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Abstract. In this paper the concept of compatibility for a pair of self maps in a cone metric space without assuming
its normality was discussed, various types of compatibility, some definitions and theorems were studied. The
purpose of this research is to obtain common fixed point theorems for compatible self maps of type (A), some
results generalize some of the results in the literature.
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1. INTRODUCTION

Cone metric spaces were introduced in[5] by using partially ordering.In these spaces, they
replaced the set of real numbers of a metric spaces by an ordered Banach space E with a closed
cone P. On the other hand, a lot of researchers, as Jungck introduced the concept of compatible
maps as a generalization of commuting maps. Murthy , Jungck [2] and Cho [3] introduced a
new type of compatible maps and named as compatible map of type (A). In this present paper
we will prove some theorems on compatibility for pair of self maps in a cone metric space.

This paper shows that the compatible maps of type (A) in a cone metric space are equivalent to
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compatible maps under certain conditions. In the Sequel we will discuss some common fixed

point theorems for compatible maps of type (A) in a cone metric spaces.

2. PRELIMINARIES

Definition 2.1. [5] Let E be a real Banach space with ||.|| as a norm , and let P be a subset of
E . Then P is said to be a cone iff:

i) P is closed, P # 0 and P # {0}, where 0 is zero vector in E;

i) ift,s € R" and x,y € P, then tx+ sy € P;

iii) if x, —x € P, then x = 0.

Vx,y € E, the space E with closed cone P can be partially ordered; thatis x <y iff y—x € P.

On the other hand; x < y means that y —x € P and x # y, while x < y means y —x € intP.

Definition 2.2. [5] The cone P subset of E is called normal if 3K > 0 s.t,

x|l <Klly

, Vx,y€E.

Lemma 1. [10] Let P be a cone with real Banach space E and < x,, >,< y, > be a sequences,
then:

Dif x <yand 0 < a < b, then ax < by,

iifx<yandt <s, thenx+t <y+s;

i)if < x, ><<y, >Vn e N with lim,_ec <x, >=xand lim,_sec <y, >=, then x < y.
Lemma 2. [7] IfPis a cone,x € P, a € [0,1) and x < oux, then x = 6.

Proof. :If x < ax, then (oc — 1)x € P. Since x € p and 0 < o < 1, we have (1 — a) € P, which

implies that x = 6. O

Definition 2.3. [8] An ordered pair (X, d) with any non-empty set X is called cone metric space,
where d : X x X — E is mapping satisfying:

i)d(x,y) > 0,Vx,y € X and d(x,y) =0 iff x=y;

ii)d(x,y) =d(y,x),Vx,y € X;

iii)d(x,y) <d(x,z) +d(z,y),vx,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space.
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Example 1. [5] Let R? be a banach space, P = {(x,y) € R? : x,y > 0} be a cone, and d :
R x R — R?, such that d(x,y) = (|x—y|, Blx —y|). Where B > 0. Then (X,d) is a cone metric
space.

i)d(x,y) = (|x—yl|,Blx—y|) > 0, and d(x,y) = 0 iff |x —y| = 6, which implies that x = y.

i)d(x,y) = (lx=y|,Blx=yl) = (x—=y|, Bly —x[) = d(y,x),Vx,y € R.
ii)d(x,y) = (x=yl,Blx=yl) = (x—z+z—y[Blx—z+z—yl)
< (x—zl+lz =y, B(x—z[+]z—y])
= (k—z[,Blx—z|+|z—yl,Blz =)

= d(x,2)+d(z,y) Vx,y,z € R

Definition 2.4. [4] Let (X,d) be a cone metric space with x € X and < x, > be a sequence in
X, then:

)< x, >— x,¥ ¢ € E, with 0 < ¢,3 a natural number N such that d(x,,x) < ¢, Yn > N, in
other words lim,,_c.X, = X

ii) < xp > is called Cauchy sequence whenever ¥c € E with 0 < c,3 a natural

number N such that d(x,,x,) < c¢,Yn,m > N.

iii) (X,d) is called complete cone metric space if every Cauchy sequence is convergent.

iv) (X,d) is called sequentially compact cone metric space if for any sequence < x, > inX,

there is a subsequence < x,, > of < x, > such that x,, is convergent in X.

Definition 2.5. [9] A pair of self maps (Q,R) on a cone metric space (X,d) is called
i) compatible if d(QRx,,R0Ox,) < c.

it) Weakly compatible if Ox = Rx implies QRx = RQx.

iii) compatible of type (A) if d(RQx,,00x,) < ¢ and d(QRx,, RRx,) < c.

iv) commuting if QRx = RQx,Vx € X.

Example 2. Let (X,d) be a complete cone metric space on a normed cone
P = {(a,b) : a,b > 0} with d(x,y) = (]x —y|, ot|x —y|), ¢ > 0 where X = [0,3], R? be a real

banach space. If Qy, R, be two self maps on X defined as:
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(

2x, 0<Zx<1
2—x, 0<x<1 4
Ox = and Ry=<{x , 1§x§3,x7é§
2, 1<x<3 A
\2 ’ ng

Show that (Q,R) is not compatible.

Take < xy, —%—F anornENstn>4 Then Qx, =2 — (%—I—ﬁ):%—

1
nt
anden—2(% ,11) 3— % Sonn,Rxn 3in(X,d).
Now 4 4 14 11
4 2 4 2
d(QRx,,RQx,) = d((g + Z),S(g - ;))
4 2 4 2 4 1
=d(2,———-)= — 4 —).R(— ——
2 1 2 1 2 2
—(|§+Z|,a|§+;|)—>(§+0‘§)

So, (Q,R) isn’t compatible .

Lemma 3. [9] Every compatible self map on a cone metric space (X ,d) is weakly compatible .

Proof. : Let (Q,R) be a pair of self maps on (X,d).
Take <x,> = R,Vn € N.Qx,, Rx, — Ox = Rx and since (Q, R) is compatible, then
d(QORx,,ROx,) = d(QRx,RQx) < ¢ for ¢ > 6 € E. Hence QRx = RQx. O

Theorem 2.6. [6] For a compatible pair of self maps (Q,R) in a cone metric space (X,d), if

ROx, —> Rx, then QRx,, — Rx.

Proof. : Let ¢ < 0 , and since (Q,R) compatible, s0,3M € N s.t
5 —d(RQOx,,ORx,) and 5 — d(RQx,,Rx) € intP ,Yn > M.
—d(RQx,,ORx,) —d(RQx,,Rx) € intP ,¥n > M.
d(QRx,,Rx) < d(RQOx,, ORx,) + d(RQx,, Rx)
to get d(QRx,,ROx,,) + d(RQx,,Rx) —d(QRx,,Rx) € P, ¥n > M.
We have ¢ — d(QRx,,Rx) € intP .
That means; d(QRx,,Rx) < ¢,Yn > M.
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Which implies that QRx,, — Rx . U

Corollary 2.7. [6] Let (X,d)be a complete cone metric space with four self maps Q,R,U,Von
Xsuch that:

i)Q(x) C V(x) and R(x) C U(x);

ii)Pair (Q,U) is compatible and (R,V) is weakly compatible;

iii)one of Q or U is continous;

iv)For some o, y,A,6,n € [0,1), withaa+y+A+8+n < 1,Vx,y € X. We have
d(Qx,Ry) < ad(Qx,Uy) + yd(Ry,Vy) + Ad(Ux,Vy) +nd(Qx,Uy) + 8d(Ux, Ry)
. Then Q,R,Vand U have a unique common fixed point in X.

Theorem 2.8. [6] Let (X,d) be a complete cone metric space with a cone metric P, and
O,R,U,V,W and L be self maps on X satisfying:

HW(X)CUV(X),L(X) CVR(X);

ii) Pair (W,VR) is compatible and the pair (L,UV) is weakly compatible,

iii) One of W or VR is continuous;

iv) For some a,y,A,n,0 € [0,1)witho+y+nN+A+0 < 1,Vx,y € X. We have
d(Wx,Ly) < ad(Wx,VRx) + yd(Ly,UVy) + Ad(VRx,UVy) + nd(Wx,UVy) + 8d(VRx,Ly)
. Then Q,R,V.W, and L have unique common fixed point in X.

Corollary 2.9. [6] Let (X,d) be a complete cone metric space with a cone P, and Q, R be self
map on X satisfying:

i) Q(X) CR(X);

ii) Pair (Q,R) is compatible;

iii) One of Q or R is continuous;

iv) For some a,y,A,n,0 €[0,1)witha+y+n+A+6 <1, Vx,y € X .We have

d(Qx,Ry) < od(Qx,Ry) + vd(Qy,Ry) + Ad(Rx,Ry) + nd(Qx, Ry) + 6d(Rx, Qy).

Then Q and R have unique common fixed point in X.

Lemma 4. [1] Let (X,d) be a cone metric space and Q ,R be two continuous self maps. Then

both maps are compatible of type (A) iff they are compatible .
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Proof. : <=) Let Q and R be continuous and lim,,_,c Qx, = lim, ;. Rx, = ¢, then

lim,, .. Q0x,, = lim,_.. ORx,, = Ot and lim,, ... RRx,, = lim,, ,..ROx,, = Rt.

For ¢ € E with ¢ < 0, and from compatibility,

d(QRx,,RRx,) < d(QRx,,R0x,) + d(RQx,,RRx,) < ¢ and

d(RQxy,00x,) < d(RQxy, ORx,) + d(QRx,, 00x,) < .

—) Let Q and R be continuous and lim,,_,e. @x, = lim,_,. Rx,, = ¢, then

lim,, .. Q0x,, = lim,_... ORx,, = Ot.

For ¢ € E with ¢ < 0 , d(RQxy,, ORx,,) < d(RQxy,, Q0x,,) +d(QRx,, 00x,) < c. O

Theorem 2.10. [1] If Q and R are two compatible self maps of type (A) on a cone metric space
(X,d), where Qt = Rt, then:

i)ORt = QO0t.

ii)RQOt = RRt.

Proof. : Take< t, > as a sequence in X defined by #, =¢,Vn € N, and Ot = Rt.

So lim,, . Qf, = Ot and lim,,_,. Rt, = Rt. Since Q and R compatible of type (A),

we have
1)d(QRt,QQt) = d(QRt,QRt) = d(QRt,,ORt,) = 0. So QRt = QQx.
ii)d(RQt,RRt) = d(RQt,RQt) = d(RQt,,RQOt,) =0 . So ROt = RRt . O

Theorem 2.11. [1] Let Q and R be two compatible self maps of type (A) in cone metric space
(X,d), and lim,,_,o. Qx,, = lim,, o RX,, = 7, for some z € X. Then:

i)d(QRx,,Rz) < ¢ and d(QQx,,Rz) < ¢, if R is continuous.

ii)d(RQxy, Qz7) < ¢ and d(RRx,,Qz) < ¢, if R is continuous.

Proof. : 1)Let R be continuous self map on X, then

lim,, .., ROx; = lim,_,.. RRx, = Rz.

So we have

d(QRx,,Rz) < d(QRx,,RRx,) + d(RRx,,ROx,) + d(RQx,,Rz) < §+ 5 =c and
d(QQxn, Rz) < d(QQ%y, ROX,) + d(RQXy, RRx,)) + d(RRx,,R7) < §+ 5§ =c.

i1) Let O be continuous self map on X

,2then lim,, .. ORx,, = lim,, ... Q0x;, = Oz.
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So we have
d(RQXn,RZ) S d(RQxI’H QQxl’l) +d(Qan7 QRxn) +d(QRxI17 QZ) < % + % =c and
d(RRxna QZ) < d(RRxna QRxn) +d(QRxm Qan) +d(Qan7 QZ) < % + % =cC. U

Theorem 2.12. [1] Let Q : X — X be a mapping in a cone metric space (X,d) with normal
constant K s.t the mapping satisfies the condition d(Qx,Qy) < ﬁd(x,y),Vx,y € X, where
k € [0, %) Then, Q has a unique fixed point in X, and the sequence <Q" > converges to the

fixed point for each x € X.

rooj. . 00S€ X , St X1 = UXp,Xp = UX1 = X0y -y Xpt+1 = UXy = X0y - - € nave
P Ch € X, set X0, -+ Xt "+xo,... Weh

L

d(xn-f—laxn) = d(mean—l) < 1—

d(xnaxn—l)

k
— ), where h—
= XnyXn—1), Wwhe T 1k

Forn > m,d(xp,xp) < d(xn,xp—1)+d(xn—1,%-2)+ ... +d (Xpt1,%m)
m

h
< (BN LMY (x,x0) < T5400.x0)

To get [[d(xu, ) | < 25Kl (x1%0)]
This implies d(x,,x,) — 6 as n,m —» . Hence x,, is a Cauchy sequence in (X,d) . By the
completeness of X, dxx € X s.t x, —> xxasn —» oo,

Since

d(Qxx,xx) < d(Qx*,0x,) +d(Qxn,x*)

k
S md(x*,xn) +d(xn+1,x>l<)

k
ld(Qxx,x)ll - < K(T—lld (e, x) | + [ (xns1,04)[]) — 0.

Hence, ||d(Qx*,x*)|| = 0 .This implies Qx* = x*. So xx is a fixed point of Q. Now if yxis
another fixed point of Q, then d(xx,y*) = d(Qux*, Qyx) < %{d (2, y%)
Hence , ||d(x*,yx)|| = 0 and xx = ysx.

Therefore, the fixed point of Q is unique. 0

Theorem 2.13. [1] Let (X, ||.||a) be a cone normed space, then (X, ||.||) with

|x|| = infyea ||v||,Vx € X, where A= {v € P:v > ||x||s} is a normed space.
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Proof. : 1)||x|| = inf,ea, ||v]| > 0 and ||x|| = 0 <= inf,cq ||v]| = 0 <= T<v,> C P,

Vo > |[x]la s.t ||[va]| < 1, for some n € N. Since v, > ||x||s and v, — 6 as n — oo, then
|x]|¢ < 6.,implies that ||x||, € (PN —P). Therefore, ||x||, = 6 <= x=0.

ii)Let @ € R, x € X. Then |ox|| = infyea,l|v|| where Ag ={ v € P:v > |ax|,} and Since
loexlla = |exl[|x]la, s0 v = |ex][|x]la, we have [[oux]| = |ec][|x]|.

iii)let x,y € X, then |[x+y| = inf,,cp||v1|| Where

B={v1 € P = v yla}. ol = inf [1a]

C={vy €P:vy > |x|ls}and||y|| = inf ||v3]|
v3eD
D={v3e€P:vi>|yla}-

for arbitrary E = {vo,v3 € P: vy > [|x||a},{v3 > |[¥lla}

we get vy +v3 2 |lxlla+[[ylla =[x+ lla-

Then E D B implies inf,, ,,ck ||v2 + v3|| > inf, cg||v1]],

note that

infy, yieg [[v2 +v3 | <infy, piee([[v2ll + [[vs]]) = infy,ec [[v2 || +infisep [|v3]],
Thus

infy, ec [|v2|| +infiep [|v3]| > infy, ep |1 ]]-

So |Ix]| + [|y|| = [|x+y||. Which implies .|| is a norm on X. O

Corollary 2.14. [1] Let (X, ||.||) be a cone normed space, and <x,> be a sequence in a normed
space (X,||.||) with ||x|| = inf,ca ||v]|,Vx € X, where A= {v € P:v > ||x||a}, if <x,>is Cauchy

(convergent) sequence in (X,||.||4) then it is also in (X, ||.||).

Proof. : Let <x,> be a Cauchy sequence in (X, ||.||,) and € > 0 be real number. Then for ¢ € E
with ¢ > 6, we have 0 < || ]| < &, for some k € N.

Hence { > 6, and since <x,> is a Cauchy in (X,||.||4),Tno € Ns.t

X0 — Xm|la < 7, Ym,n > n.

But ||x, —xn|| = inf,c g ||ul|| < H—z” < &¥Ym,n > ng, where

A={ueP:u>|xy—xmlla}
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So <x, > is a Cauchy in (X, ||.||). O

Theorem 2.15. [1] Let B C X be a compact subset of a cone metric space (X,d) , then B is:
i)countably compact space .

ii)Lindelof space .

Proof. : i)Let B C X be a compact set and B = {B,},c; be a countable open cover for B s.t
B = J;¢; Bi. From compactness of B,3B’ C B finite subcover for B where B’ = {By},_;. So
we have a finite subcover from a countable open cover for B, which means that B is countably
compact space.

ii)Let B C X be a compact set and B = {B; }ic; be an open cover for B s.t B=J;c; B; , and since
B is compact, then 3B’ C B finite subcover for B where B’ = {B,}/,_,. But every finite set is

countable, so B’ C B is countable. Therefore, B is lindelof space. O

Corollary 2.16. [1] A subset B C X of a cone metric space (X ,d) is compact if it is lindelof and

countably compact space.
Theorem 2.17. Every sequentially compact cone metric space (X, d) is complete .

Proof. : Let < x,, > be a cauchy sequence in a cone metric space (X,d) .

From sequentially compact of (X,d);3 subesquence < x,, > in X for some n; € N, which
converges to x.
That means d(x,,,x) < 5 for § <6 and
since < x, > is cauchy;d(x,,x,, ) < § for § < 0, m € N.
Now, d(x,,x) +d(xp,x) < 5+5< 0
Hence, d(x,,x) =0
< x, > converges to x.

So, (X,d) is complete cone metric space. O
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