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Abstract. In this paper, we introduce a new rational type contraction mapping in complex valued Sj,-metric space
and find some common coupled fixed and coincidence points. Some results are also given as corollaries.
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1. INTRODUCTION AND PRELIMINARIES

Azam et al. [1] introduced the concept of complex valued metric space and proved some fixed
point results for a pair of mappings for contraction condition satisfying a rational expression.
Moreover, Shin Min Kang et al. [2] introduced the notion of complex valued G-metric space
and proved contraction principle in this space. In 2014, Nabil M. Mlaiki [3] introduced the
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complex valued S-metric space and proved the existence and the uniqueness of a common fixed
point of two self mappings in this space. Recently, Priyobarta et al. [4] introduced the concept
of complex valued S,-metric space and some topological properties. They also proved some
fixed point theorems. Some more results on complex valued can be seen in [5-6].

The concept of rational type contraction is one of the interest for researchers and these can
be found in [7-15]. On the other hand, there are various forms of generalization of metric space
in the literature. Some of them can be found in [16-24]. The concept of coupled fixed point was
introduced by Guo and Lakshmikantham [25]. The concept is further used by various authors
in [26-27].

In this paper, we prove some common coupled and coincidence points theorems for rational
type contractive mappings in complex valued S,-metric space.

Let C be the set of complex numbers and z;,z € C. Define a partial order X on C as follows:
71 2 zp if and only if Re(z1) < Re(z2) and Im(z1) < Im(zp).

If follows that z; = z; if one of the following conditions is satisfied :

(C1): Re(z1) = Re(z2) and Im(z1) = Im(22),
(C2): Re(z1) < Re(z2) and Im(z1) = Im(z>),
(C3): Re(z1) = Re(z) and Im(z1) < Im(z2),
(C4): Re(z1) < Re(z2) and Im(z1) < Im(z2).

Particularly, we write 71 3 z2 if z1 # 22 and one (C3), (C3) and (Cy) is satisfied and we write

71 < zp if only (Cy) is satisfied. The following statements hold:
(1) If a,b € R with a < b, then az < bz for all z € C.
(2) If 0 S z1 3 22, then [z1] < |z2].

(3) If z; S zp and zp < z3, then 71 < z3.

Definition 1.1. [1] Let X be a nonempty set whereas C be the set of complex numbers. Suppose

that the mapping d : X x X — C, satisfies the following conditions:
(dy): 0 2d(x,y), forall x,y € X and d(x,y) = 0 if and only if x =y,
(da): d(x,y) =d(y,x) forall x,y € X;
(d3): d(x,y) 3 d(x,2)+d(z,y), forall x,y,z € X.
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Then d is called a complex valued metric on X, and (X,d) is called a complex valued metric

space.
Example 1. [5] Let X = C be a set of complex number. Define d : C x C — C, by

d(z1,22) = |x1 —x2| +ily1 — y2|

where 71 = x| + iy and zp = xp +iys. Then (X,d) is a complex valued metric space.

Example 2. [6] Let X = C be a set of complex number. Define d : C x C — C, by
d(z1,22) = eik|Z1 — 2|

where 0 < k < % 71 = X1 +iy) and zp = xp +iys. Then (X,d) is a complex valued metric space.

Definition 1.2. [4] Let X be a nonempty set and s > 1 be a given real number. Suppose that a
mapping S : X> — C satisfies:

CSpl):

CSp2): S(x,y,2) =0=x=y=z

CSp3): S(x,x,y) =S(v,y,x), forall x,y € X,
CSp4):

( 0 < S(x,y,2) for all x,y,z € X withx #y #z#x,

(

(

( S(x,,2) 2 s(S(x,x,a) +S(v,y,a) +S(z,z,a)) for all x,y,z,a € X.

Then, S is called a complex valued Sp-metric and (X,S) is called a complex valued S,-metric

space.
Definition 1.3. [4] A complex valued Sy-metric space (X,S) is said to be symmetric if
S(x7x,y) = S(y7y7x>'

Definition 1.4. [4] Let (X,S) be a complex valued Sy-metric space, let {x,} be a sequence in

X.

(i): {x,} is a complex valued S,-convergent to x if for every a € C with 0 < a, there
exists k € N such that S(x,,x,,x) < a or S(x,x,x,) < a for all n > k and denoted by
lim;, 00 X;; = X.

(ii): A sequence {x,} is called complex valued Sj-Cauchy if for every a € C with 0 <

a,there exists k € N such that S(x,,x,,Xm) < a for each m,n > k.
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(iii): If every complex valued Sy-Cauchy sequence is complex valued Sy-convergent in

(X,S), then (X,S) is said to be complex valued Sy-complete.

Proposition 1.1. [4] Let (X, S) be a complex valued Sy-metric space and let {x, } be a sequence
in X. Then {x,} is complex valued S,-convergent to x if and only if |S(xn,Xx,,x)| = 0 as n — o

or |S(x,x,x,)| = 0 asn— .

Theorem 1.2. [4] Let (X,S) be a complex valued Sy-metric space, then for a sequence {x,} in

X and point x € X, the following are equivalent

(1): {x,} is a complex valued S)-convergent to x.

(2): [S(xp,xn,x)] = 0 asn— oo

Theorem 1.3. [4] Let (X,S) be a complex valued Sp-metric space and {x,} be a sequence
in X. Then, {x,} is complex valued S,-Cauchy sequence if and only if |S(xn,xm,x;)| — 0 as

n,m,l — oo

Definition 1.5. [25] An element (x,y) € X x X is called a
(1) coupled fixed point of a mapping A : X x X — X ifx = A(x,y) and y = A(y,x);

(2) coupled common fixed point of two mappings A,B : X x X — X if x = A(x,y) = B(x,y)
andy = A(y,x) = B(y,x).

Definition 1.6. [25, 26] Let X be a nonempty set. An element (x,y) € X x X is called
i) a coupled fixed point of the mapping f: X x X — X if x = f(x,y) and y = f(y,x).
ii) a coupled coincidence point of mappings f : X XX =X and T : X — X if T (x) = f(x,y) and

T(y) = f(,x).
iii) a common coupled fixed point of mappings f : X xX - X and T : X - X ifx=T(x) =

f(x,y) andy =T(y) = f(y,x).

2. MAIN RESULTS

Now we prove the following theorems
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Theorem 2.1. Let (X, S) be a complete complex valued symmetric S,-metric space with param-

eter s > 1 and let the mappings f,g : X> — X satisfying

S(x,x,u) +S(y,y,v)
2
S(f(x,9), f(x,y),8(u,v))S(x,x,u)
1+ S(x,x,u)+S(y,y,v)
S(f(x,9), f (%), 8(,v))S(y,y,v)
L+ S(x,x,u)+S(y,y,v)
S(x,x, f(x,y))S(x,x,u)
1 +S(x,x,u) +S(y,y,v)
S(xx, f(x,)S(,y,v)
1 + S(x,x,u) + S(y,y,v)
S(u,u,g(u,v))S(x,x,u)
61+S(x,x,u)+S(y,y,v)
. S(uyu,g(u,v))S(y,y,v)
71+S(x,x,u)+S(y,y,v)

S(f(xay)af(x7y)=g(uvv)> j ai

“+ap

+a3

+a

ey

R . 1—ay—az—ag—
forall x,y,u,v € X and a; >0 withY,]_ja; <1,i=1,2,...,7 ands<%+aa65“7. Then f

and g have a unique common coupled fixed point in X.

Proof. Let xg,yo € X be arbitrary points.
Define

Xokt1 = f(Xory2k) 5 Yorr1 = f(Vak, Xok)

A2k+2 = g(x2k+17y2k+1) ) YV2k+2 = g(y2k+17-x2k+1)

fork=0,1,2,.... Then

Skt 1:%0k+1,%2%+2) = S(F(x2k,26), f (2k5Y2k) 8 X2k-15 Y2k+1))

a S(x2r, X2k, X2k-+1) +S(V2r, Y2k, Y2k+1)
2
S(f 2k, y26) f (X206, Y2k ) > 8 (X2k 41, Y2k +1) ) S (X2, X2k s X2k 4-1)
1+ 8 (o, X2k, X2k +-1) +S(V2k Y2k, Y2k+1)
S(f 2k, y26) f (X206, Y2k ) > 8 X2k 41, Y2k +1) ) S (V2k> Yok Y2k-+1)
1+ 8 (o, X2k, X2k +-1) +S(V2k Y2k, Y2k+1)

A

+ap

+as
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S(2k, X, f (k5 Y2k ))S (Xk X2k, X214 1)
1+ 8 (ks X X2k+-1) +S(V2k Y2k Yokt1)
S S (o2, X2k, f (%215 Y2k) ) S (V2k> Y2k> Yok+1)

1+ 8 (ks X X2k+-1) +S(V2k Y2k Yokr1)
S(02k115%2k+15 8 (X241, Y2k+1) ) S (X2k, X2k, X2k 1)

1+ 8 (kX5 X211) +S(V2k Y2k Yokr1)
S0k 15%2k+15 8 (X2k+1,Y2k+1)) S (V2k, Y2k> Y2k 1)
1+ S (2k, Xks X2k+1) +S(Vaks Yok Yak+1)
S (xak, X2k, X2k 1) + S (Y2k Yok Y2k11)
2

, S (2415 X2k415 X2k+2)S (X2k, X2k X2k 1)

1+ 8 (ks X X2k+1) +S(V2k Y2k Yokt1)
X S(02k+1, %2+ 15 %2k+2) S (Vak, Yok Yok+1)

1+ 8 (ks X X2k+1) +S(V2k Y2k Yokt 1)
\ S(2k, Xk, %2k +1)S (%24, X2k, X2k +1)

1+ 8 (ks Xk X2k1) +S(Vaks Yok Yak+1)

S (ks Xk X2k+1)S (Vaks Yok Yok+1)

1+ 8 (ks Xk X2k+1) +S(Vaks Yok Yak+1)
S0k 415X+ 15 X2k+2) S (X2k, X2k X2k 4 1)
1+ S (2k, Xk5 X2k+1) +S(Vaks Yok Yok+1)
, S (241, X2k+1, X2k+2)S (V2k> Y2k Y2k +1)

1+ S (o, Xoks X2u+-1) + S (V2ks Yok, Yokt 1)

a S (xX2k, X2k, X2k +-1) +S(Vak, Yok Y2k+1)
2

+aq

“+a

+aeg

+ay

“+a

+a

“+a

+as

+ag

+(az +a3)S(Xops1,%0k+1,X2k42) + (aa + as)S(xox, Xk, X2k+1)

+(ae +a7)S(Xok+1,%2k+1,X2k+2)

ag
= (1—ax —a3—as—a7)S(Xop+1,%0%+1,%2%+2) 35 (5 +as+as)S(xox, Xk, X2k+1)

2

2
aj
+—S(Vok, Y2k5 Y2k+1)

2
Ltas+a
P} 4 5
= S(X2kt1, %0041, X2%42) D S (X2k, X2k X2k41)
1—a2—a3—a6—a7
a1
2
+ S(VaksY2ks Yak+1)

l—ay—a3—ag—ay
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Proceeding similarly one can prove that

a—21+a4—|—a5
1—a2—a3—a6—a7
ap

3) +1 2 S (X X2k, X2k + 1)
—ay—asz—dag—ay

= SOkt 1, Y2k 415 Y2%42)

Sk, Y2k, Y2k+1)

Adding (2) and (3) we have

Skt 1%k 11, %2k+2)  + S(V2kt1,Y2k41,V2k42)
a)+aq+as
1—612—613 —de —ay

Therefore
Skt 1,X2k41,X2k+2)  + SO2k415V2k+1,V2%42)
3 KIS (X X2k, X0k1) + Sk, Yok Y2k+1)]
_ ay+ag+a
Where h = m < 1

Also, we can show that

S(X2k42, %2642, X2%4+3)  +  S(V2k+2,Y2k+2,Y2k+3)

1N

R[S (Xok-1,%2k11,%2%42) +S(V2kt15 Y2kt 1, Y2k42)]

2P [S (oot Xon, X2k 1) + SOk Yoks Yoka1)]

Continuing this way, we have

S(xnvxnaxn+1) + S(Yn7yn7yn+l)

A

h[S<xn—laxn—laxn) +S(yn—layn—17yn)]

A

h2 [S(xn—27xn—27xn— 1) + S(yn—Zayn—%yn— 1 )]

A

- ZH'[S(x0,x0,x1) +S (Yo, ¥0,y1)]

If S(xnaxnaanrl) +S(}’na)’n7)’n+l) = Sy, then

Sy ZIhSu_1 ZIH2Sy 2 3 ZH'S)

[S (ks X, X0k41) + S(Voks Yoks Yokt 1))
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So for m > n,

S(ns X Xm) +SVns YnsYm) 3 S[28 (s X, Xn1) + S (K15 X415 %m)
+2S(yn>yn,yn+1) +S<yn+1 y Yn+1 ,ym)]
= ZS[S(xnaxnaxn+1)+S(}’na)’n7)’n+1)]

+S[S(xn+l yXn+1 7xm) + S()’nJrl y Yn+1 aym)]

A

25[S (xny X0, Xn+1) + Sy Yy Ynt1)]

5228 (X1 Xt 15 Xn42) + S (X2, X042, Xm)
F28Vns 1, Y01, Yn42) +SVnt2, Va2, Ym)

= 25[S (X Xnt1) S Vns Vs Vs 1)]

+252[S (Xt 1, %0415 Xn12) +SOn 15 Ynt 1, Yns2)

4528 (X125 Xn 12, %m) + SVt 2, Ynt2, Ym)]

1N

ZS[S(xn,xman) +S(ynayna)’n+1)]
—|—2s2[S(xn+1,xn+1,xn+2) +SOnt1:Ynt1,Yn42)
+o+ zsm—n—l [S(xmfZaxmerxmfl) +S(ym72:ym727ym71>]

+s"" [S(xm—l s Xm—1 7xm) + S(ym—l s Ym—1 7)7m>]

A

25[S (%n, %n, Xn+1) + S (Vs Vs Ynt1)]

257 [S (X1 Xt 15 %042) + SOnt 1, Yt 15 nr2)

257 [S (X 25 X042, %043) + S22, ¥ns3)]

o+ 28" S (o2, X2, Xm—1) + S V2, Ym—2,Ym—1)]

+25" S (X1 Xm—1,%m) +S(Ym—1,Ym—1,Ym)]

1N

Z{Shn+S2hn+l+S3hn+2+...+sm_nhm_l}so

< 2sh"[1 +sh+ (sh)*+...]So

2sh™
= 1ishSo—>Oasn—>oo
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which shows that {x,} and {y,} are Cauchy sequences in X. As X is complete Sj-metric space,
so there exists x,y € X such that x, = x and y,, — y as n — oo.

Now we will prove that x = f(x,y) and y = f(y,x). On the contrary suppose that x # f(x,y)
and y # f(y,x). Then S(x,x, f(x,y)) =1; > 0and S(y,y, f(y,x)) =l > 0.

Using inequality (1)

ll - S(-xaxuf(x7y)
;5 S[ZS(X,X,Xn+1)+S<Xn+laxn+lvf(x7y))]

= s[2S(x,x,xn+1) +S(f(xnvyn>af(xnayn)7f(xvy>)]

S(xn,xn,X) +S(yn7yn7y)
2

S(f(xn;yn) (xn,yn)af( )) (xnvxnax)
14+ 8(xp, %0,%) + S(Yn, ¥n,¥)
)

x)

2 28S(x,x,X041) + 5|y

“+ap

S(f(xmyn) (xnayn ,f( )) (ynv)’m)))
1+S(xn7xn7 +S(yn7ymy)
S<xmxnaf(xmyn))S(xnaxnax) asS(xnaxnaf(xnayn>)S(ynayn7y)
148 (%, %, X) 4+ S(Yn, V> y) 1+ S (X, X0, %) + SV, Vs ¥)
S(x,x,f(x,y))S(xn,xn,x) ay S(x,x,f(x,y))S(yn,yn,y)
1+ S (X, X0, %) +S(Vis Vs ¥) 1+ S(x0, %0, %) +S(Vis Yn, )

+a3

+ay

+ag

Since {x,} and {y, } are convergent to x and y, therefore by taking limit as n — oo we get /; <0,
which is a contradiction, so |S(x,x, f(x,y)| = 0 which gives x = f(x,y).

Similarly, we can prove that y = f(y,x). Also, we can prove that x = g(x,y) and y = g(y,x).
Hence (x,y) is a common coupled fixed point of f and g.

In order to prove the uniqueness of the coupled fixed point, if possible let (p, g) be the second
common coupled fixed point of f and g.

Then by using inequality (1), we have

S(x,x,p) = S(f(x,y),f(x,5),8(p,q))

Z—I{S(x,x,p)ﬂLS(y,y,q)}
S(f(x,¥), f(x,¥),8(p,q))S(x,x,p) . S(f(x,y),f(x,¥),8(p,q))S(».y,9)
1+S(x,x,p)+S»,¥,9) ’ 1+S(x,x,p) +S»y,9)

\ S(x,x, f(x,))S(x,x, p) L as S(x,x, f(x,)S(,5,9)
1+S(x,x,p) +S(y,5.q) 1+S(x,x,p) +S(y,5.q)

LA

+ap
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6S(p,p,g(p,fJ))S(x,x,p) 7S(p7p7g(p,Q)))S(y7y, q)

1+8(x,x,p) +S(,5,9) 1+8(x,x,p) +S(3,5,9)
S(x,x,p)S(x,x,p)

1+8(x,x,p) +S(3,5,9)

. S(x,x,p)S(y,y,9) @ S(x,x,x)S(x,x,p)
1+8(x,x,p) +S(3,5,9) 1+8(x,x,p) +S(3,5,9)

S S(x,x,%)S(3,5,9) a S(p,p,p)S(x,x,p)
1+S8(x,x,p) +S,5,9) 1+8(x,x,p) +S,5,9)

, S(p,p,p)S(y,y:q)
1+S(x,x,p)+S(y,y,q)

+a

a
= 7{5(x,x,p)+5(y;yaCI)}+a2

“+a

“+a

“+a

= S(xx,p) 3 %I{S(x,x,p)+S(y,y,CI)}+azS(x,x,p)+a3S(x,x,p)
= (I-m—a)S(xx,p) 3 5S0xp)+ 3 S000)
= (1= —m-a)Skrrp) 3 FS0.09)
) = S(wxp) 3 g Shna)
Similarly,
(5) Svya) = - S(x,x, p)

2—a;—2ar —2as
Adding (4) and (5) we have

ai

SCe,x,p)+S»,y,q) 3 [S(x,x,p) +S(v,,9)]

2—a1—2a2—2a3

“ I1SCex,p) +SMyq)] 30

= [1-
[ 2—a1—2a2—2a3

2(1—ay —ax —a3)

S S <0
2—ay1—2a—a3 [SCex, p) +Sy:q)] 3

2(1—a;—ar—a3)

> 2—a1—2apy—2a3 > 0.

Since ay +ap +az < 1
Hence |S(x,x,p) +S(y,y,q9)| =0,
which implies that x = p and y = ¢ = (x,y) = (p,q).

Thus f and g have unique coupled common fixed point. This completes the proof.



RATIONAL TYPE CONTRACTION MAPPINGS IN COMPLEX VALUED S;,-METRIC SPACES 11

Corollary 2.1. Let (X,S) be a complete complex valued symmetric Sy-metric space with pa-

rameter s > 1 and let the mapping f : X* — X satisfying

S(Fy). fy). fler)) 3 oSOk E S0

S(f e y)s SO y), fu,v))S(x,x,u)
1+ S(x,x,u) +S(y,y,v)
+a3S(f(x,y),f(x,y),f(u»V))S(y,y,V)
1+ S0e,x,u)+S(y,y,v)
v S(x,x, f(x,))S(x,x,u) S(xx, £(x,)S(,y,v)
1+S(xxu)+S(y,y, V) l-l—S(xxu)-l—S(y,y, V)
S(u u, f (u,v))S(x,x,u) ra S(u,u, f(u,v))S(,y,v)
1~|—S(xxu)+S(y,y, V) 1+S(xxu)+S(y,y, V)

+ap

for all x,y,u,v € X and a; > 0 with Zzzlai <1,i=1,2,....,7. Then f has a unique coupled

fixed point in X.

Theorem 2.2. Let (X,S) be a complete complex valued symmetric Sp-metric space with param-
eter s > 1 and let the mappings f,g: X*> — X satisfy

S(x,x,u) +S(y,y,v
(). ) () 5 py TS0

+ﬁ2 S(xvxaf(x,y))S(u,u,g(u,v))
1+ s[S(x,x, g(x,y) +S(u,u, f(u,v)) +S(x,x,u) + S(y,y,v))]

(6)

for all x,y,u,v € X and B, B> are non-negative real numbers with B + B, < 1 and s < ]Elﬁz-

Then f and g have unique common coupled fixed point.

Proof. Let xq.yo be arbitrary points. Define

Xkl = f(X2p,X2k) 5 Yakrr = f(Vak, X2k)
Xk4+2 =8 (x2k+la)’2k+l) y Y2k+2 =8 ()’2k+1,xzk+1)

fork=0,1,2,.... Then

S(X2k41,X2k+1,X2k+2)

= S(f (%2, y26), f (X240 Y2k) » 8 X2k 11, Y2k 41))
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<, S (2K, %2k X2k+1) + Sk, Yoks Yok+1)
~ 2

S (Xok, X2ks f (X2k, Y2k ) ) S (X2k 1, X2k41 & (X2kt1, Y2k +1))

+B2

_ B, S (2t Xk X4 1) + S(V2k, Y2k, Yok 1)
2

S Xk, X2k s X2k+1) S (X1, X2k-1, X2k+2)

1+ (S (221, X2k, 8 (X2ke1-1,Y2k+1) ) + S X2kt 15 %2k41, f (X2, 21) ) + S (X2k, X200, X20+-1) + S (Vokes Yok, Yok+1])

+ D2
P 1458 (X, X2k, X2k+2) + S (X2kt 1, X2k 1,X2k+1) + S X2k X2k, X2%+-1) + S(Vaks Yo, Yok+1)]

3 %{S(x2k7x2k,x2k+l) + S(var, Yok, Yar+1) } + BaS (Xkt1,X2k+1,X2k+2)

Bi
= (1= B2)S(xkt1,X2k+1,X2k+2) = =[S (X2k: X2k, X2k41) +S(Vak, Y2k Yok+1)]

2
. B
(7 = S(Xok+1,X2k41,X2642) 3 20 -B) [S (%2, Xk X2k+1) + S(Vak, Y2k, You+1))]
Similarly we can show that
~< Bl
(®) SOkt 1,V2k+1,V2%42) 3 m[s (%2 Xk, X2141) + S (Vars Y2k Yoke+1))]

Adding (7) and (8) we have

S(Xoks1,X2k41,X2%42)  + SOV2k415Y2h+15Y2k42)

1
7 fﬁz [S (s X2k, %2k41) + S (V2ks Yok Yok+1)]

1N

= k[S(xok, %20, X2k+1) + S (Vs Y2k, Yok+1)]
1

— B
where k = 5"

Similarly, we can show that

S(Xok+2,X0k425X2k43) T S(V2k425V2k425Y2k43)

A

K[S (Xt 15 X2k 15 X264+2) +SV2kt 15264152642
3 KPS (o, %o, X2 1) S (Vo Yoo Yokt 1))
Now, if S(xp, Xn, Xn+1) + SV, Yns Ynr1) = Sy then
Sn SkSu1 IKSp-2 3 ZKSo

So, for m > n we have
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S(xnaxn,xm)+s(yn7Yn>)’m) r_j S[ZS(xn,xn,xn+1)—1—S(xn+1,xn+1,xm)
+2S(yn7yn,yn+l)+S(yn+l,yn+laym)]
= S[28(xn, X0, X0 41) + 28 Vns Yis Ynr1)]

+S[S(x,,+1,xn+1,xm) +S(yn+1,yn+1,ym)]

A

25[S (X, X0, Xn+1) + Sns Yns Ynr1)]

+s5? [28(Xnt-15 X041, Xn42) +S(Xnt2, X042, Xm)
+28(Vnt 1, Y0t 1:Yn42) +SOn+2,Ynt25Ym)

= 25[S(xn, Xn, Xnt1) + SOy Yy Y1)

+252 [S(Xnt15%n+1,Xn42) +SVnt1,Yn+1,Yn+2)

+S[S(xn+27xn+2=xm) + S<yn+27yn+27ym)]

A

ZS[S(xnyxnaxn+1) "‘S(ynamenJrl)]
+2S2 [S(xn+lvxn+laxn+2) + S(yn+layn+layn+2)
+e 2Smfn71 [S(xm—27xm—27xm—l) + S(ym—Zaym—27ym—l)]

+Sm7n[S(xm—1 s Xm—1 7xm) + S(ym—l s Ym—1 7ym)]

1N

2S[S(xn,xn,xn+l) +S()’na)’na)’n+l)]
—|—2S2 [S(xn+1,xn+1,xn+2) + S(yn+layn+17yn+2)
4o 28" S (2, Xm 25 X 1)+ Sm—2, Y25 Ym—1)]

+25" S (Xm—1,Xm—1,Xm) +S(Vm—1,Ym—1,Ym)]

A

2{sk" + sk 4 LSS,

< 2sk"[14sk+ (sk)>+...]S

2sk"
= 1iskSo—>0asn—>oo

Therefore {x,} and {y,} are Cauchy sequences in X. Since X is complete S,-metric space,

there exist x,y € X such that x, — xand y, — y as n — oo.
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Now, we will show that x = f(x,y) and y = f(y,x). Suppose on contrary that x # f(x,y) and
y # f(y,x), so that S(x,x, f(x,y)) = I; > 0 and S(y,y, f(y,x)) = [ > 0. Consider the following

and using inequality (6), we get

ll — S(x,x,f(x,y)
;j S[ZS(X,X,.X"+1)+S(Xn+1axﬂ+17f(x7y))]

= SS(X,X,.Xn+1) —|—SS(f(xn,yn),f(xn,yn),f(x,y))
S(%ns X0, %) + SV, Yns¥)
2
S(xn,xn,f(xn,yn))S(x,x,f(x,y))
’1 + S[S (s X, £ (x,3)) + S (%, %, f (X5 Yn)) +S(Xns X0, %) +S(Yns Y, ¥)

3 sS(x,x,x041) + 5| B

+B

S
= sS(,x,x,41)+ %[S(xn,xn,x) +SVn,yn,¥)]

S(xn,xn,xnﬂ)S(x,x,f(x,y))
1 +S[S(xnaxn7f(xay)) +S<x7x7xn+1) +S(xn7xn7x> +S(yn7yn=y>

+B2

Taking the limit as n — oo we get

S(x,x, f(x,y)) <0
Therefore

S(xx, f(x,y)) =0

which implies that x = f(x,y). Similarly, we can prove that y = f(y,x). Also, we can prove that
x = g(x,y) and y = g(y,x). Hence, (x,y) is a common coupled fixed point of f and g.

In order to prove the uniqueness of the common coupled fixed point of f and g, if possible
let (p,q) be the second common coupled fixed point of f and g.

Then by using inequality (6), we have

See,x,p) = S(f(x,),f(xy),8(p,q))

&{S(x,x,p)ﬂLS(y,y,q)}

2
S(x,x, f(x,))S(p, p,&(P:q))
1+5[S(x,x,8(p,q)) +S(p,p, f(x,¥)) +S(x,x,p) +S(1,,9)]

A

+p2
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= Stexp) 3 PHSrp) +S0y))
= 0-Psten 2 Bt
©) = Senp) 3 5o S00a)
Similarly
(10) S01,0) 3 52 S0, p)
2~ B,

Adding (9) and (10) we have

B
2—-pB

)IS(x x,p)+Syyq)| < 0

SCe,x,p) +S(»,y,q9) 3 [S(x,x, p) +S(3:9)]

:>(1—

e )5@J4ﬁ+s@dﬂﬂ <o

But 2(21_;[?11) > 0. Therefore |S(x,x,p) + S(y,y,q)| = 0. Which implies that x = p and y = ¢
= (x,y) = (p,q). Thus f and g have a unique common coupled fixed point. O

Corollary 2.2. Let (X,S) be a complete complex valued symmetric S,-metric space with pa-
rameter s > 1 and let the mapping f : X> — X satisfying

S(‘x7'x7 ’/l) + S(y7y7 V)

S(f(x,y),f(x,y),f(u,v)) r-\</ ﬁl D)

+B2

S, f(x,y))S(u, u, f(u,v))

15[ (e, f(u,v) + S u, £(x,)) +S(xx,u) +5(3,5,v))]

for all x,y,u,v € X and B, B, are non-negative real numbers with By + B> < 1. Then f has a

unique coupled fixed point.
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