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Abstract. In the present article, a generalization of GP-metric space and generalized G,-metric space has been
introduced. In newly defined space, we study some properties and introduce some interesting and new concepts.
Also, we present some fixed point results for various contraction mappings. Some consequences of these results
are deduced in generalized G,-metric spaces. We furnish multiple examples in support of new concepts, main
results, and consequences.
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1. INTRODUCTION

As an extension of usual distance, the notion of metric space was introduced by Frechet [1]
in 1906. As a generalization of metric space, the concept of partial metric space was initiated

in 1992 by Matthews [2], where self distance may be positive.

Definition 1.1. [2] Let U be a non-empty set. Then a mapping d : U x U — [0, +0) is called a
partial metric if for all u,v,w € U,

(pl) u=v < d(u,u) =d(u,v) =d(v,v);
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(p2) d(u,u) < d(u,v);

(p3) d(u,v) =d(v,u);

(p4) d(u,w) <d(u,v)+d(v,w)—d(v,v).

Then, the pair (U,d) is called a partial metric space.

By weakening the triangle inequality in metric space, Bakhtin [3] and Czerwik [4] have
introduced the idea of b-metric space with s = 2. In 1998, Czerwik [5] presented the notion of

b-metric space in the following form:

Definition 1.2. [5] Let U be a non-empty set. Then a mapping d : U x U — [0, +0) is called a
b-metric if there exists a number s > 1 such that for all u,v,w € U,

(b1) d(u,v) =0if and only if u = v;

(b2) d(u,v) =d(v,u);

(b3) d(u,w) <s(d(u,v)+d(v,w)).

Then pair (U,d) is called a b-metric space. Clearly, the family of b-metric spaces is larger than

the family of metric spaces. But, for s = 1, b-metric space is a metric space.

In 2012, Harandi [6] extended the notion of partial metric by introducing metric-like-space

as follows.

Definition 1.3. [6] Let U be a non-empty set. Then a mapping d : U x U — [0, +0) is called a
metric-like space if for all u,v,w € U,

(mi1) d(u,v)=0 = u=v;

(m;2) d(u,v)=d(v,u);

(m3) d(u,w) <d(u,v)+d(v,w).

Then, the pair (U,d) is called a metric-like space. It is noticed that in metric-like space, distance

between two points may be less than self distance of one of the point.

Alghamdi et al. [8], in 2013 presented the concept b-metric-like spaces that generalized the
notions of metric-like space and partial b-metric space. The notion of partial b-metric, as an

extension of partial metric and b-metric, was given by Shukla [7] in 2014.
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Definition 1.4. [7] Let U be a non-empty set. Then a mapping d : U x U — [0, +0) is called a
partial b-metric if there exists a number s > 1 such that for all u,v,w € U,

(ppl) u=v < d(u,u) =d(u,v) =d(v,v);

(pp2) d(u,u) <d(u,v);

(pp3) d(u,v) =d(v,u);

(pp4) d(u,w) < s(d(u,v)+d(v,w)) —d(v,v).

Then, the pair (U,d) is called a partial b-metric space.

Definition 1.5. [8] Let U be a non-empty set. Then a mapping d : U x U — [0, +0) is called a
b-metric-like if there exists a number s > 1 such that for all u,v,w € U,

(byl) d(u,v) =0 = u=v;

(by2) d(u,v) =d(v,u);

(by3) d(u,w) < s(d(u,v)+d(v,w)).

Then, the pair (U,d) is called a b-metric-like space.

Definition 1.6. [8] Let (U,d) be a b-metric-like space. Then
(i) asequence {uy,} in U converges to u € U if EIE d(up,u) =d(u,u).
n oo
(ii) A sequence {u,} in U is called Cauchy sequence if lim d(u,,u,) exists and is finite.

n,m—oo
(iii)  (U,d) is said to be complete if every Cauchy sequence {u,} in U convergesto u €

U so that
i n£1_1>n+ood(un, Um) =d(u,u) = ngl}rlmd(un, u).

For comparison, see the following diagram (Sen et al. [9]):
Metric space = Partial Metric space = Metric-like space
4 Y 4
b-Metric space = Partial b-Metric space = b-Metric-like space
After these extensions, in 2015, Jleli and Samet [10] introduced another interesting extension

of metric space as shown below.
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Definition 1.7. [10] Let U be a nonempty set and D : U x U — [0, +o0] be a given mapping.

For every u € U, define the set

(D,U,u) = {{un} C U] 1im_D(un,u) = o} .

Then D is a generalized metric on U if there exists C > 0 such that the following conditions
holds:

(D1) (u,v) €U x U, D(u,v) =0 implies u = v,

(D2) D(u,v) = D(v,u), forall (u,v) € U x U,

(D3) if {u,} € €(D,U,u),then D(u,v) < ClimsupD(up,v).

n——4oo
In this case, the pair (U, D) is a generalized metric space.

Example 1.8. [11]LetU ={0,1} and D: U x U — [0, +oo] be a mapping defined by D(0,0) =
0 and D(0,1) = D(1,0) = D(1,1) = +oco. Then (U, D) is a generalized metric space.

Definition 1.9. [10] Let (U, D) be a generalized metric space. Then

(i) asequence {uy} in U converges to u € U if {u,} € €(D,U,u), i.e., nETWD(un,u) =0.

(ii) asequence {uy,} in U is called a Cauchy sequence if WlliinjLwD(un,um) =0.

(iif) (U, D) is said to be complete if every Cauchy sequence in U is convergent to some element in U.

In 2019, Asim and Imdad [12] introduced partial JS-metric space as a generalization of partial

metric space as follows.

Definition 1.10. [12] Let U be a nonempty set and D), : U x U — [0, +o°] be a given mapping.

For every u € U, define the set

H (Dp,U,u) = {{un} C U\ngTpr(un,u) = Dp(u,u)}.
Then D), is a partial JS-metric on U if (for all u,v € U) it satisfies the following conditions:
(Dpl) if Dp(u,u) = D,(v,v) = Dp(u,v), then u = v;
(Dp2) Dp(u,u) < Dp(u,v);
(Dp3) Dp(u,v) =Dp(v,u);
(Dp4) there exists C > 0 such that if (u,v) € U x U, {u,} € #(D,U,u),
then D, (u,v) < Climsup D, (u,,v) + (C—1)D,(u,u).

n—r—+oo
The pair (U, D)) is said to be partial JS-metric space.
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Remark 1.11. We have noticed that partial JS-metric space is not a generalization of general-

ized metric space (i.e. JS-metric space). See the following example.

Example 1.12. Let U = [0,1] and D : U x U — |0, 40| be a mapping defined by

4, if u,v € (0,1],
D(u,v) =
lu—v|,  otherwise.

Then (D1) and (D2) are obvious. For (D3), let (u,v) € U x U and {u,} € € (D,U,u), First we
prove that u = 0. Suppose if u > 0, then {u,} € € (D,U,u) implies HETOOD(M,,,M) = 0. Now as
u > 0, therefore, there exists ng € N such that u, = 0 for all n > ny.

Hence, for every n > ng, D(up,u) = |u, — u| = |u|, and since u > 0, therefore, we have that
nETwa"’ u) # 0, a contradiction. Thus, we have u = 0. Next, we prove (D3) by considering
the following cases:

Case 1: If v =0, then D(u,v) = 0 and therefore (D3) holds in this case.
Case 2: If v # 0, then D(u,v) = |0 —v| = |v| and

v, ifu,=0,

4, ifu, #0.

D(up,v) =

Therefore, D(u,v) < limsup D(u,,v), that is, (D3) holds in this case for C = 1.
n——+oo
Hence, (U, D) is a generalized metric space. But for u = % andv=0, D(u,u) =4 £ % =D(u,v).

Thus (U, D) is a not a partial JS-metric space.

Remark 1.13. Also, we have noticed that generalized metric space is itself an extension of b-
metric-like space (and hence an extension of metric space, b-metric space, partial metric space,

partial b-metric space and metric-like space).

Remark 1.14. Although, generalized metric space is an extension of b-metric-like space, but
the concepts of convergent sequence and Cauchy sequence in generalized metric space (see
Definition 1.9) do not reduce to the concepts of convergent sequence and Cauchy sequence in

b-metric-like space (see Definition 1.6).

On the other hand, in 2006, Mustafa and Sims [13] introduced the notion called G-metric

space as an alternative of D-metric space which was introduced by Dhage [14] in 1992. Some
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of basic concepts introduced by Dhage in [14] were proved inappropriate by Mustafa and Sims

[15], Naidu et al. [16,17]. The definition of G-metric space is as follows.

Definition 1.15. [13] Let U be a non-empty set and G : U x U x U — [0, +o0) be a function
satisfying:

(G1) G(u,v,w) =0ifu =v=w;

(G2) 0 < G(u,u,v) for all u,v € U, with u # v;

(G3) G(u,u,v) < G(u,v,w) for all u,v,w € U, with w # v;

(G4) G(u,v,w) = G(u,w,v) = G(v,w,u) = ...(symmetric in all three variables);

(G5) G(u,v,w) < G(u,a,a) + G(a,v,w) for all u,v,w,a € U, (rectangle inequality).

Then the mapping G is called a generalized metric or a G-metric on U, and the pair (U,G) is a

G-metric space.

More details on G-metric space and various fixed point results in G-metric space can be found
in [18-24].
In 2011, Zand and Nezhad [25] have introduced GP-metric space as a generalization of partial

metric space and G-metric space.

Definition 1.16. [25] Let U be a non-empty set. Let G: U x U x U — [0,+o0) be a function
such that the following conditions hold:

(Gpl) u=v=wif G(u,v,w) = G(u,u,u) = G(v,v,v) = G(w,w,w);

(G,2) G

(Gp3) G(u,v,w) = G(u,w,v) = G(v,w,u) = ...(symmetric in all three variables);
(Gp4) G

Then the function G is called a GP-metric on U, and the pair (U, G) is a GP-metric space.

(u,u,u) < G(u,u,v) < G(u,v,w) for all u,v,w € U,

(u,v,w) < G(u,a,a)+ G(a,v,w) — G(a,a,a) for all u,v,w,a € U.

Later on, in 2013, Parvaneh et al. [26] have noticed that GP-metric spaces are symmetric due
to (G,2). Thus, GP-metric spaces are not generalization of those G-metric spaces which are
nonsymmetric (for example, see Example 1 in [13]). In view of this, Parvaneh et al. [26] have

redefined GP-metric space by changing the inequality (G,2) as:

(Gp2") G(u,u,u) < G(u,u,v) < G(u,v,w) for all u,v,w € U with v # w.
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More on GP-metric spaces can be studied in [27-35]. Result in Proposition 2.10(2) in [33]
is proved for symmetric GP-metric space. We now prove that result in both symmetric and

nonsymmetric GP-metric space.

Proposition 1.17. Let (U,G) be a GP-metric space and {u,} be any sequence in U. Then the
following statements are equivalent:

(1) Um  G(up,tm,tty) =r < +oo.

n,m——+oo

(II)  lim  G(up,tm,u;) =r < +oo.

n,m,l——+oo
Proof. (II) implies (I) obviously. Now we prove that (I) implies (II). For given € > 0, there

exists ng € N, such that

(1) |G (up, U, ) — r| < € for all n,m > ny.

Define aset A = {(n,!) | n,l € N with u, # u;} and for each k € N, define
A =A{(n,0) | n,l € Nwithn,l > k}.

Now, if for every k € N, there exists infinitely many pairs (n,/) € Ay NA, then considering all

pairs (n,l) € AjNA and m € N, we have, using (G,4) and (G,2'),
Gy, upm,up) < Gty thyythy) + Gty g 117) — G (U, Uy, )
which implies
0 < G(upm,tn,u;) — Gty tty,uy) < Gty thyy ) — G(Uppyy Uy, Uy
Taking limit n,m,l — +eo with (n,l) € A} NA, on both sides, we have
0< n,m,l—>+oo1,i(lgz},l)eAmA) G(up,up,uy) —r <r—r=0.
Thus, there exists n6 > ng such that
|G (thy, 7)) — 1| < € for all m > ngy and (n,l) € Ay NA.
Also, for (n,1) €A,y —A and m > n;,, using (1),
|Gty un,u;) —r| < €.

Thus (I1) holds. O
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Also, in the same year, Aghajani et al. [36] (2013) initiated the concept of G,-metric space

by combining the concepts of G-metric spaces and b-metric space as:

Definition 1.18. [36] Let U be a non-empty set and s > 1 be areal number. Let G: U xU x U —
[0,+o0) be a function such that:

(Gpl) G(u,v,w) =0ifu=v=w;

(Gp2) 0 < G(u,u,v) for all u,v € U, with u # v,

(Gp3) G(u,u,v) < G(u,v,w) for all u,v,w € U, with w # v,

(Gp4) G(u,v,w) = G(u,w,v) = G(v,w,u) = ...(symmetric in all three variables);

(GpS) G(u,v,w) < s[G(u,a,a) + G(a,v,w)| for all u,v,w,a € U.

Then the function G is called a generalized b-metric or a G,-metric on U, and the pair (U,G)

is a generalized b-metric space or G,-metric space. Every G-metric space is a G,-metric space

with s = 1, but the converse is not true in general. See, the following example.

Example 1.19. [36] Let U = R be the set of real numbers. Define G: U x U X U — [0,+o0) as
1
G(u,v,w) = §(|u—v\ +v—w|+|w—ul)? forall u,v,weU.

Then G is a generalized b-metric on U.

After this, many researchers proved numerous interesting results in generalized-b metric
spaces (see, for detail, [37-48]). In [36], authors introduced the concept of G,-metric space.
In [49], Jain and Kaur have also used the name Gj,-metric space, but for another abstract space.

We now rename it as ‘generalized Gp,-metric space’ and is defined as:

Definition 1.20. [49] Let U be a non-empty set. Let G: U x U x U — [0,+<0) be a function
such that there exists a real s > 1 with the following conditions:

(gGpl) G(u,v,w) =0ifu=v=w;

(gGp2) 0 < G(u,u,v) for all u,v € U, with u # v;

(gGp3) G(u,u,v) < s G(u,v,w) for all u,v,w € U, with w # v;

(gGp4) G(u,v,w) = G(u,w,v) = G(v,w,u) = ...(symmetric in all three variables);

(gGp5) G(u,v,w) < s[G(u,a,a) + G(a,v,w)] for all u,v,w,a € U.

Then the function G is called a generalized Gj,-metric on U, and the pair (U, G) is a generalized
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Gp-metric space. Clearly, every generalized b-metric space is a generalized G,-metric space,

but converse is not true, see the following example:

Example 1.21. Define a mapping G: R x R x R — [0,4o0) as :
G(u,v,w) = lu—v|> +v—w> +|w—ul?, forall u,v,w € R.

Then (R, G) is a generalized Gp,-metric space with s =2, but (R, G) is not a generalized b-metric
space. For this, Letu = 1, v=3, w =2, then G(u,v,w) = |1 = 3|+ |3 2| +|2— 1> =6 and
G(u,v,v) = 2|1 —3|> = 8. Thus, G(u,v,v) £ G(u,v,w), i.e., (Gy3) does not hold.

Now, inspired by the work of Jleli and Samet [10], we define a generalization of G-metric

space as in the following section.

2. G*-METRIC SPACE

Definition 2.1. Let U be a set having at least one element and let G: U x U x U — [0, 40| be
a mapping. We say that G is a G*-metric on U if there exists & > 0 such that for all u,v,w € U,

the following conditions holds:

(Ggl) G(u,v,w) =0 implies u = v =w;
(Gg2) G(u,v,w)=G(u,w,v) = G(v,w,u) = ...(symmetric in its variables);

(Gg3) if {un} € Cy(G,u), then G(u,v,w) < « (limsqu(umv, w) +G(u,u,u)) ,

n——4-oo

where Cy(G,u) = {{un} cU| 1i_>rr5_ G(up,um,u) = G(u,u,u) < +°°}.
In this case, we call the pair (U, G) a G*-metric space with constant o.

Remark 2.2. Every generalized G,-metric space is a G*-metric space. Consider a generalized

Gp-metric space (U, G). Then (Ggl) and (Gg2) are obvious. For (Gg3), let (u,v,w) € U x U X
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U and {u,} € Cy(G,u), then by (gG,5),
G(u,v,w) < s(G(u,up,uy)+ G(up,v,w))

< s (hmsup G(u,uy,up) +limsup G(up, v, w))

n——+oo n—r—+o0

< s <G(u, u,u) +limsup G(up, v, w))

n——+oo

= 5 <limsup G(up,v,w) + G(um,u)) ,

n—r+oo

that is, (Gg3) holds for @ = s. Thus, (U, G) is a G*-metric space.

Remark 2.3. Every GP-metric space is a G*-metric space. Consider a GP-metric space (U, G).
Then (Gg2) is obvious and (Gg3) is easy to check. For (Ggl), let (u,v,w) € U x U x U such
that G(u,v,w) = 0. Suppose that v # w, then by (G,2’), we have

G(u,u,u) < G(u,u,v) < G(u,v,w) =0.
Also, then by (G,4), we have
G(v,v,w) < G(v,u,u) + G(u,v,w) — G(u,u,u) =0+0—0=0.
So, again by (G,2'), we have
G(v,v,v) < G(v,v,w) =0.

Similarly, we can prove that G(w,w,w) = 0. Thus, G(u,v,w) = G(u,u,u) = G(v,v,v) =

G(w,w,w) = 0, therefore, by (G,1), we have u = v = w. Thus, (U, G) is a G*-metric space.

Remark 2.4. We see the following implication diagram.

G-metric space = GP-metric space = G*-metric space

4

generalized b-metric space

4

generalized Gp-metric space = G™*-metric space

Now, some examples are presented here, which assures that G*-metric space generalizes the

generalized Gj-metric space and GP-metric space.
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Example 2.5. Let U = [0,1] and G: U x U x U — [0, +oo] be a mapping defined by

o0, if atleast one of u,v,wis 1.
G(u,v,w) = 2, if u,v,we (%,1),
lu—v|+v—w|+|w—ul, otherwise.

Then (Ggl) and (Gg2) are obvious. For (Gg3), let (u,v,w) € U x U x U and {u, } € Cy(G,u).
Then

(2) im  G(uy,upm,u) = G(u,u,u) < +oo.

n,m—r—+oo

Clearly u # 1. Consider the following cases:

Case I: If v =1 or w = 1, then (Gg3) holds obviously.

Case II: If v # 1 and w # 1, then consider further two subcases.

Subcase 1: If u € [0, 5], then by (2), lim G(uy,up,u) =0, i.e., lim |u, —u| = 0, therefore,
n——4o0 n—r—+oo

{un} is any sequence in U such that u,, — u in usual sense.

Also, G(u,v,w) = lu—v|+|v—w|+|w—u| and

oo, i, =1,
G (U, v, w) = 2, if u, € (3,1),
ltp — V]| + [v—w|+ |w—up|, ifu, €[0,5].

n—s+o0

Thus G(u,v,w) < « (limsqu(un,v,w) —|—G(u,u,u)> for oo = 1.
1), then by (2), 1_1>rJIr1 G(uy,up,u) = 2, therefore, {u,} is any sequence in

Subcase 2: If u € (3,
U such that u,, € (%, 1) for all n > ng, for some natural ny. Now
2, ifv,we (3,1),

G(u,v,w) =
lu—v|+|v—w|+|w—ul, otherwise.

Thus G(u,v,w) < « (limsqu(un,v,w) +G(u,u,u)) for a = 1.
n—+oo

Hence, (U,G) is a G*-metric space. But (U,G) is not a generalized G,-metric space as

G(0.9,0.9,0.9) =2 #0. Also, (U, G) is not a GP-metric space as foru =0.6, v=0.7, w= 0.8,

G(u,v,w) = G(u,u,u) = G(v,v,v) = G(w,w,w) =2, but u # v # w, i.e., (G,1) does not hold.
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Example 2.6. LetV = {1 | n € N} and U =V U{0}. Let G: U x U x U — [0, +o0] be a mapping
defined such that G satisfies (Gg2) and

u+v+w, if atleast one of u,v,w is 0; or
G(u,v,w) = ifu:%,v:nim,w:#l, where n,m,l > 5;
5, otherwise.

Then (Ggl) is obvious. For (Gg3), let (u,v,w) € U x U x U and {u, } € Cy(G,u). Then

3) lim  G(up,upm,u) = G(u,u,u) < +oo.

n,m——+oo

Case I: If u=0, then by (3), hm G(un, up,u) =0, ie., lirJIrl u, = 0 (in usual sense). Thus,
n—r—+oo

G(u,v,w) = v+w

< lim (u,+v+w)or5
n——+oo

= limsupG(uy,,v,w)
n—y+oo

= limsupG(uy,,v,w) + G(u,u,u).

n——+oo
CaseII: If u = %, for some k € N, then by (3), LHE G(up,up,u) = G(u,u,u) =35.
Thus, u, € {k—ij | j=—4,-3,-2, 1,0,1,2,3,4} for all n € N with t —uil < 4 for all

m,l € N. Also, clearly G(u,v,w) < « (limsqu(un,v,w) +G(u,u,u)) fora = 1.

n——+oo
Then, (U,G) is a G*-metric space. But (U,G) is not a generalized G,-metric space as
G(0.5,0.5,0.5) =5 # 0. Also, (U,G) is not a GP-metric space as for u = % and v = %,

G(u,u,u) =5 % 2 = G(u,u,v), i.e., (G»2') does not hold.

Remark 2.7. In Example 2.6, (U,G) is a nonsymmetric G*-metric space, as G(z,

and G(%,%,%) =35.

2.1. Some Basic Concepts. Some basic concepts in the context of G*-metric space have been

presented in this section.

Definition 2.8. Let (U, G) be a G*-metric space. Let {u,} be a sequence in U. If there exists u €

U such that {u,} € Cy(G,u), that is, 1i_>n}r G(up,um,u) = G(u,u,u) < +oo, then we say that
n,m oo
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sequence {u, } is G*-convergent and G*-converges to u. Denote this by hT Up = U O Uy, —> U.
n—r—o0

Also, in this case, we say u is a limit of sequence {uy, }.

Proposition 2.9. Let (U,G) be a G*-metric space and {u,} be a sequence in U such that
{un} € Cu(G,u) for some u € U, then
(1) nngG(u"’u"’u) = G(u,u,u);

(1) limsup G (up, u,u) <20G(u,u,u).

n—y—4-o0

Proof. (I) is obvious. Now for (II), for each n € N using (Gg3), we have

G(u,up,u) < oclimsup G(up, up,u) + G (u,u,u).
m—»+-oo

Taking limit supremum n — 4o on both sides, we have

limsup G(u,u,,u) < olimsup (limsqu(um,un,u)) +aG(u,u,u)

n—-o0 n—r4-o0 m—r—+oo

= a lim G(up,uy,u)+ aG(u,u,u)
n,m——+oo

= aG(u,u,u)+aG(u,u,u)

= 20G(u,u,u).
Hence (I1) holds. O

Proposition 2.10. Let (U,G) be a G*-metric space and {u,} be a sequence in U such that

up — u implies G(u,u,u) = 0. Then sequence {u,} have a unique limit in U.
Proof. Suppose u, — v. Since v,u € U, therefore, by (Gg3),

G(v,u,u) < olimsupG(up,u,u)+aG(v,vv)
n——+-oo0
< 20%G(u,u,u) + oaG(v,v,v)
= 04+0=0.
Thus G(v,u,u) =0, i.e.,v=u. O

Now, some new concepts in G*-metric spaces are:
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Definition 2.11. Let (U, G) be a G*-metric space. Let {u,} be a sequence in U. Then we say

that {u, } is:
(i) G*-Cauchy sequence if there exists a real r such that for each € > 0 there
exists ng € N such that |G(up, uy,u;) —r| < € for all n,m,l > ny.

Denote this by  lim  G(up,uy,u;) =r.
n,m,l——+oco

(ii) G"-Cauchy-1 sequence if there exists a real r such that for each € > 0 there
exists ng € N such that |G (up, uptm,ty;) —r| < € forall nym,l > ny.

Denote this by — lim  G(up,Upim,lpi;) =T
n,m,l—+oo

(iii) G*-Cauchy-2 sequence if there exists a real r such that for each € > 0 there
exists ny € N such that |G(uy, ty, 1) —r| < € for all n,m,l > ny with m > n.

Denote this by lim Gy, Uy, Uy i) =T
nm(>n),l—-+oo

(iv) G*-Cauchy-3 sequence if there exists a real r such that for each € > 0 there
exists ng € N such that |G (up, Upsm, Unsmr1) — 1| < € for all n,m,1 > ny.

Denote this by  lim  G(up, Uy Upimil) =1
n,m,l——+oco

From the above definition, the next proposition directly follows.
Proposition 2.12. In a G*-metric space,
I) Every G*-Cauchy sequence is a G*-Cauchy-1 sequence.
II) Every G*-Cauchy sequence is a G*-Cauchy-2 sequence.

(
(
(III) Every G*-Cauchy-1 sequence is a G*-Cauchy-3 sequence.
(IV) Every G*-Cauchy-2 sequence is a G*-Cauchy-3 sequence.
(

V) Every G*-Cauchy sequence is a G*-Cauchy-3 sequence.

Also, it is noted that the reverse implication in all () to (V') of the above proposition doesn’t

hold good in general. Consider the following examples.

1

Example 2.13. Consider G*-metric space as in Example in 2.6. Sequence {u,}, u, = ;,, n € N,

is a G*-Cauchy-1 sequence, but not a G*-Cauchy sequence.
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Example 2.14. Let V = {1 |ne N} and U =V U{0}. Let G: U x U x U — [0,+] be a
mapping defined such that G satisfies (Gg2) and

u+v-+w, if atleast one of u,v,w is 0; or
G(u,v,w) = ifu= %,v = %,w = m%rl’ where n,m,l > 5 with m > n;
5, otherwise.

Then (U,G) will be a G*-metric space. Here, the sequence {u,}, u, = 1, n € N, is a G*-

n

Cauchy-2 sequence, but not a G*-Cauchy sequence.

Example 2.15. Let V = {1 |neN} and U =V U{0}. Let G: U x U x U — [0,+0] be a
mapping defined such that G satisfies (Gg2) and

u+v—+w, if atleast one of u,v,w is 0; or
G(u,v,w) = ifu:%,v:nim,w:nHLH,wheren,m,lZS;
5, otherwise.

Then (U,G) will be a G*-metric space. Here, the sequence {u,}, u, = 1, n € N, is a G*-

n

Cauchy-3 sequence, but not a G*-Cauchy-1 sequence and not a G*-Cauchy-2 sequence.
We also notice another interesting fact in G*-metric space as in the following remark.

Remark 2.16. In a G*-metric space, a G*-convergent sequence need not be a G*-Cauchy se-

1

quence. For example, in Example 2.6, sequence {u,}, u, = », n € N, is a G*-convergent

n,m——-oo n m n,m—+oo \ 1 m

11 I 1
sequence and G*-converges to 0 as lim G (—, —,O) = lim <— +— —|—O> =0=
G(0,0,0), but {u,} is a not G*-Cauchy sequence as

L4t ifn>Sm>n+50>n+5;
Gttty 1) =
5, otherwise;

implies that lim  G(uy,up,u;) does not exist.
n,m,l——+oco

Now, another important remark as follows.

Remark 2.17. From elementary concepts in generalized Gj,-metric space, one can prove
that concepts G*-Cauchy sequence, G*-Cauchy-1 sequence, G*-Cauchy-2 sequence and G*-

Cauchy-3 sequence are equivalent in generalized G,-metric space.
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Now, we define some more new concepts as.
Definition 2.18. Let (U, G) be a G*-metric space. Then we say that (U, G) is:

(i) G*-complete if every G*-Cauchy sequence {uy,} in U is G*-convergent to

someucUand lim  G(up,up,u;) = Gu,u,u) = Um G(uy,uy,u).
n,m,l——+oo n,m——+oo

(if) G*-complete-1if every G*-Cauchy-1 sequence {u,} in U is G*-convergent to
someu €U and 1im  G(up,Upsm,un+;) = Gu,u,u) = lim  G(up, tp,u).
n,m,l——+oo n,m—$ o0
(iii) G*-complete-2 if every G*-Cauchy-2 sequence {uy,} in U is G*-convergent to
some u € U and lim G(up, um ttyyy) = Gluyu,u) = lim  G(uy, up, u).
nm(>n),l—oo n,m—s o0

(iv) G*-complete-3 if every G*-Cauchy-3 sequence {u,} in U is G*-convergent to

someu €U and lim  Gup,Upim,Upimer) = Gu,u,u) = lim  G(uy,up,u).
n,m,l——+oo n,m——+oo

Definition 2.19. Let (U, G) be a G*-metric space, M : U — U a given mapping and k € (0,1).

Then M is a k-contraction in (U, G) if
G(Mu,Mv,Mw) < kG(u,v,w) for every (u,v,w) € U xU x U.

Definition 2.20. Let (U,G) be a G*-metric space and M : U — U a given mapping, then for

each u € U, we define
6(G,M,u) = sup{G(M" (u),M(u),M"(u)) : p,q,r € N}.

3. FIXED POINT RESULTS IN G*-METRIC SPACE

In this section, some fixed point theorems in G*-metric spaces have been proved. Now, the

first result of this section is as follows.

Theorem 3.1. Let (U,G) be a G*-complete metric space and M : U — U a k-contraction
mapping for some k € (0,1). Also, let there exists uy € U such that 6(G,M,ug) < +oo, then M
has a fixed point (say 6) and if M(0') = 0" with G(6,0,0") < +oo, then 8’ = 6.
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Proof. Let n € N. Since M is a k-contraction, therefore, for all p,qg,r € N,
G(M"™P (ug), M™ 4 (o), M™ " (ug)) < kG(Mn—H—p(uO)7Mn—1+q(u0)’Mn—H—r(uo)),
taking supremum over all p,q,r € N on both sides, we have
0(G,M,M" (up)) < k5(G,M,M”_1(u0)).
and thus a simple induction gives that
O(G,M,M"(uy)) <k"6(G,M,uy).
Now for all n,m,l € N, with n <m <[, we have
G(M"  (ug), M™ (ug), M (ug)) < 8(G, M, M" (up)) < K"8(G, M, u).
Since 6(G,M,up) < +oo and k € (0, 1), therefore,
L G(M" ! (u),M™* (ug), M (ug)) = 0.

Hence, {M"(up)} is a G*-Cauchy sequence in (U,G), but (U, G) is G*-complete metric space,

therefore there exists 6 € U such that M"(up) — 6 and

4 lim G(M"(ug),M™(up),0) =G(6,60,0)= lim G(M"(uo),M™ (uo), M (ug)) =0.

n,m—r~-o0 n,m,l——+co

Now as M is a k-contraction, therefore,
5) G(M(6),M(6),M(0)) <kG(6,60,0)=0.
Again as M is a k-contraction, therefore, for all n,m,l € N, we have
G(M" (uo), M" " (o), M(8)) < kG(M" (ug),M" (u), 6).
Taking limit n,m — +o0 and using (4) and (5), we get
Jim GM™ (), 1™+ (o). M(6)) = 0 = G(M(6).M(6). M(6))
which implies that M" (ug) — M(6). Thus in view of Proposition 2.10, M(60) = 0, that is, 0 is

a fixed point of M.
Now, suppose that 8’ € U such that M(6") = 6" and G(6,0,60") < +oo, then

G(0,60,0')=G(MO,M0,M8") < kG(6,0,0),
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and since G(6,0,0’) < +o0 and k € (0,1), therefore, G(0,6,60) = 0 which implies that 6 =
0. U

Now, we present the next fixed point result.

Theorem 3.2. Let (U,G) be a G*-complete metric space with constant ot and M : U — U be a

mapping such that
(T1) G(Mu,Mv,Mw) < Bmax{G(u,v,w), G(u,Mu,Mu), G(v,Mv,Mv),
G(w,Mw,Mw), G(u,Mv,Mv), G(v,Mw,Mw), G(w,Mu,Mu)}
for every (u,v,w) € U xU x U, and for some B € [0,1) with aff < 1;

(T2) and there exists ug € U such that §(G,M,up) < —+oo;
then sequence {M"(uy)} G*-converges to some 6 € U. Also, if

(6) limsup G(M" (uo),M(8),M(8)) < oo,

n—y+oo
then 0 is a fixed point of M. Further, if 6" be another fixed point of M with G(6,0,0") <
+o0, G(6,0,0") < +o0, and G(6',6',0") < 4o, then 6 = 6.

Proof. Letn € N. By (T'1), for all p,q,r € N,
G(M™"P (ug), M" ™ (ug), M"*" (uo))
< Bmax{G(M" P (uo), M" "4 (ug), M" ™" (ug)), G(M" 1P (uo), M" P (uo), M" P (o)),
G(M"™ (), M (ug), M (1g) ), G(M™ " (o), M™™ (), " ()
G(M" P (ug), M (g), M" (uo)), G(M"™ "+ (ug), M"*" (ug), M" " (up) ),
G(M"™ " (ug),M" P (ug), M" P (uo)) },
which implies that
8(G, M, M" (1)) < BS(G,M,M" " (u)).
Thus a simple induction gives that

§(G,M,M" (o)) < B"8(G, M, up).
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Now for all n,m,l € N, withn < m < [, we have
G(M" (o), M™ (1), M (up)) < 8(G, M, M"(up)) < B"8(G, M, up).
Since 6(G,M,uy) < +eo and 8 € [0, 1), therefore,

lim  G(M" (ug), M™ (ug), M+ (up)) = 0.

n,m,l——+oo

Hence, {M"(up)} is a G*-Cauchy sequence in (U, G), but (U, G) is a G*-complete metric space,

therefore there exists 6 € U such that M"(ugp) — 6 and

D lim G(M"(ug),M™(u9),0) = G(6,0,8) = lim  G(M" (o), M" (ug), M (ug)) = 0.

n,m—r—+oo n,m,l— oo

Also, by Proposition 2.9,

(8) limsup G(M" (uy),0,0) <2aG(6,6,0) =0.

n— oo

Now, using (7'1), we have

G(MH(M0)>M(0)’M(G)) < ﬁmaX{G(Mn_l(uo),e,e), G(Mn_l(u0)7Mn(”0)7Mn(M0))7

G(6,M(0),M(6)), G(M"" (ug),M(6),M(8)), G(6,M" (o), M" (ug))}.
Taking limit supremum over all n on both sides and using (8), (7) and (6), we have

) limsup G(M" (uo), M (6),M(0)) <BG(6,M(6),M(6)).

n—y+oo

Now by (Gg3), (9) and (7), we have

(10) G(O,M(0),M(0)) < alimsupG(M"(uy),M(0),M(6))+aG(6,6,0)

n— oo

< aBG(6,M(6),M(6)).

Since aff < 1 and G(6,M(6),M(6)) < 4o (in view of (10) and (6)), therefore,
G(6,M(6),M(0)) =0, which gives M(6) = 6.
Let 6’ be another fixed point of M with G(0,60,0') < +oo, G(6,0,0") < +oo, and
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G(6',0',0') < +o0. Now,
G(6',6',8") = GM(0"),M(6"),M(6"))
< Bmax{G(0',0',0"), G(6',M(0"),M(0")),G(6',M(6"),M(6"))}
= BG(6',0',8),
as B €[0,1) and G(8’,6',0") < oo, therefore, G(6',0’,0") = 0. Now,

G(6,6,0")

= G(M(6),M(68),M(0))

< Bmax{G(6,6,6"), G(6,M(6),M(6)), G(6',M(6"),M(6")),
G(6,M(6'),M(6")), G(6",M(6),M(6))}

= Bmax{G(6,0,0'), G(6,6,0), G(6',6',6"), G(6,6',0"), G(6',6,0)}

= Bmax{G(0,0,60"), G(6,6',6)}.
Similarly, G(6,6’,0") < Bmax{G(6,0,0"), G(6,6’,0")}, therefore,
max{G(0,6,60"), G(0,0",0")} < Bmax{G(6,0,0"), G(6,0’,6")}.

Now, as B €[0,1), G(0,60,0") < 4o, and G(0,0’,0") < +oo, therefore,
max{G(6,0,60"), G(6,6,0")} =0, which gives that 6 = 6’. 0O

Now, by omitting the conditions limsup G(M" (uo),M(0),M(0)) < 4+ and G(6,0’,0') <
n—y4-oo
+oco, in the previous result and with a similar proof, we have the following result.

Theorem 3.3. Let (U, G) be a complete G*-metric space with constant & and M : U — U be a

mapping such that

(T3) G(Mu,Mv,Mw)
< Bmax{G(u,v,w), G(u,Mu,Mu), G(v,Mv,Mv), G(w,Mw,Mw)}
for every (u,v,w) € U xU x U, and for some B € [0,1) with aff < 1;

(T4) and there exists ug € U such that §(G,M,ugy) < oo
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then sequence {M"(ug)} G*-converges to some 6 € U. If G(0,M(0),M(0)) < oo, then 0
is a fixed point of M. Further, if 0' be another fixed point of M with G(6,0,0") < 4o and
G(0',6',0") < +oo, then 6 = 6.

4. CONSEQUENCES IN GENERALIZED Gj,-METRIC SPACE
4.1. Lemmas. Before we deduce the consequences (in generalized G,-metric space) of results

of previous section, we state and prove the following results in generalized Gj-metric space.

Lemma 4.1. Let (U,G) be a generalized Gy-metric space and M : U — U be a k-contraction

in (U,G), then for eachu € U, 8(G,M,u) < +co.
Proof. Define a sequence {u, } in U by u,, = M"(u) for each n € N. Now, as M is a k-contraction,
therefore,

G(“n»“n+laun+l) < kG(unfhun,un)-
Thus, using the inequality at the end of the proof of Lemma 2 in [49] , we have for every
q,r €N, withg > r,

Gl M) MK Gla M), M ()
1 -k - 1 -k ’

an  G(M"(u),M(u),M?(u)) <

where 1 = Z s < 4-o0. Also, for every p,q € N, with p > g,

n=1

< 25G(u,M(u),M(u))u

(12) G(M(u),M9(u),MP(u)) <2sG(M9(u),MP (u),MP (u)) < [k

Now, using (11) and (12), for p,q,r € N, with p > g > r,

G(MP (u), M (u),M"(u)) < sG(MP(u),M?(u), M (u)) +5G(M (u), M (), M (1))

252G (u, M (u),M(u))t ~ sG(u,M(u),M(u))u
- 1—k 1—k ’

that is,

(252 + )G (u, M (1), M (1)) .
1k '

(13) G(MP (u), M (u), M’ (u)) <



22 KAPIL JAIN, JATINDERDEEP KAUR, SATVINDER SINGH BHATIA

Thus, we get
6(G,Mu) = sup{G(MP(u),M(u),M"(u)) : p,q,r € N}

= sup{G(M”(u), M7 (u),M" () : p=>q=>r}

. (zsz+s>Gl<i,lz<wu,Mu>u e

O

Lemma 4.2. Let (U,G) be a generalized Gy-metric space and M : U — U be a mapping such

that there exists some k € [0, 1) and for every (u,v,w) € U xU x U,
(14) G(Mu,Mv,Mw) < kmax{G(u,v,w), G(u,Mu,Mu), G(v,Mv,Mv), G(w,Mw,Mw)}.
Then for eachu € U, §(G,M,u) < +oo.
Proof. Define a sequence {u,} in U by u, = M"(u). Then, for each n € N,
G(un, tpt1,uni1) < kmax{G(un—1,p, un), G(un,tps1,uni1)} = kG(Un-1,Un, Un).
Now, rest of the proof is similar as the proof in Lemma 4.1. 0

Lemma 4.3. Let (U, G) be a generalized G,-metric space and M : U — U be a mapping such

that there exists some k € [0, 5. ) and for every (u,v,w) € U x U x U,

G(Mu,Mv,Mw) < kmax{G(u,v,w), G(u,Mu,Mu), G(v,Mv,Mv), G(w,Mw,Mw),

G(u,Mv,Mv), G(v,Mw,Mw), G(w,Mu,Mu)}.
Then for eachu € U, §(G,M,u) < +oo.
Proof. Define a sequence {u,} in U by u, = M"(u). Then for each n € N,
G(up,upi1,upr1) < kmax{G(up_1,un,utn),G(tty,tns1,Uns1),G(Up—_1,Unt1,Uni1)}-
= kmax{G(un—1,Un, Un), G(Un—1,Un+1,Up+1)}.
If max{G(up—1,un,un),G(Un—1,Un+1,un+1)} = G(up_1,uy,uy), then

G(unvun+laun+l) < kG(unflaunvun)
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If maX{G(unflaunaun)aG(un717”n+17un+l)} = G(unflvun+laun+l)a then
G(utn, unt1,uns1) < kG(Un—1,Uns1,Uni1) < ks(G(un—1,Un,tn) + G(Un, tnt1,Unt1))

which implies that

ks
G(unaun+lyun+l> < G(”nflaunaun)-
1 —ks
Now, as k € [0, zls)v so rest of the proof is similar as proof in Lemma 4.1. O

4.2. Consequences. Now, due to Lemma 4.1, the following result is a consequence of Theo-

rem 3.1.

Corollary 4.4. (Theorem 3, [49]) Let (U,G) be a complete generalized G,-metric space with
s>1land M :U — U a k-contraction mapping for some k € (0,1). Then M has a unique fixed

point.

Next, we provide an example for which the hypothesis of Theorem 3.1 holds, but not of

Corollary 4.4.

Example 4.5. Consider a G*-metric space as in Example 2.5, which is a G*-complete metric
space. Now, define a mapping M : U — U by

1, ifu=1I,

5, ifue0,1).

M(u) =

Then M is a k-contraction for any k € (%, 1). Also for up € [0,1), §(G,M,up) < +oo, therefore,
the hypothesis of Theorem 3.1 are satisfied. Further, we see that sequence M" (ug) = 55 — 0,

and 0 is a fixed point of M. Also, M has another fixed point namely 1, but then G(0,0, 1) = +oo.
Now, in view of Lemma 4.3, the following result is a consequence of Theorem 3.2.

Corollary 4.6. Let (U, G) be a complete generalized G,-metric space withs > 1 and M :U — U

be a mapping such that there exists some 3 € [0, %) and for every (u,v,w) € U x U x U,
G(Mu,Mv,Mw) < Bmax{G(u,v,w), G(u,Mu,Mu), G(v,Mv,Mv), G(w,Mw,Mw),
G(u,Mv,Mv), G(v,Mw,Mw), G(w,Mu,Mu)}.

Then M has a unique fixed point.
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The following example is such that the hypothesis of Theorem 3.2 are satisfied, but not of

Theorem 3.1 and not of Corollary 4.6.

Example 4.7. Consider a G*-metric space as in Example 2.5, which is a G*-complete metric

space with constant & = 1. Now, define a mapping M : U — U by

M) 1, ifuzlor%,
u) =
3 otherwise.

Then M is not a k-contraction as foru =v=w = %, G(Mu,Mv,Mw) = +oc0 £ 0 = kG(u,v,w)
for any k € [0,1). Thus, hypothesis of Theorem 3.1 are not satisfied. But we can check that
(T'1) is satisfied for any f8 € (%,%) Also, for ug € [0,1) — {3}, 8(G,M,ug) < +oo, therefore,
hypothesis of Theorem 3.2 are satisfied. Further, we see that sequence M"(ug) = 33 — 0, and 0
is a fixed point of M. Also, M has another fixed point namely 1, but then G(0,0,1) = 40 and
G(1,1,1) = +oo.

Also, the following result (in generalized Gp-metric space) is a consequence of Theorem 3.3

by Lemma 4.2.

Corollary 4.8. Let (U, G) be a complete generalized G,-metric space withs > 1 and M :U — U

be a mapping such that there exist some 3 € |0, %) and for every (u,v,w) € U x U x U,
G(Mu,Mv,Mw) < Bmax{G(u,v,w), G(u,Mu,Mu), G(v,Mv,Mv), G(w,Mw,Mw)}.
Then M has a unique fixed point.

CONCLUSION

In the present article, a generalization of generalized Gj-metric space and GP-metric space
has been investigated and named as G*-metric space. Some basic concepts are extended in
newly defined space. Also, some new types of Cauchy’s sequence are defined. But, in the
context of generalized Gj-metric space, all types coincide with usual Cauchy’s sequence. New
concepts can be of interest to many researchers in this field. We have proved some fixed point
results in G*-metric space which generalized the various results of generalized Gj,-metric space

in the literature.
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