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Abstract. The chaotic dynamics of a discrete-time predator-prey model with prey refuge and Holling type-II
functional response are investigated. We investigate the system’s existence and local stability. Using bifurcation
theory, it is demonstrated that the system experiences period-doubling bifurcation and Neimark-Sacker bifurcation.
Furthermore, numerical simulations are carried out to demonstrate the compatibility with analytical conclusions as
well as the system’s complexity.
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1. INTRODUCTION

The predator-prey model has received a lot of attention in recent years because of its natural
capacity to represent the existence and extinction of populations caused by the interaction be-
tween prey and its predator. For estimating population size, both discrete-time and continuous-
time models are utilised. Though the majority of the dynamic behaviours of population models
are based on continuous models driven by differential equations, discrete time models are more
suited than continuous ones when the population size is rarely small or the population has
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nonoverlapping generations. It has been discovered that the dynamic behaviours of discrete
systems are more complicated and have more rich dynamics than continuous systems.

The functional responses are functions of the density of prey. It represents the amount of
prey devoured by each predator. It is a critical component of all predator-prey interactions in
population dynamics. In 1965, Holling [1] established three categories of functional responses.
Later, several researches, such as Crowley-Martin [2] and Beddington-DeAngelis [3, 4], offered
many types of functional responses. Many researchers investigated systems based on predator-
prey interactions, including many forms of functional responses [5, 6, 7, 8].

Nature can provide a certain level of protection to a limited number of prey populations
by establishing refuges. The notion of a prey refuge has attracted the curiosity of theoretical
ecologists. A prey refuge can be generally described as any approach that reduces predation
risk, such as geographical or temporal refuges, prey aggregations, or decreased prey activity
[9, 10, 11]. The presence of refuges can have substantial consequences on the coexistence
of predators and prey, and numerous studies demonstrate that the most essential roles of prey
refuges are avoiding prey extinction and dampening predator—prey oscillations [12, 14, 13].

In this work, we discuss the following continuous-time prey-predator interaction proposed in

[15].
x X B(1—m)x
dt_ax(] ) 1((1)§17

d cB(l1—m
D= —yy+ Lo,

(1.1)

where x(¢) is the population of prey, y(z) is the population of predator at any time ¢, ¢ is the
growth rate of prey, K is the carrying capacity of prey, B is the x removal by y, m € [0,1)
represents the proportion of the prey which can take refuge to avoid predation, a represents x
when y is half, ¢ is the conversion of x biomass into y biomass, and 7 is the reduction of y due
to other factors.

We use the forward Euler technique on system (1.1) to produce the discrete-time predator-
prey system shown below.

17 nn
Xpi1 = Xn +h(axn( - %) - %) )
(1.2)
_ cB(1—m)xnyn

Yn+1 —yn+h(—?’yn+m)7
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where h > 0 is the step length of the Euler scheme.

The paper is organized as follows: In section 2, the existence and stability of fixed points of
system (1.2) are discussed. In section 3, we discuss local bifurcation analysis at fixed points
of system (1.2) by using center manifold theorem and bifurcation theory. Some numerical
examples are offered in section 4 to validate our theoretical conclusions. Some final thoughts

are included in the section 5.

2. EXISTENCE AND STABILITY OF FIXED POINTS

In this section we studied the existence and stability conditions for the fixed points of system

(1.2). By simple algebraic computations, we obtain that system (1.2) has three fixed points.

Eo(0.0), Ey(K.0), Ez( Y occy(l+a(1—m)K)(P0—1)>7

(1=m)(cp—ya)  K(1—m)*(cf —va)?

PU—mK " The first fixed point Ej represents that both prey and predator

where P() = m.

populations goes to extinction. The second fixed point E; represents that in the absence of
predators, the prey population approaches its carrying capacity K. Note that the first two fixed
points Ey and E; exist for all positive parametric values but the third fixed point exists only if
¢f — ya > 0. For biologically purposes the fixed point E, is meaningful to discuss because E
is the only positive fixed point if ¢ — ya > 0. Our main objective is to study local stability and
bifurcation at the fixed point E,.

The local stability of fixed points of the system (1.2) depends on the eigenvalues of the
Jacobian matrix evaluated at the fixed points of the system (1.2). The Jacobian matrix of the

system (1.2) evaluated at the point (%, ) is

14 @h(K=20) | Bh(-1+m)y _ Bh(~14m)x

2.1 J(%,7) = K ( (*1+)a(71+m)x)2 “T+a(—1+m)x
) Bch(—1+m)y Bch(—1+m)%
T e Tm) D2 L=Yh+ ims

To investigate the stability of fixed points of system (1.2), we use the following results.

Lemma 2.1. [16] Let F(w) = w? 4+ Aw + B be the characteristic equation of the eigenvalues
associated to the Jacobian matrix evaluated at a fixed point (%,y) and wi,wy are two roots of

F(w) =0, then (,y) is
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(i) sink and therefore locally asymptotically stable if |wy 2| < 1,

(ii) source and therefore unstable if [wi 2| > 1,

(iii) saddle point if |wi| < 1 and |wp| > 1 (or |wi| > 1 and |ws| < 1),

(iv) non-hyperbolic if either |wy| =1 or |wy| = 1.

Lemma 2.2. [16] Let F(w) = w? +Aw + B. Assume that F (1) > 0. If wi,w, are two roots of
F(w) =0, then

(i) wia] <1iff F(—1)>0and B <1,

(ii) |wi| < land|wy| > 1 (or |wi|>1and |wp| < 1) iff F(—1) <0,

(iii) |wi| > 1and |wy| > 1 iff F(—1) >0and B> 1,

(iv) wi=—1land |wy| # 1 iff F(—1)=0and A # 0,2,

(v) wi and wy are complex and |wy | = 1 iff A>—4B < 0and B= 1.

The Jacobian matrix evaluated at E is

1+ ayh(ﬁ(c-i-aﬁcKIg(—ﬁl—O—m)))—o(—a)]/(1+)a(K—Km))) _vh
22 J(E)) = c c—ay)(—1+m c
(22) ( 2) oh(y+BcK(—14+m)+ay(K—Km)) 1
BK(—14m)

The characteristic polynomial of J(E3) is

F(w) =w?+Aw+B,

where
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A=—-24S1h, B=1-S8h+Sh

5, OVBletacK(=1+m)+ay(l +aK(1=m)) o
BeK(Be—ap)(~1+m) |

By simple computations, we obtain

_ay(y+BcK(—=1+m)+ayK(1 —m))
- BcK(—1+m) '

F(0)=1—S,h+S:h%,
F(1) = $h* >0,

F(—1)=4—-281h+S:h*.

_oy(y+BcK(—=1+m)+ayK(l —m))

52= BeK(—1+m)
B Y(1+a(1 —m)K)
~ar(1- ")
=ay(1 —%O)

It is clear that F(1) > O if and only if Py > 1.

Using lemma (2.2), we obtain the local dynamics of the fixed point E5.

Proposition 2.3. Assume that cff —ya > 0 and Py = 7 PU=MK | The fixed point E; of the

Y(I+a(1-m)K)
system (1.2) is

(i) a sink and therefore it is locally asymptotically stable if one of the following conditions
holds

(a) S1>0, 57 —48) <0and 0 <h <,

— 2 _
(b) $1 >0, 2~ 48, > 0 and 0 < h < VI

(ii) a source and therefore it is unstable if one of the following conditions holds
(a) $1<0

(b) $1>0, 5748 <O0and h> g_;

() $1>0, $3—48, > 0 and h > SV

(iii) a saddle point if the following condition holds
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S1—4/S7—4S S1+4/S7—4S.
S1 >0, 83 —48; > 0 and "V < < SV

(iv) non-hyperbolic point if one of the following conditions holds
7
(@) S >0, 248, > 0 and h = SEVS=H

(b) $1>0, S7—48, <Oand h=3:

It is clear that if S| > 0, S% —485, <0and h = %, then eigenvalues of J(E,) are complex with
unit modulus. Therefore, system (1.2) experiences Neimark-Sacker bifurcation at fixed point
E, when parameters vary in a small neighbourhood of Q.

St

Q= {a,c,h,K,a,B,ye R, me[0,1)|S; >0, ST—48, <0, h= S—}.
2

7
Moreover, if §1 > 0, S% —4S8, >0and h = w, then one of the eigenvalues of J(E>)
is —1 and other eigenvalue A satisfies |A| # 1. Therefore a period-doubling bifurcation can

occur if parameters vary in a small neighbourhood of Q; or Q3.

, S1+4/57—48,
S1>0,871—45 >0, h= }

AY)

Q) = {a,c,h,K,OC,B,}/G R* mel0,1)

- _Sl—ﬂ/s%—4sz
Sl>0,Sl 45, >0, h= .

Q3 - {a7cah7K7a7ﬁ7’y€ R+7m € [Ovl)

3. LOCAL BIFURCATION ANALYSIS

In this section, different bifurcation types are discussed at fixed points of the system (1.2).
For detailed bifurcation theory, we refer the readers to [17, 18]. In recent years, bifurcation
analysis has been extensively studied by many researchers. For instance we refer the readers to

[19, 20, 21, 22, 23].

3.1. Period-Doubling Bifurcation at E,:

In this section, we discuss period-doubling bifurcation at fixed point

Ez( (]_m)(zﬁ_w),ac’gét’fﬂg;ﬁ;’?ﬁgg{ U) for the domain 3. Similar arguments can be

used for the domain 5.
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Consider the domain

, S1— /82 —48,
S1>0,87—-45 >0, h; = }

Q3z{a,c,h1,K,Oc,[3,}/€R+,m€[O,l) S
2

Assuming that (a,c,h;,K,o,B,y,m) € Q3, and 6 be small perturbation in %;, we consider

the following perturbation of the system (1.2):

Xnt1 =Xy + (h+06) (chn( — ) %)7

(3.1)
s = e 0) (= - )

where 0,|6| < 1, is a small perturbation parameter. We define a, = x,, — (+ b, =

1=m)(cp—ya)’
Vn — ac’ggf_‘%;{f [)ili)}(,g’{ D to translate fixed point E» to origin. Under this translation map the

system (3.1) becomes

a 1S M| |a F(ay,bn, 8
(3'2) n+1 _ ‘hSl 1 c n X ( nsYn ) ,
but1 duS2 1 | |ba| | Glan,bn,8)

where

(ﬁc—a}/)zhl(—l +m)
Bc?

—Viay —Vaay — Viauby + Vaay + O((|an| + [ba] +[8])*),

S
G(an,b,,8) = C725an — Vsanby, — VsSanby + V7a> + Ve Sa2 +Voa>b, — Vioad + O((|an| + |ba| + |8])%).

(Be—apf(—1+m) ¢

Y
F nyPn, = ——00p n
(an,bn,d) C5b +S16a, + B

anb, + anby

where

ha (*(1+aK(—1+m))B*+ac(1 —2aK(—1+m))By+a*(—1+aK(—1+m))y?)

Vi= 2K B? ’
o (A(1+ak(—1+m))B?+ac(l1—2aK(—1+m))By+a*(—1+aK(—1+m))y*)

Vo= 2K B2 ’

v _ahi(—1+m)*(—cB +ay)?

3= C3B2 )

y _azhl(—l +m)a(cB —ay)*(—cK(—14+m)B +(—1+aK(—1+m))y)

4= K ;

RUCEE R R CH A
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:ahla(cﬁ —ay)(cK(—=1+m)B+y+a(K—Km)y)

V7

cK 32 ’
v _aa(cf —ay)(cK(—1+m)B +y+a(K —Km)y) Vo — ahy(—1 +m)2(—c[3 +ay)?
8 — CKBZ sy YO — Czﬁz ;
@’y (—1+m)a(cB —ay)*(—cK(=1+m)B + (=1 +aK(=1+m))y)
10 = 333 .
c’Kp
/=
For h) = SIS—S;“Z, the eigenvalues of J(P,) are A; = —1 and A, =3 — S} A;.
Let
2y _ =SIrS17y/ ST 48428y
T — | c(=S14++/51-45,) Sac(—S1+1/53—45,)
1 1

Under the following transformation

a én
(3.3) =T ,
by Jn
the system (3.2) becomes
(3.4) et | O jen) [ Flenm o))
St 0 Af | fa G(en:fnvs)

where

28T —2831/83 — 48, — 11838, + 781521/ S? — 45, + 1283

2 = ’
Sa(—=ST+S14/ST — 482 +45,)

F(en, fu, 8) = Mye; + Mae; + Msenf + Maep [+ Msfy + Moen f -+ Mz f + MgSe, + MoSe;,

+ M08 fu +Mi18enf +O((len] + | ful +18])%),
G(en, fu,8) = Niej, + Nae;, + N3ew fu + Nae fn + Ns f + Neen f + N1 fo + NsSen + NoSe,

+Ni108 fu + Ni18enfu+ O((len| + [ £ +18])%),
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M, =—(22a(S; — \/M)Sgy(aﬁcy(l —2aK(—1+m)+a*y(—1+aK(—1+m))
£ B2 (1 aK(~1+m)))+ (S — /S — 482 $2Be(Be — ay)K(~ 1+ m)

(8] - 81\/57 452 - 252)7(Be — a) (1 + \/S} — 4S2)e(Be — ap)K(~1+m)
—2a0y(y+ BcK(=1+m)+ay(K —Km)))))
J(=81+ /57~ 45282~} +511/5 — 45, + 45,)B>CK),

My = — (8ay(Be — ay)X(ay(@(S1S: — /] — 48282 — STy+ S/} — 4827+ 28 (1 + BeK (1 +m))
Be(S152(1/S%— 45— 37) + 83y~ $3(S2 + /57— 4527) 4 $2(28 + /5%~ 4S7)K(~1 +-m))
—day SlSz—\/m& Sly+S1mY+2szy —1+m)

B2 (~8152(\/S — 452~ 37) — STy + SH(S2/SF — 4527) — $2(252 + /7 — 4527)
K(=1m) (=1 +m)) /(8187 ~ 45252~} +511/8] — 45, +452)B*¢°K),

M == (4a(S1 — /87— 452)(5} - 511/} — 452 ~ 252)Sa(aBey(1 — 2aK (~1 +m)

+ @V (—1+akK(—1+m))+ B (1+aK(—1+m))) +2(ST —Sl\/M—ZSZ)Z
SBe(Be—ayPK(—1+m+2(S1 —/$} —48:)°53Be(Be — ay)K(~ 1 +m)
(8]~ 811/57 482 - 252)7(Be — ap) (2(~ 1 + \/S? — 452)S2Be(Be — ap)K (~1 +m)
(=14 /57— 45)(-5}+51/5T — 452+ 252)Be(Be — an)K(~ 1+ m)
—4aa($} — $1\/ST — 482~ 252) Y+ BeK (— 1+ m) + ay(K — Km)))))
J((=51+ /S = 4S2)S3(=5 +511/5} — 45 +45,) BK),

Ma = —(4a($1 — /S} —482) Y3acu(S1 — /5] — 452) (518115} — 452~ 252)S27(Be — v’
(V(~ 1+ aK (~1+m)) — BeK (~1+m))(1—m) — (8] — $11/5? — 482~ 252)y(Be — ay)’
(3ao(S? -5, M— 28)Y(Y(—1+aK(—1+m)) — BcK(—=14+m))+ (=S + \/M)szﬁc
(Be—ap)K(—14+m) — (~Si +/S3 — 482)(~ ] + 811/53 — 48,4 282)Be(Be — ap)K (1 +m)) (1 —m)
+ (S \/M)zSgﬁc(Bc —ay)PK(—1+m)*+ (S — \/M)Zsz(—s% +5) \/M‘FZSQ)
Be(—Betay)K(=1+m))) /(=51 +1/5F 45, (5} = S1/5t ~ 45, - 452)$3B76°K),



10 R. AHMED, M. S. YAZDANI

Ms = ((—S}+ S \/MJF 28))(a(S) — \/M) (1S \/S%TSZ —285)S27(aBey(1 —2aK (—1+m))
TP (14 aK (~1+m)) + B2 (1 +ak (1 +m)) + (S — \/$? — 49,)°53Be(Be — ay*K(~1+m)
(=14 /S 45)S5(~ ST+ 81\/5F — 45, +28)Ber(Be — ap)K(~1 4+ m)

— aa(S} — S1\/$7 — 452~ 25, (Be — an) (y-+ BeK (~1+m) + ay(K — Km))))
J(=51\/} —452)S3(~SF + 51157 — 45, +45,)B*C'K),

Mo = (a($1 —/$} — 482)(~ ST+ 81\/57 — 452 +25)7(Be — ay)* (6acu(S) — /57 —452)

(ST —Sl\/s%Tsz—zsz)szy(y(—l +aK(—1+m)) — BcK(—1+m)) — 6aa(S} —Sl\/km_mz)2
P (=1 +aK(~1+m)) — BeK(~1+m)) —2(8} — $11/} — 45, — 252)2S:c(Be — ay)K (1 + m)
—4(S1 —\/S? —45,)2S3Bc(Be —ay)K(—1+m) — (=S + \/M)(S% — 5 \/S%——452— 25,)?
Ber(Be—ap)K(—1+m)+4(=81 +1/$ —452)$2(S3 + 511/} — 45, +25)
Ber(Be—ap)K(—1+m))(1—m)) /(S +1/5 —48)°(8] — $11/57 — 45, — 45)S3B°°K),

My = (a(S} = S1/5 ~ 452 = 252%(Be — ap($182 — \/S} ~ 4825, — S}y + 5115}~ 4S27+2527)
(@@~} +51,/57 452 4 252)(r+ BeK (1 4+ m) — (~51/5% —452)8:BeK (1 4 m)

+ (=81 + \/M)Szﬁzczl((—l +m)a2a(—S%+Sl\/m+ 28)VK(—14+m))(—1+m))
J(S17/S2 —48,)28(~S} + 51\/52 — 45, 4 48,)B°C°K),

285(—383 +381,/S? — 45, +45,)
Mg = :
(=814 /87— 48:) (=87 + 51/} — 45, +45)

2ay(aBey(l —2aK(—1+m)) +a?y*(—14+aK(—1+m)) + B>c*(1 +aK(—1+m)))
K

1
+ (=81 +1/S? —485)Be(Be —ay)* (=1 +m) — (ST—S11/S? — 48, —25,)y
(S1— /2 —48,)8:K

My = (452(—

(Be—ay)((—S1+ /53— 48)Be(Be — ay)K(—1 +m) —2acy(y+BeK (1 +m) + ay(K —Km)))))

J(=51 45T~ 452) (574511 /5} — 452 + 452)B2C),
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481 (83 —S2/82 — 48, — 38182+ S24/57 — 455)
My =— ,
(=81 +1/S2 —48,) (=82 +4S,+811/53 —455)

1
My = (SZ(SZ—K4a(—S%+SH/S% — 48, +28)y(aBey(1 — 2ak(—1+m)) + >y (=1 +aK(—1+m))

T2 (1 +aK(—1+m))) — (2S3 — S/} — 45— 28:)°¥(~ e+ ap)(ay(~2a(y+ PeK(~1 +m))
+81BcK(—14m)) — 81 B2K(—14+m) +2a*ay’K(—1+m)))
/(=81 +1/S? —485)S3K) +2(—S; + \/M)Bc(ﬁc—ay)z(—l +m)
(=S) + s%—452)(—s%+sl\/5%;7452+252)ﬁc(3c—ay)2(—1+m)))
)

i

.

J(=S1+ /53 —485)(ST + 511/ 82 — 45, +48,) B>c?),
Ny = —((4(ay(=Si(aBcy(l —2aK(—14m)) +a® V(=1 +aK(—1+m)) + B>c* (1 +aK(—1+m)))

PP ([ — 48 +27) (—1 +aK (—1 +m)) — aBey(y /S — 48, +27) (—1 + 2K (~1 +m))
B2 (/ST 482+ aly/$} — 48+ 20)K(~1+m)) + Be(Be — ap)X(~$} + 28, /S — 45,y
£51(/S7— 452+ DK (=1 +m))/((S1 4 /5 —452) (5T +511/5} — 45, +45,)B>CK)),

Ny = (8ay(Be — ay)X(ay(~au(—$1 + /S — 452+ 29)(y+ BeK (~ 1 +m) + Be(—$] +25, — /ST — 48y
+81(1/S? =4S +7)K(—1+m)) +a* oy’ (=S + \/erzy)K(—l +m)+
BR(5E — 25241/} — 4827 = S1(y/} 48 £ VDK (=14 m) (=14 m)
(51 S}~ 4522 (=87 +51/5} — 45, +452) BK),

Ns = (22051 — [}~ 452)(5F — 11/} — 45, ~ 252)(@Bey(1 — 2aK (~1 +m))
+ @V (—1+aK(—1+m)) + B2 (1 +aK(—14+m)))(S] - S \/M—ZSz)zﬁc(Bc—ay)zK(—l +m)
+(S11/S} —4522S2Be(Be — ay) K (~1-+m) + y(Be — an) (=51 + 1/} — 452)5:c(Be — apK(~1+m)
— (=81 + /82 —48) (ST + S \/S%TSer 283)Be(Be—ay)K(—1+m) —4ac (38, \/m —28,)y
(v BeK (=1-+m) +av(K = Km))))/ (51 +1/5} —482)2(=SF + 511/} — 45 +452) %K),

T

o



12 R. AHMED, M. S. YAZDANI

Ny = (8ay(Bc —ay)*(ay(—3a(—S] +ST(1/S? — 482 +7) — S2(1/S? — 482 +27) + 51 (352 — 1/ S? — 4S527))
(Y+ BeK(—1+m)) 4+ Be(—287 +285(1/S? — 482 +7) — $182(31/ 57 — 45, +57)
+87(782 — 24/ 82 —4827) + 82(—282 + 1/ ST — 4527))K(—1 +m)) +3a*ay*(—S; +57(1/ S} — 452 +7)
—82(1/S? — 485 +27) + 81 (382 — 1/ S? —4827))K(—1 +m) — B2c*(—28T +257(1/S3 — 45, +7)

— 8182(31/ 83 — 455 +57) +57(782 — 21/87 — 4S27) + S2(—252 + /ST — 4527))
K(=14+m))(=1+m))/((S; — /S? —482)2S2(—ST + S11/S} — 45, +45,) B>°K),

Ns = ((ST —S11/S3 — 455 —28)(a(S1 — 1/ S? —482) (ST — S11/S3 — 48, —282)y(aBcy(1 —2aK (—1+m))
+ @V (—1+aK(—1+m))+ B2 (1+aK(—1+m))) +2(S7 — S14/S7 — 45 —28,)$28¢(Bec — ay)?
K(—14m)+2y(Bc—ay)((—S1 +1/S? — 485)S2Bc(Be — ay)K(—1+m) —ao(ST — S14/S3 — 45, —285)
Yy +BeK(=1+m)+ay(K —Km)))))/((=S1 + /ST —482)S3 (=S +S11/ 5] — 48> +45:) B*°K),

No = (a(S1— /S —45,)y(6aa(S) — \/ ST —452) (ST — S11/S? — 48, —28,)*y(Bc —ay)?

(Y(=1+aK(=1+m)) = BeK(—=1+m))(1—m) =2(S] = S11/SF — 482 —28:)y(Bc —ay)?

(6a0u(ST—S14/S7 — 452 —282)Y(y(—1 +aK(—1+m)) — BeK(—1+m)) +4(S1 +1/S? —48,)S>Bc

(Be—ay)K(—1+m) — (=S + /S —482) (S} +S11/S3 — 45, +28:)Be(Be — ay)K(—1+m)) (1 —m)

+(S14/ 83 —45,)% (ST — S11/S7 — 4S5, —282)?Be(Be — ay)’ K(—1+m)* +4(S) — 1/S? —48,)?

So(—S% +811/S3 — 482 +285)Be(Be+ay) K(—1+m)?))

J((—S1+1/S? —48,)° (ST — S11/S? — 4S5 —45,)S5B°°K),

Ny = (4ay(Be —ay)* (S —S{(\/S] —482+7) = S3(1/S] — 482 +27) +5182(3/ 5] — 482 +47)

+8152(552 — 24/ 52 —4S27) + 81 (=582 + /ST — 4527)) (ay(— (ST + S11/ ST — 482 +255)

(Y+BeK(—14m))+ (=S + 1/ S} —48,)S2BcK (— 1+ m)) — (=81 + /52 — 452)$287 K (—1 4 m)

+a* (ST +S14/ST — 45, +28)VK(—1+m))(—1+m))

J((S1—1/S3 —45,)%83(—ST 4+ S11/S? — 48, +45,) B> °K),



EFFECT OF PREY REFUGE AND HOLLING TYPE-II FUNCTIONAL RESPONSE 13

45182

2 8\/52 45,45,
No = (88>(ay(—Si(aBcy(l —2aK(—14m)) +a*y*(—1 +aK(—1+m)) + B>c*(1 +aK(—1+m)))
+a® P (\/S? — 48, +27)(—1 +aK(—1+m)) —aBcy(y/ ST — 48y +27)(—1 4+ 2aK (—1+m))
+ B2 (1/S? — 48y +a(y/S? — 482 +27)K(—1+m))) + Be(Be —ay)*(—S7 +28, — 1/S3 — 48,y
+81(1/S? =4Sy +Y)K(—1+m)))/((S1 — /S? —482)*(—ST + S11/S? — 48, +48,) B**K),
Nio = _2(—S‘I*+S?\ [S?— 48, + 5385 + 811/ 82 — 48,8, +4S3) |
(=814 4/82 —48,) (=82 +S11/S7 —4S, +455)

1
Ny = (sz(_ﬁm(—s%w”/sf — 48, 4+28))v(aBcy(l —2aK(—1+m)) +a?y* (=1 +aK(—1+4m))

+ B2 (14+aK(—1+m))) —2(S; +1/S? —482) Be(Be — ay)*(—1+m)

(=81 + /8% —485) (S +S11/S? — 48, +28,)Be(Be —ay)* (=1 +m)
n 1 1 1 <
2

(—S?+811/82 =48, +285)Be(Be —ay)(—1+m)
$2

- 4aci(S?—S11/S? — 48, —285)yY(y+ BeK(—1+m) +ay(K — Km)) ")

(S1— /82 —48,)8:K
J((=S1+1/82 —485)(—ST +S11/S7 — 45, +48,)B2c?).

Ng =

+2Y(Be—ay)(=2Bc(Be—ay)(=1+m)+

Next, we determine the center manifold WC(O, 0,0) for (3.4), which can be represented as

follows:

w€(0,0,0) = {(en,fn,S) eR3

f :qe,%+czen6+c362+o<<\en|+|6|>3>},

where
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Thus the system (3.4) restricted to the center manifold is given by

. M3N MioN,
F:epp1=—ep —|—M1€,21+M83€n+(M2+ 1 3 )yl ) 3 108
-2

52
e, T+ e

MioN  M3Ng
1-1 1+ 4

(3.5) + (Mo + )8en + O((Jen] +18))Y).

In order for map (3.5) to undergo period-doubling bifurcation, we require that the following

two quantities /; and [, are non-zero, where
Lo - 1 1
ll - F5Fenen + 2Fen6 ) lz - 5( enen) + § €nénén

From simple computations, we obtain

M3N;

L =2Mg, |, :2(M12+M2+ )
1-A

Due to the above analysis, we have the following result.

Theorem 3.1. The system (1.2) experiences period-doubling bifurcation at the fixed point

E, ((l—m)(}éﬁ—ya)’ ac’g;f_"fﬂg;&%@gﬁ; 1)> if l1,lb # 0 and h varies in a small neighbourhood

/%45,
of hy = S'S—S;'%. Moreover, if I > 0 (respectively I, < 0), then the period-2 orbits that

bifurcate from E; ( =) (Z'ﬁ— Tk ac’ﬁf_”%;{fg@%’; 1)> are stable (respectively, unstable).

3.2. Neimark-Sacker Bifurcation at E, ((1 — (7; et ac’géi_“%;g})f?}g?{ 1)> :

In this section, we discuss Neimark-Sacker(NS) bifurcation at fixed point

E, ((1—m)(};[3—ya) ; aCY(Ha(lm)K)(POI)) for the domain Q.

K(1—m)*(cB—ya)?
Consider the domain

S
S1>0, 8248, <0, hy = —1}.
AY)

Assuming that (a,c,h,K, o, B,y,m) € Qp, and 8 be small perturbation in %, we consider

Q= {a,c,hl,K,a,ﬁ,}/E Rt mel0,1)

the following perturbation of the system (1.2):

Xnt1 =Xy + (h+6) (axn(l — ) %)7

(3.6)
Ynt1 =Yn+ (h+8) ( —Yyn+ —Clli(ci(_lmzj;;:) )
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acy(1+a(1 —m)K)(Ry—1)

We define a, = x,, — =) (cB=7a) CB va) by — 2 (cB—ya)T to translate fixed point
Y ac}/(1+a 1 —m)K PO 1)
E, ( (T=m)(cB—7a)’ K(1—m)*(cP—ya)? > to origin. Under this translation map the system (3.6)
becomes
(3 7) an+1 . 1— al (Slstsza) _7(S1C§f25) Qn + F(ambn)
o] L ] et
where
F (an,bu) = Widnby — Waay — Wsdpbn +Wady +O((Jan| + [ba])*),
G(an, bn) = —Wsanby + Wedy +Waazby, — Weas + O((|a| + bal)*).
where

(Be—ay)*(—1+m)(S) +528)

W = B2 )
W — a(aBey(l —2aK(—1+4+m)) +a*y* (=1 +aK(—14+m))B>c>(1+aK(—14m))(S| + 5,5)
2T S,B%c2K ’
Wa — a(—Be+ay)’ (=14+m)*(S1 +$,8)
3= — N ;
L a(Be—ayP(r(— 1 aK(—1tm) — BeK (1 +m)(—1 £ m)(S; +$9)
T S$HB33K ’
e (Be—apP(<14m)(5 +5:9)
5— SZBC )
we — a0(Bc—ay)(y+BeK(—1+m)+ay(K—Km))(S1 +5:9)
6~ S»B2cK ’
W — a(—Bc+ay)*(—1+m)*(S; + 5,6)
7= Szﬁ2c2 )
W — _aza(ﬁc—ay)z(y(—l +aK(—14m))—BcK(—14+m))(—1+m)(S; +S5,0)
5~ S2B3c2K '

The characteristic equation of the linearized part of the system (3.7) at the fixed point (0,0)

is

(3.8) A2 —p(8)A+4q(8) =0,
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where

q(8) =14518+ 5,8

The roots of the equation (3.8) are complex with the property |4, 2| = 1, which are given by

p(8)+iv/44(8) — p*(8)

AMa= 5

By computations, we obtain
M| = |22 = v/ 4(9)

and

dul\ (Al s
(da >5:o‘(d5 s 20

Moreover, it is required that A/, A% # 1 fori = 1,2,3,4 at § = 0 which is equivalent to p(0) #
42,0, 1. Since S| > 0, S? —4S, < 0 and p(0) =2 — g, therefore p(0) # +2. We only need to
require that p(0) # 0, 1, which leads to §7 # 255, S,.

To transform the linear part of (3.7) into its canonical form at 6 = 0, we use the aforemen-

tioned transformation:

_ Sy 0
3.9) B I o
3. P R A RV £
n 25, 25, n
Under the transformation (3.9), the system (3.7) becomes
e —V| |e F (e,
(3.10) nbl| u amn (ens fn) 7
Jnt vV u Jn G(emfn)
where
% Si14/48:— 8%
= 1 _ = —
K 25, ¥ 25,

F(en, fn) = My + Maey +Maen f + Maey fu 4+ O((en] + | ful ),

Glen, ) = Ni€2 4+ Naes + Nsey fr -+ Nae2 fr+ O((len] + 1 )Y,
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2
M, :T[IWS%(%ZO - i—;)y(aﬁc}/(l —2aK(—14+m))+a*P(—1+aK(—1+m))
+ B (1 +ak(—1+m))) +SiBe(Be—ay)*(=1+m)),
M) =—25421ﬁ1305Ka5?7(l30 —ay)*(ay(2ST(Y+ BeK (—=1+m)) = 283(y+ BcK (=1 +m))S1S)

BeK(—1+m)) —S1$:B%2K(—14m) —2a*(S7 — $))VK(—1+m))(—14m),

y S%\/—S%—}—4Sz(,3c—ay)2(—1+m)
3

- 25262 ’

aS3\/—S3+48y(—Bc+ay) (=1 +m)?
M= — 1 1

283B2c* ’

Ny =(83(=281(82 — $2)y(aBey(l —2aK(—14m)) +a*y?*(—1 +aK(—1+m)
+ B2 (1 +aK(—1+m)) +838:Bc(Bc—ay)*K(—1+m) —2518:Bcy(Be —ay)*K(—1+m)

+4a(St —$2)7 (Be —ay)(y+BeK (—1+m) +ay(K —Km))))/(2831/ =S} + 48728 °K),

Ny == ((aS}(S1 = 27)y(Bc — ay)*(ay(—2S7(y+ BcK(—1+m)) + 285 (y+ BcK

(=14+m)) —S1$BcK(—1+m)+S15:B%c*K(—1 +m)

+2d%(8? — $2)PK(—14m))(—14+M)) /(2531 / —S? +48:8°°K)),

 S1(S1—27)(Be—ay)*(—14m)
2822 ’

_aS{(S1 —27)y(=Betay) (=1 +m)?

B 283824 '

N3 =

In a system with NS bifurcation, the aforementioned value L determines the direction in

which the invariant curve occurs.

1—2A1)A3 1
L= ( [_Re (H—ihnzoﬂll) - §|7711|2 — Mo2)? -I—Re(/lznzl)D ,
e 5=0

where
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1 .
7720 = g [Fenen - anfn + 2Gen.fn + l(Genen - anfn - 2Fenfn)] )

1 .
ni = Z [Fenen +anfn + l(Genen + anfn)] ’

1 .
7702 = g [Fenen - anfn - 2Gen.fn + l(Genen - anfn + 2Fenfn)] )

1 .
N21 = E [Fenenen + Fenfnfn + Genenfn + anfnfn + l(Genenen + Genfnfn - Fenenfn - anfnfn)] :

We derive the aforementioned theorem for the presence and direction of NS bifurcation from

the above computations.

Theorem 3.2. Suppose that S > O,S% —48, <0 and S% # 285,82 If L # 0, then the system

(1.2) undergoes NS bifurcation at the fixed point E, ((l—m)(tﬂ—ya) , ac’g(lf_‘lr(nl)z(’fgli)g%l)) when

the parameter h varies within a neighbourhood of hy = g—; In addition, an attracting invariant

closed curve bifurcates from the fixed point if L < 0, and a repelling invariant closed curve

bifurcates from the fixed point if L > 0.

4. NUMERICAL EXAMPLES

In this section, we will provide some numerical simulations to back up our theoretical analy-
sis of the model’s multiple qualitative characteristics. We consider the following set of param-

eter values for bifurcation analysis.

TABLE 1. Parameter values

Cases Fixed parameters and initial conditions varying parameter

1 a=0.002, c=0.01, K=50, x =2, B =0.1,
Case (1) 25<h<299
Y=0.02, m=0.01, xo =21, yop = 12.

_1a=0.002, c=0.01, K=200, x =2, B =0.1,
Case (i) 3.5<h<45

Y=0.02, m =0.01, xo = 20, yo = 20.

Example 4.1. Period-Doubling bifurcation of the model (1.2) at E, with respect to bifurcation

parameter h.
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We take parameters values as in case (i) of table (1). The positive fixed point of (1.2) for
these parametric values is E>(21.0438,12.187). The eigenvalues of J(E,) for h = 2.60959
are My = —1,Ay = 0.924279, indicating that the model (1.2) is experiencing period doubling
bifurcation at E>(21.0438,12.187) as the bifurcation parameter h crosses h = h; = 2.60959.
Figures (la, 1b) show bifurcation diagrams for both prey and predator populations, respec-
tively, for h € [2.5,2.99]. These figures express that fixed point E>(21.0438,12.187) is locally
asymptotically stable for 0 < h < 2.60959, but loses its stability at h = 2.60959, where the
model (1.2) undergoes period-doubling bifurcation. Moreover, for these values it is obtained

that Iy = 1.77408 and I, = 96.3329.

(A) (B)

FIGURE 1. Bifurcation diagrams for case (i) set of values of table (1).

Example 4.2. Neimark-Sacker bifurcation of the model (1.2) at E, with respect to bifurcation
parameter h.

We take parameters values as in case (ii) of table (1). The positive fixed point of (1.2) for
these parametric values is E»(21.0438,18.8296). The eigenvalues of J(E;) for h = 4.04124
are Ay = 0.719427 — 0.694568i, Ay = 0.719427 4 0.694568i, indicating that the model (1.2) is
experiencing Neimark-Sacker bifurcation at E>(21.0438,18.8296) as the bifurcation parameter
h crosses h = hy = 4.04124. Figures (2a, 2b) show bifurcation diagrams for both prey and

predator populations, respectively, for h € [3.5,4.5].
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The fixed point E, is locally asymptotically stable for these parametric values if and only if
0 < h <4.04124. Figures (2c,2d) show phase portraits of the model (1.2) for some values of
h. These figures express that fixed point E>(21.0438,18.8296) is locally asymptotically stable
for O < h < 4.04124, but loses its stability at h = 4.04124, where the model (1.2) undergoes
Neimark-Sacker bifurcation. An invariant closed curve appears at h = 4.04124 and it increases

its radius as h increases. Moreover, for these values it is obtained that L = —0.00350112.

(A) (B)

“h=4 h=4.05

FIGURE 2. Bifurcation diagrams, phase portraits for some values of 4 for case

(ii) set of values of table (1).

5. CONCLUSION

In this study, we explored the nonlinear dynamics of a discrete-time predator-prey model

with Holling type-II functional response and prey refuge produced using the forward Euler
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discretization approach. Using bifurcation theory and the centre manifold theorem, it is demon-
strated that the positive fixed point of the system has period-doubling bifurcation and Neimark-
Sacker bifurcation. Based on the pictures, we can see that a small integral step size i can
stabilise the dynamical system (1.2), but a big integral step size can destabilise the system,

resulting in more complicated dynamical behaviours.
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