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Abstract. In this paper, we will analyses the square mean almost pseudo automorphic mild solution for fractional

order equation,

c
0Dα

γ [ℵ(γ)−D(γ,ℵ(γ))] = [Aℵ(γ)+φ(γ,ℵ(γ))]dγ +ϕ(γ,ℵ(γ))d 〈B〉(γ)

+ψ(γ,ℵ(γ))dB(γ),γ ∈ R
(1)

where A(γ) : D(A(γ)) ⊂ L2
G(F )→ L2

G(F ) is densely closed linear operator and the functions D,φ ,ϕ and ψ :

L2
G(F )→ L2

G(F ) are jointly continuous. We drive square mean almost pseudo automorphic mild solution for

fractional order neutral stochastic evolution equations driven by G-Brownian motion is obtain by using evolution

operator theorem and fixed point theorem. Moreover, we prove that this mild solution of equation (1) is unique.

Keywords: fractional derivative and integral; existence and uniqueness; almost pseudo automorphic; G-Brownian

motion; fixed point.
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1. INTRODUCTION

Some results on of existence and uniqueness of the square-mean almost pseudo almost auto-

morphic mild solutions for fractional differential equation have been discussed by some authors
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which can be found in [1, 2, 3, 4, 5, 6]. The aims of this article is to discussed the square mean

almost pseudo automorphic mild solution for neutral stochastic evolution equations of fractional

order driven by G-Brownian motion(G-NSEEF for short), which is given by equation (1). Now

we will recall following definitions of fractional derivative,

Riemann–Liouville definition [5, 6]: For α ∈ [n−1,n) the α - derivative of f is

Dα
a f (x) =

1
Γ(n−α)

dnx
dtn

∫
α

a

f (x)
(t− x)α−n+1 dx

Caputo definition[5, 6]:For α ∈ (n−1,n) the α - derivative of f is

C
a Dα

t f (t) =
1

Γ(α−n)

∫ t

a

f (n)(τ)
(t− τ)α−n+1 dτ

2. PRELIMINARIES

Lemma[10] If 0≤ T< ∞, then

(1) E
[
|
∫ T

0 ηγd 〈B〉(γ) |
]

σ−2E
[∫ T

0 | ηγ | dγ

]
, for any ηγ ∈M 1

G([0,T]).

(2) E
[(∫ T

0 ηγdB(γ)
)2
]
= E

[∫ T
0 η2

γ d 〈B〉(γ)
]
, for any ηγ ∈M 2

G([0,T]).

(3) E
[(∫ T

0 | ηγ |p dγ

)]
≤
∫ T

0
[
E | ηγ |p

]
dγ, for any ηγ ∈M p

G([0,T]), p≥ 1.

Definition An Fγ progressively measurable process {ℵ(γ)}
γ∈R is called a mild solution of the

(1), if

(2)

ℵ(γ)−D(γ,ℵ(γ)) = f(γ,s)[ℵ(s)−D(s,ℵ(s))]+
1

Γ(−α−n)

∫
γ

s

f(γ,r)φ (n)(r,ℵ(r))
(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ

s

f(γ,r)ϕ(n)(r,ℵ(r))
(γ− r)−α+1−n d 〈B〉(r)+ 1

Γ(−α−n)

∫
γ

s

f(γ,r)ψ(n)(r,ℵ(r))
(γ− r)−α+1−n dB(r)

for any γ ≥ s and s ∈ R.

For our convenience and further use we consider the following assumptions.

(H1) ∃ Ω > 0 and µ > 0 such that the evolution family f(γ,s) generated by A(γ) is exponen-

tially stable,

‖ f(γ,s) ‖≤Ωe−µ(γ−s),γ ≥ s.
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(H2) The coefficients D(γ,x),φ(γ,x),ϕ(γ,x) and ψ(γ,x) : R×L2
G(F )→ L2

G(F ) are functions

of SPAA(R×L2
G(F ),L2

G(F )). Furthermore, ∃ LD,Lφ ,Lϕ ,Lψ ≥ 0 such that

‖ D(γ,x)−D(γ,y) ‖2≤ LD ‖ x− y ‖2,‖ φ(γ,x)−φ(γ,y) ‖2≤ Lφ ‖ x− y ‖2

and

‖ ϕ(γ,x)−ϕ(γ,y) ‖2≤ Lϕ ‖ x− y ‖2,‖ ψ(γ,x)−ψ(γ,y) ‖2≤ Lψ ‖ x− y ‖2

for x,y ∈ L2
G(F ) and γ ∈ R.

(H3) D = D1 + D2 ∈ SPAA(R× L2
G(F ),L2

G(F )), where D1 ∈ SAA(R× L2
G(F ),L2

G(F )),

D2 ∈ SBC0(R× L2
G(F ),L2

G(F )). φ = φ1 + φ2 ∈ SPAA(R× L2
G(F ),L2

G(F )), where φ1 ∈

SAA(R × L2
G(F ),L2

G(F )), φ2 ∈ SBC0(R × L2
G(F ),L2

G(F )). ϕ = ϕ1 + ϕ2 ∈ SPAA(R ×

L2
G(F ),L2

G(F )), where ϕ1 ∈ SAA(R× L2
G(F ),L2

G(F )), ϕ2 ∈ SBC0(R× L2
G(F ),L2

G(F )).

ψ = ψ1 + ψ2 ∈ SPAA(R× L2
G(F ),L2

G(F )), where ψ1 ∈ SAA(R× L2
G(F ),L2

G(F )), ψ2 ∈

SBC0(R×L2
G(F ),L2

G(F )).

3. MAIN RESULT

Theorem If the hypothesis (H1)− (H3) are satisfied, and

4LD +
4Ω2Lφ

µ2 +
4σ−4Ω2Lϕ

µ2 +
4σ−2Ω2Lψ

µ
< 1.

then, the system (1) has a unique mild solution ℵ ∈ SPAA(R,L2
G(F )) and this solution can be

expressed as

(3)

ℵ(γ) = D(γ,ℵ(γ))+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)(r,ℵ(r))
(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)(r,ℵ(r))
(γ− r)−α+1−n d 〈B〉(r)+ 1

Γ(−α−n)

∫ t

−∞

f(γ,r)ψ(n)(r,ℵ(r))
(γ− r)−α+1−n dB(r).

Proof Firstly we will discuss the Existence of the square mean almost pseudo automorphic mild

solution for of equation ( 1).

Claim: For all γ ≥ s and at each s ∈ R, we will show that ℵ(γ) defined by (3) satisfies the

equation (2) and hence ℵ(γ) will be a mild solution of (1).

For any ℵ ∈ SPAA(R,L2
G(F )), we define the operator (Φℵ)(γ) as follows,
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(4)

(Φℵ)(γ) = D(γ,ℵ(γ))+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)(r,ℵ(r))
(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)(r,ℵ(r))
(γ− r)−α+1−n d 〈B〉(r)+ 1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)(r,ℵ(r))
(γ− r)−α+1−n dB(r),

which is well defined and satisfies (2). From (H3), we have

(Φℵ)(γ) =
(

D1(γ,ℵ(γ))+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r)+ 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r)
)

+
(

D2(γ,ℵ(γ))+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)
2 (r,ℵ(r))

(γ− r)−α+1−n dr+
1

Γ(−α−n)

∫
γ

−∞

f(t,r)ϕ(n)
2 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r)

+
1

Γ(−α−n)

∫
γ

−∞

f(t,r)ψ(n)
2 (r,ℵ(r))

(γ− r)−α+1−n dB(r)
)
.

= (Φ1ℵ)(γ)+(Φ2ℵ)(γ).

(5)

Now we will show that (Φ1ℵ)(γ) ∈ SAA(R,L2
G(F )) and (Φ2ℵ)(t) ∈ SBC0(R,L2

G(F )). We

will illustrate the facts through following three steps.

Step 1. Sub Claim - I: (Φ1ℵ)(γ) is continuous.

By the definition of (Φ1ℵ)(γ), we have

E ‖ (Φ1ℵ)(γ + s)− (Φ1ℵ)(γ) ‖2= E ‖ D1(γ + s,ℵ(γ + s))−D1(γ,ℵ(γ))

+
1

Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)φ (n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dr− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)ϕ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n d 〈B〉(r)− 1
Γ(−α−n)

∫ t

−∞

f(γ,r)ϕ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r)

+
1

Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)ψ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dB(r)− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r) ‖2 .

(6)

As D1(γ,x) ∈ SAA(R×L2
G(F ),L2

G(F )), then we conclude that,

(7) lim
s→0

E ‖ D1(γ + s,ℵ(γ + s))−D1(γ,ℵ(γ)) ‖2= 0.
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By means of the properties of evolution family f(γ,r) and elementary inequality, we get

E ‖ 1
Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)φ (n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dr− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2

= E ‖ 1
Γ(−α−n)

∫
γ

−∞

(f(γ + s,γ)− I)f(γ,r)φ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ+s

γ

f(γ + s,γ)φ (n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dr ‖2

≤ 2E ‖ 1
Γ(−α−n)

∫
γ

−∞

(f(γ + s,γ)− I)f(γ,r)φ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2

+2E ‖ 1
Γ(−α−n)

∫
γ+s

γ

f(γ + s,γ)φ (n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dr ‖2 .

By the dominated convergence theorem, we conclude that,

lim
s→0

E ‖ 1
Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)φ (n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dr− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2= 0.

(8)

By using the properties of evolution family f(γ,r) and Lemma 2, we conclude that,

E ‖ 1
Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)ϕ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n d 〈B〉(r)− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r) ‖2

= E ‖ 1
Γ(−α−n)

∫
γ

−∞

(f(γ + s,γ)− I)f(γ,r)ϕ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r)

+
1

Γ(−α−n)

∫
γ+s

γ

f(γ + s,γ)ϕ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n d 〈B〉(r) ‖2

≤ 2E ‖ 1
Γ(−α−n)

∫
γ

−∞

(f(γ + s,γ)− I)f(γ,r)ϕ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r) ‖2

+2E ‖ 1
Γ(−α−n)

∫
γ+s

γ

f(γ + s,γ)ϕ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n d 〈B〉(r) ‖2

≤ 2σ
−4E

(∫ γ

−∞

‖
(f(γ + s,γ)− I)f(γ,r)ϕ(n)

1 (r,ℵ(r))
Γ(−α−n)(γ− r)−α+1−n ‖ dr

)2

+2σ
−4E

(∫ γ+s

γ

f(γ + s,γ) ‖ ϕ
(n)
1 (r,ℵ(r)) ‖

‖ Γ(−α−n)(γ + s− r)−α+1−n ‖
dr
)2

.
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And

E ‖ 1
Γ(−α−n)

∫
γ+s

−∞

f(γ + s,r)ψ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dB(r)− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r) ‖2

= E ‖ 1
Γ(−α−n)

∫
γ

−∞

(f(γ + s,γ)− I)f(γ,r)ψ(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r)

+
1

Γ(−α−n)

∫
γ+s

γ

f(γ + s,γ)ψ(n)
1 (r,ℵ(r))

(γ + s− r)−α+1−n dB(r) ‖2

≤ 2σ
−2
∫

γ

−∞

E ‖
(f(γ + s,γ)− I)f(γ,r)ψ(n)

1 (r,ℵ(r))
Γ(−α−n)(γ− r)−α+1−n ‖2 dr

+2σ
−2
∫

γ+s

γ

f(γ + s,γ)E ‖ ψ
(n)
1 (r,ℵ(r)) ‖2

‖ Γ(−α−n)(γ + s− r)−α+1−n ‖2 dr.

Hence, it follows

lim
s→0

E ‖ (Φ1ℵ)(γ + s)− (Φ1ℵ)(γ) ‖2= 0.

Step 2. As D(γ,x),φ(γ,x),ϕ(γ,x) and ψ(t,x) are the functions of SAA(R×L2
G,L

2
G(F )),

therefore, ∃ a subsequence {rn} of {rpn}n∈N , for some stochastic process D̃1, φ̃1, ϕ̃1 and ψ̃1 :

R×L2
G,L

2
G(F ), such that

lim
n→∞

E ‖D1(γ+rn,ℵ(γ+rn))−D̃1(γ,ℵ(γ)) ‖2= 0 and lim
n→∞

E ‖ D̃1(γ−rn,ℵ(γ−rn))−D1(γ,ℵ(γ)) ‖2= 0,

lim
n→∞

E ‖ φ1(γ+rn,ℵ(γ+rn))− φ̃1(γ,ℵ(γ)) ‖2= 0 and lim
n→∞

E ‖ φ̃1(γ−rn,ℵ(γ−rn))−φ1(γ,ℵ(γ)) ‖2= 0,

lim
n→∞

E ‖ ϕ1(γ + rn,ℵ(γ + rn))− ϕ̃1(γ,ℵ(γ)) ‖2= 0

and

lim
n→∞

E ‖ ϕ̃1(γ− rn,ℵ(γ− rn))−ϕ1(γ,ℵ(γ)) ‖2= 0,

lim
n→∞

E ‖ h1(γ+rn,ℵ(γ+rn))− h̃1(γ,ℵ(γ)) ‖2= 0 and lim
n→∞

E ‖ ψ̃1(γ−rn,ℵ(γ−rn))−ψ1(γ,ℵ(γ)) ‖2= 0,
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∀ γ ∈ R and ℵ(γ) ∈ L2
G(F ).

To prove that (Φ1ℵ)(γ) is a square mean almost automorphic process, we consider the follow-

ing operator (Φ̃1ℵ)(γ),

(Φ̃1ℵ)(γ) = D̃1(γ,ℵ(γ))+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ̃ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r)+ 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r).

(9)

And hence we have,

E ‖ (Φ1ℵ)(γ + rn)− (Φ̃1ℵ)(γ) ‖2

= E ‖ D1(γ + rn,ℵ(γ + rn))+
1

Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)φ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n dr

+
1

Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)ϕ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n d 〈B〉(r)+ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)h
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n dB(r)

− D̃1(γ,ℵ(γ))− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ̃ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r)

− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r) ‖2

≤ 4E ‖ D1(γ + rn,ℵ(γ + rn))− D̃1(γ,ℵ(γ)) ‖2 +4E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)φ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n dr

− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ̃ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2 +4E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)ϕ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n d 〈B〉(r)

− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r) ‖2 +4E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)ψ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n dB(r)

− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r) ‖2 .

(10)

By using the Cauchy-Schwarz inequality, we obtain,

E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)φ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n dr− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ̃ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2

= E ‖ 1
Γ(−α−n)

∫ t

−∞

f(γ,r)φ (n)
1 (r+ rn,ℵ(r+ rn))

(γ + rn− r)−α+1−n dr− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)φ̃ (n)
1 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2
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≤
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r).E ‖ φ
(n)
1 (r+ rn,ℵ(r+ rn))− φ̃

(n)
1 (r,ℵ(r)) ‖2 dr

ξ ∗
,(11)

For shake of simplicity, we consider, Γ(−α − n)(γ − r)−α+1−n = ξ and ‖ Γ(−α − n)(γ −

r)−α+1−n ‖=‖ ξ ‖= ξ ∗, where the last estimate converges to zero as n→ ∞.

Note that, for any γ ∈ R, 〈̃B〉(γ) the difference 〈B〉(γ + rn)−〈B〉(rn) has the same distribution

with 〈B〉(γ) and by using the Cauchy-Schwarz inequality again, we have

E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)ϕ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n d 〈B〉(r)− 1
Γ(−α−n)

∫ t

−∞

f(γ,r)ϕ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r) ‖2

= σ
−4E ‖

∫
γ

−∞

f(γ,r)[ϕ(n)
1 (r+ rn,ℵ(r+ rn))− ϕ̃

(n)
1 (r,ℵ(r))]d 〈B〉(r) 1

ξ
‖2

≤ E ‖
∫

γ

−∞

f(γ,r)[ϕ(n)
1 (r+ rn,ℵ(r+ rn))− ϕ̃

(n)
1 (r,X(r))]dr

1
ξ
‖2

≤ σ
−4
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ ϕ
(n)
1 (r+ rn,ℵ(r+ rn))− ϕ̃

(n)
1 (r,ℵ(r)) ‖2 dr

ξ ∗
.(12)

Therefor, we have

lim
n→∞

E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)ϕ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n d 〈B〉(r)

− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r) ‖2= 0.

Let B̃(γ) = B(γ + rn)−B(rn) for each γ ∈ R, then B̃(γ) is also a G-Brownian motion with the

same distribution as B(γ), we obtain

E ‖ 1
Γ(−α−n)

∫
γ+rn

−∞

f(γ + rn,r)ψ
(n)
1 (r,ℵ(r))

(γ + rn− r)−α+1−n dB(r)− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ̃(n)
1 (r,ℵ(r))

(γ− r)−α+1−n dB(r) ‖2

= E ‖
∫

γ

−∞

f(γ,r)[ψ(n)
1 (r+ rn,ℵ(r+ rn))− ψ̃

(n)
1 (r,ℵ(r))]dB̃(r)

1
ξ
‖2

≤ σ
−2
∫

γ

−∞

‖ f(γ,r) ‖ E ‖ ψ
(n)
1 (r+ rn,ℵ(r+ rn))− ψ̃

(n)
1 (r,ℵ(r)) ‖2 dr

ξ ∗
,(13)
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where the last estimate converges to zero as n→ ∞.

Therefore, we can conclude that

lim
n→∞

E ‖ (Φ1ℵ)(γ + rn)− (Φ̃1ℵ)(γ) ‖2= 0.

By the same arguments as above, we obtain,

lim
n→∞

E ‖ (Φ̃1ℵ)(γ− rn)− (Φ1ℵ)(γ) ‖2= 0.

From the Steps 1 and 2, we conclude that, (Φ1ℵ)(γ) ∈ SAA(R,L2
G(F )).

Step 3. Sub Claim - II: (Φ2ℵ)(γ) is stochastically continuous process.

According to the functions D2,F2,G2 and H2 ∈ SBC0(R×L2
G(F ),L2

G(F )), then it follows that

(Φ2ℵ)(γ) is stochastically bounded. Now we aim to prove that

lim
T→∞

1
2T

∫ T

−T
E ‖ (Φ2ℵ)(γ) ‖2 dγ = 0.

From the definition of (Φ2ℵ)(γ), we have

1
2T

∫ T

−T
E ‖ (Φ2ℵ)(γ) ‖2 dγ

≤ 4
[ 1

2T

∫ T

−T
E ‖ D2(γ,ℵ(γ)) ‖2 dγ +

1
2T

∫ T

−T
E ‖ 1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)
2 (r,ℵ(r))

(γ− r)−α+1−n dr ‖2 dγ

+
1

2T

∫ T

−T
E ‖ 1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)
2 (r,ℵ(r))

(γ− r)−α+1−n d 〈B〉(r) ‖2 dγ

+
1

2T

∫ T

−T
E ‖ 1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)
2 (r,ℵ(r))

(γ− r)−α+1−n dB(r) ‖2 dγ

]
≤ 4
[ 1

2T

∫ T

−T
E ‖ D2(γ,ℵ(γ)) ‖2 dγ +

1
2T

∫ T

−T
[
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ φ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dγ

+σ
−4 1

2T

∫ T

−T
[
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ ϕ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dγ

+σ
−2 1

2T

∫ T

−T

∫
γ

−∞

f2(γ,r)E ‖ ψ
(n)
2 (r,ℵ(r)) ‖2 1

ξ ∗
drdγ

]

≤ 4
[ 1

2T

∫ T

−T
E ‖ D2(γ,ℵ(γ)) ‖2 dγ +

1
2T

∫ T

−T
[
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ φ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dγ

+σ
−4 1

2T

∫ T

−T
[
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ ϕ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dγ

+σ
−2 1

2T

∫ T

−T

∫
γ

−∞

f2(γ,r)E ‖ ψ
(n)
2 (r,ℵ(r)) ‖2 1

ξ ∗
drdγ

]



10 A. D. NAGARGOJE, V. C. BORKAR, R. A. MUNESHAWAR

≤ 4
[ 1

2T

∫ T

−T
E ‖ D2(γ,ℵ(γ)) ‖2 dγ +

Ω2

µ
× 1

2T

∫ T

−T
[
∫

γ

−∞

e−µ(γ−r)E ‖ φ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dγ

+
Ω2σ−4

µ
× 1

2T

∫ T

−T
[
∫

γ

−∞

e−µ(γ−r)E ‖ ϕ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dγ

+
Ω2σ−2

µ
× 1

2T

∫ T

−T

∫
γ

−∞

e−µ(γ−r)E ‖ ψ
(n)
2 (r,ℵ(r)) ‖2 1

ξ ∗
drdγ

]
As to the second part of the last inequality, it follows

1
2T

∫ T

−T
dγ

∫
γ

−∞

e−µ(γ−r)E ‖ φ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

=
1

2T

∫ T

−T
dγ

∫
γ

−T
e−µ(γ−r)E ‖ φ

(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

+
1

2T

∫ −T
−∞

dγ

∫ T

−∞

e−µ(γ−r)E ‖ φ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

=
1

2T

∫ T

−T
dr
∫ T

r
e−µ(γ−r)E ‖ φ

(n)
2 (r,ℵ(r)) ‖2 dγ

1
ξ ∗

+
1

2T

∫ T

−T
dγ

∫ T

−∞

e−µ(γ−r)E ‖ φ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

(14) ≤ 1
µ

1
2T

∫ T

−T
E ‖ φ

(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

+
1

µ2
1

2T
E ‖ φ

(n)
2 (r,ℵ(r)) ‖2

∞→ 0

as T→ ∞.

Similarly, we have

lim
T→∞

1
2T

∫ T

−T
[
∫

γ

−∞

e−µ(γ−r)E ‖ ϕ
(n)
2 (r,ℵ(r)) ‖2 dr

1
ξ ∗

]dt = 0

and

lim
T→∞

1
2T

∫ T

−T

∫
γ

−∞

e−µ(γ−r)E ‖ ψ
(n)
2 (r,ℵ(r)) ‖2 1

ξ ∗
drdt = 0.

Thus, we conclude that, (Φ2ℵ)(γ) ∈ SBC0(R,L2
G(F )). According to the above three steps,

finally we could demonstrate (Φℵ)(γ) ∈ SPAA(R,L2
G(F )).

Uniqueness: For a unique fixed point, suppose that ℵ(γ) and Y (γ) are the solutions of (1).

Now consider,

E ‖ (Φℵ)(γ)− (ΦY )(γ) ‖2

= E ‖ D(t,ℵ(γ))+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)(r,ℵ(r))
(γ− r)−α+1−n dr+

1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)(r,ℵ(r))
(γ− r)−α+1−n d 〈B〉(r)

+
1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)(r,ℵ(r))
(t− r)−α+1−n dB(r)−D(γ,Y (γ))− 1

Γ(−α−n)

∫
γ

−∞

f(γ,r)φ (n)(r,Y (r))
(γ− r)−α+1−n dr

− 1
Γ(−α−n)

∫
γ

−∞

f(γ,r)ϕ(n)(r,Y (r))
(γ− r)−α+1−n d 〈B〉(r)− 1

Γ(−α−n)

∫
γ

−∞

f(γ,r)ψ(n)(r,Y (r))
(γ− r)−α+1−n dB(r) ‖2
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≤ 4E ‖ D(γ,ℵ(γ))−D(γ,Y (γ)) ‖2 +4E ‖
∫

γ

−∞

f(γ,r)[φ (n)(r,ℵ(r))−φ
(n)(r,Y (r))]dr

1
ξ
‖2

+4E ‖
∫

γ

−∞

f(γ,r)[ϕ(n)(r,ℵ(r))−ϕ
(n)(r,Y (r))]d 〈B〉(r) 1

ξ
‖2

+4E ‖
∫

γ

−∞

f(γ,r)[ψ(n)(r,ℵ(r))−ψ
(n)(r,Y (r))]dB(r)

1
ξ
‖2

= 4
4

∑
i=1

Πi(γ)

By using the assumption (H2), we get

(15) Π1(γ) = E ‖ D(γ,ℵ(γ))−D(γ,Y (γ)) ‖2≤ LD sup
γ∈R

E ‖ℵ(γ)−Y (γ) ‖2 .

By using Cauchy-Schwarz inequality, hypothesis (H1) and (H2), we conclude that,

Π2(γ) = E ‖
∫

γ

−∞

f(γ,r)[φ (n)(r,ℵ(r))−φ
(n)(r,Y (r))]dr

1
ξ
‖2

≤
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ φ
(n)(r,ℵ(r))−φ

(n)(r,Y (r)) ‖2 dr
1

ξ ∗

≤
Ω2Lφ

µ

∫
γ

−∞

e−µ(γ−r)E ‖ℵ(r)−Y (r) ‖2 dr
1

ξ ∗

(16) ≤
Ω2Lφ

µ2 sup
γ∈R
‖ℵ(γ)−Y (γ) ‖2 .

Now by using Lemma 2, Cauchy-Schwarz inequality, hypothesis (H1) and (H2), we have,

Π3(γ) = E ‖
∫

γ

−∞

f(γ,r)[ϕ(n)(r,ℵ(r))−ϕ
(n)(r,Y (r))]d 〈B〉(r) 1

ξ
‖2

≤ σ
−4E ‖

∫
γ

−∞

f(γ,r)[ϕ(n)(r,ℵ(r))−ϕ
(n)(r,Y (r))]dr

1
ξ
‖2

≤ σ
−4
∫

γ

−∞

f(γ,r)dr
∫

γ

−∞

f(γ,r)E ‖ ϕ
(n)(r,ℵ(r))−ϕ

(n)(r,Y (r)) ‖2 dr
1

ξ ∗

(17) ≤
σ−4Ω2Lϕ

µ2 sup
γ∈R
‖ℵ(γ)−Y (γ) ‖2 .
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From Lemma 2, (H1) and (H2), we can easily verify

Π4(γ) = E ‖
∫

γ

−∞

f(γ,r)[ψ(n)(r,ℵ(r))−hψ
(n)(r,Y (r))]dB(r)

1
ξ
‖2

= E
∫

γ

−∞

‖ f(γ,r)[ψ(n)(r,ℵ(r))−ψ
(n)(r,Y (r))] ‖2 d 〈B〉(r) 1

ξ ∗

≤ σ
−2

Ω
2Lψ

∫
γ

−∞

e−2µ(γ−r)E ‖ℵ(r)−Y (r) ‖2 dr
1

ξ ∗

(18) ≤
σ−2Ω2Lψ

2µ
sup
γ∈R
‖ℵ(γ)−Y (γ) ‖2 .

Now by using equation (15) in (18), we deduce

E ‖ (Φℵ)(γ)− (ΦY )(γ) ‖2≤
[
4LD +

4Ω2Lφ

µ2 +
σ−4Ω2Lϕ

µ2 +
2σ−2Ω2Lψ

µ

]
sup
γ∈R
‖ℵ(γ)−Y (γ) ‖2 .

(19)

So,

E ‖ (Φℵ)(γ)− (ΦY )(γ) ‖2
SPAA≤

[
4LD +

4Ω2Lφ

µ2 +
σ−4Ω2Lϕ

µ2 +
2σ−2Ω2Lψ

µ

]
‖ℵ(γ)−Y (γ) ‖2

SPAA .

(20)

Consequently, Φ has a unique fixed point in SPAA(R,L2
G(F )), which shows that (1) has unique

square mean pseudo almost automorphic mild solution.

4. CONCLUSION

In this paper, we analysed square mean almost pseudo automorphic mild solution for frac-

tional order neutral stochastic evolution equations driven by G-Brownian motion is obtain by

using evolution operator theorem and fixed point theorem. Moreover, we proved this mild so-

lution of equation (1) is unique.
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