)
satisfying
0] the pairs (4, S), (B, T) are weakly semi compatible and sub sequentially continuous
@iy @ (M (Ax, By, ktp), M (Sx, Ty, tp), M (Ax, Sx, tp), M(By, Ty, kty))>0
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forsome ¢ € @, 3 k € (0, 1)suchthat V x,y € Q, t, >0.

Then A,B,S and T having unique common fixed point in ().

Proof:

The pair (4, S) is sub sequentially continuous implies there is a sequence (Uy)) € Q with

lim AUrl = lim SUIl =q

n—-oo n-o
(3.3.1)

such that

lim M (ASvy,Aa,ty) = 1and lim M (SAvy,Sa,ty) = 1.
n—oo

rl—)CX)
(3.3.2) Also the pair (A, S) is weakly semi compatible implies
lim M (ASvy,Sa,ty) = 1or lim 3 (SAvy, Aa,ty) = 1. (3.3.3)

n—oo
Using (3.3.3) in (3.3.2) we get M (Aa, Sa,t,) = 1 this gives
Aa = Sa. (3.3.4)

The pair (B, T) is also sub sequentially continuous implies there is a sequence(u, ) € Q with

lim Bu, = lim Tu, =p (3.3.5)
n—o n—oo

such that

lim M (BTuy, TP, ta) = 1and lim M (TBu,,BpB,t,) = 1. (3.3.6)
n—o n—o

Also weakly semi compatible property of the pair (B, T) is implies

lim M (BTu,, BB, t,) =1 and lim M (TBu,,TB,ty) = 1.
n—o0 n—oo

(3.3.7)

Using (3.3.7) and (3.3.6) we get M (BB, TB,tp) = 1 this gives

BB = Tp. (3.3.89)

Claim Aa = Bf.

By usingx = @, y=p in (ii)

@ (M (Aa, BB, kty), M (Sa, TB, tp), M (Aa, Sa, t)), M (BB, TB, ktp))>0.
Using (3.3.4) and (3.3.8)

@ (M (Aa, BB, kty), M (Aa, BB, ty), M (Aa, Aa, t)), M (BB, BB, kty))>0.
@ (M (Aa, BB, ktp), M (Aa, BB, tr), 1, 1) >0.
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As @ is non -decreasing in the 1% argument consequences

@ (M (Aa, BB, tr), M (Aa, BB, tp), 1, 1) >0.

By (2.12.2) M (Aa, BB, tp) = 1 implies

Aa = Bp. (3.3.9)
Claim a = p.

By using X = Uy, y = py in (ii)

@ (M (Avy, Buy, kta), M (SUy, Tiy, ta), M (AUy, SUy, ta), M (Buy, Ty, kta))>0.

As1n — oo implies from (3.3.1), (3.3.5)

¢ (M (a, B, kty), M (a, B, ta), M (a, a, tp), M(B, B, kty))=0.
o (M (a, B, ktp), M (a, B, tp), 1, 1) >0.

As ¢ is non -decreasing in the 1% argument consequences

¢ (M (a, B, ta), M (a, B, ty), 1, 1) 0.

By (2.12.2) M (a, B, tpy) = 1 implies a = f.

Combining all we get

Ba = Ta = Aa = Sa.

Claim a = Bf.

Then substituting x = Uy, y = Bf by using(ii)

@ (M (Avy, BB, kty), M (Sun, TB, ta), M (AUy, SUy, ta), M(BB, TB, kty))>0

Using (3.3.1) and (3.3.8) and letting asn — oo

@ (M (a, BB, ktp), M (a, BB, tp), M (a, a, ty), M (BB, BB, ktp))>0.
@ (M (a, BB, ktp), M (a, BB, tp), 1, 1))>0.

As @ is increasing in the first argument implies

@ (M (a, BB, tp), M (a, BB, tp), 1, 1))>0.

Using (2.12.2 ) we get M (a, BB, tp) > 1.

This gives a = Bf.

Substitute a = f we get

Ba=Ta = Aa = Sa = «a.

Uniqueness follows as in Theorem (3.1).
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Example 3.4

Let (Q, M, t,) be the induced fuzzy metric space with
= =

M(a, B, ty) = P where Q = R.

Define the mappings T, S : Q@ - Q as
21+2(x-2)  y < 4

T(x)=S(x) =411, 4< x< 25 (3.4.1)
7, x> 25

Define the mappings A, B : A —» ( as
2162 < g

A(x) = B(x) = 410, 4< x< 25 (3.4.2)
11, x> 2°

From (3.4.1) and (3.4.2) the mappings B, T have coincidence points at x = 2, 4.

At x = 4, B(4) = 21+6=2" = 25 T(4) = 214202 = 25

BT(4) = B(2%) = 11, TB(4) = T(2%) = 7 so that

B(4) = T(4) but BT(4) # TB(4). (3.4.3)
Thus from (3.4.3) the mappings are not weakly compatible but OWC.

Sinceat x = 2, B(2) = T(2) =2 = BT(2) = TB(2).

Consider a sequence (U;,) = 2 + % vV m = 1. Then from (3.4.1), (3.4.2)

5 5
lim Au, = lim A(z + i) = lim 2 @ ?* = jim 21" = 2 (3.4.4)
m—oo m—oco m m—oo m—o
5 10

lim Sy, = lim s(z +2) = lim 2" = gim 20 = 2 (3.4.5)
m—oo m—oo m m-—oco m—oo
From (3.4.4) and (3.4.5)
lim Au,, = lim Su,, = 2 and
m-—-0oo m—oo

5 5.2
lim  SApy, = lim S(2"*6") = lim 2142 W -2) — 9 = 4(2), (3.4.6)
m-oo m-—oo m-—oo
From (3.4.6)
lim M (SAu, ,A(2), ty) = 1. (3.4.7)
m-—-0o

10 10
lim  ASp, = lim A (2%%w) ) = lim 21 @22 _ 5 = 42), (3.4.8)
m—0o m-—0co m-—0oo

5 542
lim SAu,, = lim S(Z”(E)Z) = lim 21+2(21+(m) “2) =2 = S(2). (3.4.9)
m—oo m—oo m—oo
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Thus from (3.4.8) and (3.4.9)
lim M (SAp,,S(2), ty) = 1 and lim M (ASu, ,A(2), t) = 1.
m—co m—co

Consider a sequence (i,,) = 4 — % Vm = 1. Then

2 2
lim Ap, = lim A(4 - 3) = lim 2 ¢ D* o i 2@ = s
m-—-oo m-—oo m m—oo m-oo

2 4
lim Sy = lim S(4 - 2) =lim 20702 = lim 267w) = 25,
m-—oo m—oo m m-oo m-oo

From (3.4.11) and (3.4.12)

lim Ap, = lim Sy, = 2°. Also

m—oo m—oo

4
lim ASp, = lim A(2°7%)) = lim 10 =10 #7 =$(2°) and
m-oo

m—oo m—oo

2
lim SAp, = lim S(2"@%) = lim 11= 11 = A(25).

m—oo m—oo m-—-oo

Thus from (3.4.13) and (3.4.14)
lim M (SAu,, ,A(2%), ty) =1 but lim M (ASu,,,S(2%), ty) # 1.
m—oo m-—oo

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)

(3.4.14)

(3.4.15)

Thus from (3.4.7), (3.4.10) and (3.4.15) we say that the joint pairs (4, S), (B, T) are weakly semi
compatible and sub sequentially continuous. At x = 2, A(2) = S(2) = B(2) = T(2) = 2.

We can conclude that x = 2 is the single common fixed point for the mappings A, S, B and T.

Moreover from (3.4.3), (3.4.15) the pairs (4,S), (B, T) are neither semi compatible nor weakly

compatible.

CONCLUSION

In this paper we generalized Theorem (A) in two ways by using

Q) weaker conditions such as weakly semi compatibility, sub sequentially continuity and

occasionally weakly compatible mappings instead of semi compatibility, continuity

and weakly compatible mappings in Theorem (3.1) and dropped condition (v) of

Theorem(A).

(i) Further using the weaker conditions such as weakly semi compatibility and sub

sequentially continuity instead of semi compatibility, continuity and weakly

compatible maps in Theorem (3.2) without using the inclusion condition and also by

dropping the condition(v) of Theorem(A).
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Moreover these two results are validated by discussing the appropriate examples.
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