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Abstract. In this paper, we characterize of intra-regular semigroups by using the properties of these interval-valued
Q-fuzzy subsemigroups with thresholds (a,ﬁ) of semigroups.
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1. INTRODUCTION

The concept of fuzzy sets is published by Zadeh in 1965, [17]. In 1971, Rosenfeld [13]
inspired the fuzzification of algebraic structures and introduced the notion of fuzzy subgroups.
In 1979, Kuroki [8] was first developed the concept of fuzzy subsemigroups and various kinds
of fuzzy ideals in semigroups.

In 1975, Zadeh [16] initiated the theory of interval valued fuzzy sets as the generalization of
fuzzy sets, where the values of the membership functions are intervals of the numbers instead
of the numbers. The notion of interval valued fuzzy sets have several applications like medical
science [4], image processing [2], etc. In 1994, Biswas [3] firstly initiated the concept of interval
valued fuzzy subgroups of the same nature of Rosenfeld’s fuzzy subgroups and investigated
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some elementary properties. In 2006, Narayanan and Manikantan [12] initiated the concept
of interval valued fuzzy subsemigroups and presented various interval valued fuzzy ideals in
semigroups. In 2013, Singaram and Kandasamy [14] characterized intra-regular semigroups
in terms of interval valued fuzzy left (right) ideals in semigroups. In 2014, Abdullah et al.
[1] instituted extension the definition of interval valued fuzzy subsemigroups to (@, B)—interval
valued fuzzy subsemigroups where & < B which are generalization of interval valued fuzzy
subsemigroups and characterized intra-regular semigroups in terms of (G,E)—interval valued
fuzzy subsemigroups.

In 2019, Murugads and Arikrishnan [11] gave concept of interval valued Q-fuzzy ideal with
thresholds (@E) where & < E and characterized regular semigroups in terms of interval valued
Q-fuzzy ideal with thresholds (a, ).

This paper is divided in the following sections, in section 2, we give some basic definitions
and results which are helpful in the study of section 3 and section 4. In section 3, we dis-

cuss characterization intra-regular semigroups by using of interval valued Q-fuzzy ideal with

thresholds (@, ).

2. PRELIMINARIES

Before we begin our work, we give some basic definitions and results which are helpful in
the study of section 3 and section 4.

A non-empty subset H of a semigroup S is called a subsemigroup of S if H> C H. A non-
empty subset H of a semigroup S is called a left (right) ideal of S if SH C H (HS C H). By an
ideal K of a semigroup S we mean a left ideal and a right ideal of S A non-empty subset H of S
is called a generalized bi-ideal of S if HSH C H. A subsemigroup H of a semigroup S is called
a bi-ideal of S if HSH C H. A subsemigroup H of a semigroup S is called an interior ideal of S
if SHS C H. A subsemigroup H of a semigroup S is called a quasi-ideal of Sif SHNHS C H.

For any p; € [0, 1] where i € .o/ define

V p;:=su ; and A p;:= inf{p;}.
ol P bg{p,} A pii= %{pz}

We see that for any p,q € [0, 1], we have
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pVg=max{p,q} and pAg=min{p,q}.
Let % be the set of all closed subintervals [0, 1], i.e.,
¢={p=[p .p10<p <p"<1}.
Letp:=[p ,pT]andg:= ¢ ,q"] in €. Define the operations <, =, A, Y as follows:

p=gifandonlyif p~ <g~ and p™ <gqg*

Ag=[(p~Ng ), (p" Ng")]
4) pYqg=[p Vg ),(pTVg").

fp > 4¢, we mean g < p.

(1)
(2) p=gqifandonlyif p~ =g~ and p™ =¢*
(3)
(4)

i

Proposition 2.1. [5] Let p,q,7 € €. Then the following properties are true:

2) pAq=qAipandpYqg=¢qYp,
PAGQAT=pA(GAT)and (PYq)YT=pY (qYT),
4) prg)Yr=(avyec)A(gyr)and (aYq) AT=(pATF)Y (@AT),

For each interval p; = [p; ,p;’] € €, i € & where < is an index set, we define

Ap:i=[Ap -, Aptl and Y p,=[V pr, V pi].
iedp’ [ieg{p’ ’ie;z%p’] iexz%pl [iegczfp’ 7ie;z{p’]

A fuzzy subset (fuzzy set) of a set T is a function f: T — [0, 1].

Definition 2.1. Let S be a semigroup and Q be a non-empty set. A Q-fuzzy subset (Q-fuzzy

set) of a set T is a function f: S x QO — [0, 1]

Definition 2.2. [14] Let 7T be a non-empty set. An interval valued fuzzy subset (shortly, IVF

subset) of T is a function f: T — €

Definition 2.3. [10] Let S be a semigroup and Q be a non-empty set. An interval valued Q-
fuzzy subset (shortly, IVQF subset) of T is a function

f:SxQ—=%
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Definition 2.4. [10] Let K be a non-empty subset of a semigroup S and Q be a non-empty set .
An interval valued characteristic function ¥ of K is defined to be a function }x : Sx Q — €

by

[1,1] if uek
7[{(”7Q) =
[0,0] if u¢K

forallu e T.

For two IVQF subsets f and g of a semigroups S, define

(u,q) 2 g(u,q) forallue SandgqeQ,

(3) (f18)(u,q) = f(u,q) A g(u,q) forallu€Sandge€ Q.
For two IVQF subsets f and g of a semigroup S. Then the product f og is defined as follows
forallu e Sand g € Q,

Fop)a) (y;fF{f(y,q)Ag(z,q)} if F,#0,
0g)(u,q) = VI

0 if F,=0,
where F, := {(v,z) € Sx S| u=yz} [10].

Next, we shall give definitions of various types of IVQF subsemigroup of a semigroups.

Definition 2.5. [11] An IVF subset f of a semigroup S is said to be

(1) an IVQF subsemigroup of S if f(uv,q) = f(u,q) A f(v,q) forallu,v € Sand g € Q,

(2) an IVQF left (right) ideal of S if f(uv,q) = f(v,q) (f(uv,q) = f(u,q)) for all u,v € S and
q € Q. An IVQF ideal of S if it is both an IVQF left ideal and an IVQF right ideal of S,

(3) an IVQF generalized bi-ideal of S if f(uww,q) = f(u,q) A f(w,q) for all u,v,w € S and
q¢€Q,

(4) an IVQF bi-ideal of S if f is an IVQF subsemigroup of S and f(uvw,q) = f(u,q) A f(w,q)
for all u,v,w € Sand g € Q,

(5) an IVQF interior ideal of S if if f is an IVQF subsemigroup of S and f(uav,q) = f(a,q)

for all a,u,ve€ Sand g € Q,
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(6) an IVQF quasi-ideal of S if f(u,q) = (o f)(u,q) A (fo.#)(u,q),forallu € Sand g € Q

where 'S is an IVQF subset of S mapping every element of S on 1.
The thought of an IVQF subsemigroup with thresholds (E,E) where o < E as follows:

Definition 2.6. [11] An IVF subset f of a semigroup S and @ < 8 and 0, B € % is said to be

(1) an IVQF subsemigroup with thresholds (&,B) of S if f(uv,q) Y @ = f(u,q) A f(v,q) A B
for all u,v € Sand g € Q,

(2) an IVQF left (right) ideal with thresholds (0, B) of Sif f(uv,q) Y 0 = f(v,q) A B (f(uv,q) Y
o = f(u,q) A B) forall u,v € S and g € Q. An IVQF ideal with thresholds (¢i, ) of S if it
is both an IVF left ideal and an IVF right ideal of S,

(3) an IVQF generalized bi-ideal with thresholds (0, B) of S if f(uvw,q) Y @ = f(u,q) A
f(w,q) A B forall u,v,w € Sand g € Q,

(4) an IVQF bi-ideal with thresholds (0, B) of S if f is an IVQF subsemigroup with thresholds
(a,B) of S and f(uvw,q) Y @ = f(u,q) . f(w,q) A B for all u,v,w € S and g € O,

(5) an IVQF interior ideal with thresholds (a,B) of S if f is an IVQF subsemigroup with
thresholds (¢, B) of S and f(uav,q) Y & > f(a,q) A B for all a,u,v € S and q € Q,

(6) an IVQF quasi-ideal with thresholds (@, B) of Sif f(u,q) Y & = (7o f)(u,q) A
(fo?)(u,q) A B, forallu € Sand g€ Q.

Remark 2.2. [11] It is clear to see that every IVQF bi-ideal with thresholds (E,B) is an IVQF
generalized bi-ideal with thresholds (¢, B) of S, every IVQF ideal with thresholds (@, ) is an
IVQF interior ideal with thresholds (¢, ) of S and IVQF quasi-ideal with thresholds (@, B) is
an IVQF bi-ideal with thresholds (2, B) of S.

In this ensuing theorem is present relationship between types ideals of a semigroup S and the

interval valued characteristic function.

Theorem 2.3. [11] If K is a left ideal (right ideal generalized bi-ideal, bi-ideal, interior ideal,
quasi-ideal) of S, then characteristic function ) is an IVQF left ideal (right ideal, generalized
bi-ideal, bi-ideal, interior ideal, quasi-ideal) with thresholds (E,B) of § for all @@ < B and
o,Bev.
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3. CHARACTERIZATIONS OF INTRA-REGULAR SEMIGROUPS IN TERMS INTERVAL

VALUED Q-Fuzzy IDEALS WITH THRESHOLDS (@, 3)

In this part, we review symbols of IVQF ideals with thresholds (E,B) for use characterizes a
semigroup in terms IVQF ideals with thresholds (E,E) of semigroup. And we characterized a
wearkly reugular semigroup in terms IVQF ideals with thresholds (E,E) of semigroup.

In 2019, [11] Murugads and Arikrishnan propose symbols of IVQF ideals with thresholds
(@, B) for use characterizes a semigroup in terms IVQF ideals with thresholds (@, B) of semi-
group.

For any IVQF subset f of a semigroup S with @ < E and @E € €., define

f(ﬁ7ﬁ) (M7Q) = (T(M,Q) Aa) Y B

forallu € Sand g € Q.
For any IVQF subsets f and g of a semigroup S with & < E and o, E € €, define the operation

“A%” as follows:
(f A%?)(u,q) = (f(u,q) A g(u,q) A Q)Y B

for all u € S and g € Q. And define the product fogg as follows: for all u € S and ¢ € Q,

(fog8)(u,q) = ((foR)(u,q) A @) Y

=

where

(fog) (M,C[) = (X,y)GFu F ;&
if ll/i 07

where F, := {(x,y) € S xS | u=xy}.

Remark 3.1. Since ¥ is an interval valued characteristic, we have

B B if uek,
X(H,B) (I/t, q) =
o if ué¢Kk.
Lemma 3.2. [11] Let K and L be non-empty subsets of a semigroup S with & < E and «, E €%.

Then the following assertions hold:
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(1) (k) A% (L) = Kkrr) @p)-
(2) (xk) Og XL) = (YKL)(@B)'

The following definition and lemma will be used to prove in Theorem 3.4.

Definition 3.1. [14] A semigroup S is called an intra-regular if for each u € S, there exist

a,b € S such that u = au?b.

Lemma 3.3. [9] A semigroup S is intra-regular if and only if LN R C LR, for every left ideal L
and every right ideal R of S.

Theorem 3.4. A semigroup S is intra-regular if and only if f A%g C 70%?, for every IVQF left
ideal f with thresholds (@, B) and every IVQF right ideal g with thresholds (@, B) of S.

Proof. (=) Assume that f and g is an IVQF left ideal with thresholds (¢, B) and an IVQF right
ideal with thresholds (¢, 8) of S respectively. Let u € S and g € Q. Since S is an intra-regular

semigroup we have there exist a,b € S such that u = au’b. Thus

(f%?)(um = (v {flig)rg(j.9)} AB) Y@

(i,j)e

= (v {fliie)rg(,9)} ABY@

( 5J eFauub

=

)
= ((f(aug) A g(ub)) A B)) Y @
= ((f(au,q) Y @) A (2(ub,q) YOA) L B) Y &
= ((F,q) A B) A (3(u,q) A B) A B) Y O
= (F(u.9) A8(u,q) A B) Y 0 = (F A5 E) (. q)-

It implies that, (f A%E)(u,q) =< (f ogg)(u,q). Hence, fj\%g C 70%@
(<) Let R and L be a right ideal and a left ideal of S respectively. Then by Theorem 2.3,
Xr and ¥; is a IVQF right ideal with thresholds (E,E) and a IVQF left ideal with thresholds

(a,B) of S respectively. By supposition and Lemma 3.2, we have

B= (Xrr) @p)(w.9) = ((X1L) *% (Xr)u.9) E ((XL) Og (X)) (w,9) = (Xir) . 5) (- 9)
Thus, u € LR. Hence, LNR C LR. Therefore by Lemma 3.3, § is intra-regular. U

The following lemma will be used to prove in Theorem 3.6.
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Lemma 3.5. [7] Let S be a semigroup. Then the following are equivalent:

(1) Sis intra-regular,
(2) INBNR C IBR, for every interior ideal I, every bi-ideal B and every right ideal R
of S.

Theorem 3.6. Let S be a semigroup. Then the following equivalent:

(1) Sis intra-regular,

2) f )%g )\%71 C 70%? ogﬁ, for every IVQF interior ideal f with thresholds (¢, ), ev-
ery IVQF bi-ideal g with thresholds (¢, 8) and every IVQF right ideal & with thresh-
olds (a, ) of S,

3) f )\%g )\%71 C 70?? o% h, for every IVQF interior ideal f with thresholds (a,f3) ,
every IVQF generalized bi-ideal g with thresholds (@, ) and every IVQF right ideal

R with thresholds (@, B) of S.

Proof. (1) = (3) Let f,g and & be an IVQF interior ideals with thresholds (@, ), an IVQF
genralized bi-ideal with thresholds (@, ), an IVQF right ideal with thresholds (@, f) of S
respectively. Let u € S and g € Q. Then there exist x,y € S such that u = xu*y = xuuy =

xu(xu?y)y = xuxuyy = xuxuuyy = (xux)u(uy?). Thus

(FolZgodh)(ug) = ( ¥ (7(1',q)k(§(O)ﬁ)(j,q))kmYa

(mm)EF, .,
= (f(aux,q) A (((3(u,q) Ah(uy®,q)) A B) Y Q) A B) Y @

= (flxux,q) YA (g(u,q) A ((h(uy*.q) Y @) A B) Y @) A B) Y&
= (Flu,q) & B A (g(u.q) A ((h(u,q) A B) A B) Y O) A B) YO

= (F(u,q) B 1 (g(u,q) ABY @) A (h(u.q) LB LB Y Q) ALB) YT
= (F(u.q) AP A (g(u,q) LB Y @) A (h(u,q) ABYT) LB) YT

= (F(u,q) »B 1 ((g(u.q) Ah(u.q) A B)YO) 1B) Y
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Hence, (f A“g)\“h)(u q) = (fo%go%h)(u,q). Therefore, f)kagkgﬁ f o g o h
p po b P @p) @p)
(3) = (2) This is obvious because every IVQF bi-ideal with thresholds (@, ) is an IVQF
generalized bi-ideal with thresholds (@, B) of S.
(2) = (1) Let I,B and R be an interior ideal, a bi-ideal and a right ideal of S respectively.
Then by Theorem 2.3, ¥;, X5 and X is a IVQF interior ideal with thresholds (E,E), an [IVQF
bi-ideals with thresholds (@, 3) and an IVQF right ideal with thresholds (e, E) of S respectively.

By supposition and Lemma 3.2, we have

B = (%mBmR)(( ﬁ)( q) = ((X;) B(ZB*%(YR))(%C])
C (@)% ()% () (19) = Trs) i (1.0)

Thus, u € IBR. Hence, N BN R C IBR. Therefore by Lemma 3.5, § is intra-regular. OJ

The following lemma will be used to prove in Theorem 3.8.

Lemma 3.7. [7] Let S be a semigroup. Then the following are equivalent:

(1) Sis intra-regular,
(2) LNBNI C LBI, for every L is a left ideal, for each B is a bi-ideal and for each I is a

interior ideal of S.

Theorem 3.8. Let S be a semigroup. Then the following equivalent:

(1) Sis intra-regular,
2) f A%g A%E Cf O%EO%E’ for every IVQF left ideal with thresholds (@, B) f, every
IVQF bi-ideal with thresholds (@, E) g and every IVQF interior ideal with thresholds

(a,B) hofS
3) f A%g A%E cC fogg O% h, for every every IVQF left ideal with thresholds (e, )
f. every IVQF genralized bi-ideal with thresholds (6,3) g and every IVQF interior

ideal with thresholds (¢, 8) % of S.
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Proof. (1) = (3) Let f,3 and & be an IVQF left ideal with thresholds (e, B), an IVQF genral-
ized bi-ideal with thresholds (¢, B), an IVQF interior ideal with thresholds (e, ) of S respec-
tively. Let u € S and ¢ € Q. Then there exist x,y € S such that u = xu®y = xuuy = x(xu’y)uy =

xxuuyuy = (x>u)u(yuy). Thus

(FofgoSh)(ug) = ( Y (fi.q)A(go§h)(j.9)rB)Ya

(i:j)eF(XZM)ll(

=

yaity

= (F(Pu,q) A (((28(u,q) A h(yuy,q)) AB) Y @) A B) Y @

= (F(Pu,q) Y A (2g(u,q) A (h(yuy,q) YA AB) Y Q) A B) Y &

= (f(u,q) A B A (8(u,q) A ((R(u,q) A B) AB) Y O) AB) Y&

= (f(u,q) AB A (Z(u,q) ABY ) A (h(u,q) ABABYTX) AB) YT
= (f(u,q) A B A (8(u,q) ABY Q) A (h(u,q) ABYT)AB) YO

= (F(u,q) A B A ((28(u,q) A h(u,q) A B) Y O) A B) Y@

= (flu,q) ABA(E N h)(u,q) AB)Y

I
—
|
—~
=
<
N—

.
P
ol
—
=R
S~
N—
—~

Hence, (7A%§ )\%E)(u,q) =< (fo%go%h)(u,q). Therefore, f A\CgA\EhC f o g o h.

It is obvious that (3) = (2). |

(2) = (1) Let L, B and I be a left ideal, a bi-ideal and an interior ideal of S respectively. Then
by Theorem 2.3, %, %5 and %, is a IVQF left ideal with thresholds (2, 8), an IVQF bi-ideal
with thresholds (@, B) and an IVQF interior ideal with thresholds (¢, 8) of S respectively.

By supposition and Lemma 3.2, we have

B = (%LHBQI)(@B)(WQ) = () *% (Xs) *% (X)) (u.q)
C ((xL) Og (Zp) O% (X1)(u,q) = (7LBI)@E)(”>Q)~

Thus, u € LBI. Hence, LN BN I C LBI. Therefore by Lemma 3.7, S is intra-regular. U
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