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Abstract. Let G(V, E) be a simple, connected (p, g)-graph. A d-local antimagic labelling is a bijection f : E(G) —
{1,2,3,4,...q} such that for any two adjacent vertices, v; and vo, w(v) # w(v2) where w(v;) = ZeeEm)f(e) -
deg(v;),and E(v;) is the set of edges incident to v; for i = 1,2,..., p. Any d-local antimagic labelling induces a
proper vertex coloring of G where the vertex, v; is assigned the color w(v;) for i = 1,2,... p and this coloring is
called d-local antimagic coloring of G. The minimum number of colors required to color the vertices in a d-local
antimagic coloring of G is called the d-local antimagic chromatic number of G and it is denoted as ¥;,(G). In this
paper, we study the d-local antimagic vertex coloring of paths, cycles, star graphs, complete bipartite graphs and
some graph operations such as the subdivision of each edge of a graph by a vertex and determine the exact value
of the parameter, d-local antimagic chromatic number for these graphs.

Keywords: antimagic labelling; local antimagic labelling; local antimagic chromatic number; d-local antimagic
labelling; d-local antimagic chromatic number.
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1. INTRODUCTION

. By a graph, we mean a finite undirected graph without loops or parallel edges. A coloring of a
graph G is an assignment of colors to the vertices of G such that adjacent vertices have distinct
colors. We can represent the colors by natural numbers so that the function w : V(G) — N is
a vertex coloring of a graph G and w(v) denote the color of a vertex v. If any two adjacent
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vertices v; and vy, w(vy) # w(v2) then w is called a proper vertex coloring of G. Topics related
to coloring of graphs has been studied by many researchers and Suresh Kumar [5] presented a
survey of various graph colorings and related parameters.

. Hartsfield and Ringel [4] introduced the concept of antimagic labeling of a graph. Let G =
(V,E) be a graph and let F : E — {1,2,...|E|} be a bijection. For each vertex u of G, let the
weight of the vertex, u is w(u) = Y.oep(u) f(€), where E(u) is the set of edges incident to u. If
w(u) # w(v) for any two distinct vertices u and v of G, then, f is called an antimagic labeling
of G. A graph G is called antimagic if G has an antimagic labeling.

. Arumugam et al.[1] defined a local antimagic labelling as a bijection f: E(G) — {1,2,3,...q}
such that for any two adjacent vertices u and v, w(u) # w(v). Thus, any local antimagic labeling
induces a proper vertex coloring of G, where the vertex v is assigned the color w(v). We define
this coloring as local antimagic coloring of G. The local antimagic chromatic number );,(G))is
defined as the minimum number of colors taken over all local antimagic colorings of G. We use

the following results about this parameter in the sequel

Theorem 1.1. [1] For any tree T with [ leaves, X1,(T) > 1+ 1
Theorem 1.2. [1]| For the path graph, P, withn >3, x1,(P,) = 3.
Theorem 1.3. [1] For the cycle graph, C, , X14(Cy) = 3.
Theorem 1.4. [1] For the complete bipartite graph G = K ,

2 if nis even, and n > 4
Xia(Ka2) =
3 if nis odd Or n=2

. In this paper, we investigate a variation of local antimagic coloring, namely d-local antimagic
vertex coloring, which takes the degrees of the vertices also into consideration. We also de-
termine the d-local antimagic chromatic number of some special classes of graphs such as star
graphs, path graphs, cycle graphs, complete bipartite graphs and some graph operations such as
subdivision of each edge of a graph by one or two vertex each. For the terms and notations not

mentioned here, reader may refer Harary [3].

2. MAIN RESULTS

We begin with the definition of local antimagic coloring of a graph.
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Definition 2.1. [1]

A local antimagic labelling is a bijection f : E(G) — {1,2,....... |E(G)|} such that for any
two adjacent vertices v and v, w(vy) # w(v2) where w(vi) = Yocp(,) f(€) and E(v;) is the
set of edges incident to v; for i = 1,2,... p. Thus, a local antimagic labelling induces a proper
vertex coloring of G where the vertex,v; is assigned the color w(v;). This coloring is called a
local antimagic coloring of G. The minimum number of colors required to color the vertices in
a local antimagic coloring of a graph, G is called the local antimagic chromatic number of G
and it is denoted as );,(G). Taking the vertex degrees also into consideration, we define a new

coloring and an associated graph parameter.
Definition 2.2.

A d-local antimagic labelling is a bijection f : E(G) — {1,2,....|E(G)|} such that for any
two adjacent vertices vy and v, w(vy) # w(v2) where w(v;) = Yocp(,) f(e) — deg(vi) and E(v;)
is the set of edges incident to v; for i = 1,2,..., p. Thus any d-local antimagic labelling induces
a proper vertex coloring of G, where the vertex v; is assigned the color w(v;). We define this col-
oring as d-local antimagic coloring of G. The minimum number of colors required to color the
vertices in a d-local antimagic coloring of a graph, G is called the d-local antimagic chromatic

number of G and it is denoted as ¥,;,(G).
Lemma 2.3. For any graph G, X41,(G) > X14(G)

Proof: If G is local antimagic colourable, y;, (G) is the minimum number of colors such that
w(v1) # w(v2) whenever v; and V; are adjacent where w(w1) = Y.ocg(y,) f(€). If G is d-local an-
timagic colourable,);,(G) is the minimum number of colors such thatw(v;) # w(v,) whenever
v1 and v, are adjacent where w(vi) = Y.ocp(v;) f(€) — deg(v;). It is enough to prove that if G is d-
local antimagic colourable with k colors, then G is local antimagic colourable also with & colors.
That is, for any adjacent vertices, vi,v2 of G. Yocp(y,) f(e) —deg(vi) # Yeck(v,) f(e) —deg(v2)
= Yeck(w)f(€) # YecE(v,) f(e). Let vy and v, are adjacent vertices of G. We will consider
two cases.

Case.l: deg(vi) = deg (v2), w(vi) # w(v2) = Xeck(n)f(€) —deg(vi) # Leck,) f(€)
. which implies Y,cg () f(€) # Yeck(,) f(€) - So, G is local antimagic colourable and

%dla(G) > Xla(G)
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Case2. deg(vi) # deg (v2) w(vi) # w(v2) implies that Y.cg(,)f(e) — deg(vi) #
Y.ecE(v,) f(e) —deg(v2) which further implies that ¥ocp(,,)(f(e) — 1) # Lecr ) (fle) — 1).
Since f(e) is a bijection, f'(¢) = f(e) — 1 is a bijection from E(G) — {0,1...q— 1} and ,
Yecr(v) S (€) # Leck(vy) f'(e). Hence, G is local antimagic colourable and 244(G) > X14(G)

Theorem 2.4. For any graph G,Xu1.(G) > X1a(G) > x(G), where x(G) is the usual vertex

chromatic number of G

Proof: The lower bound immediately follows from the fact that where ) (G) is the minimum
number of colors in any vertex coloring of G and J,(G) is the minimum number of colors in
a vertex coloring of G induced by a local antimagic coloring of G. The upper bound follows

from Lemma 2.3.
Theorem 2.5. x;,(K;,) =n+1forn>3

Proof: Let v be the apex vertex and vy,v2,...v, are the pendent vertices of Kj ,. Define a
function f : E(K; ,) — {1,2,3,...,n} as follows: f(e; =vv;) =1i,if 1 <i<n. The range of f
is {1,2,3,...,n} which is same as the co-domain. For any two distinct edges,e;,e; € E(G) and
el # ey = f(e1) # f(e2). Hence, f is a bijection.

w(vi) = Yecr () f(e) —deg(vi) =i—1forl <i<n,andw(v)= n(”—zﬂ) —n= n("z_l).

So, f is a d-local antimagic labeling of K, and f induces a proper d-local antimagic vertex
coloring of G using n+ 1 colors. Hence,x4;,(K1 ») < n+ 1. By Theorem.1.1, x;,(Ki ) > n+1
and by Theorem 2.4, x4,4(G) > X1a(G) so that x4,,(G) > n+ 1. Hence, x4/4(K1 ) =n+1.

Theorem 2.6. x;,(P,) =4,n>4

Proof: Let the vertices V(P,) = {vi,v2,v3,...vp}. E(P,) = {ei = viviy1, | <i<n}
Case.l n is even

Define a function f : E(B,) — {1,2,3,...,n— 1} as follows: f(e;) =n—1, f(e,—1) =1

n—i iodd, 1 <i<n-3
flei) =

i ieven2<i<n-—2

The range of fis {n—1,n—3,...3,1}U{2,4,...n—2} = {1,2,3,...n— 1}, which is same as
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the co-domain of f. Also, for any two distict edges ej,e; € E(G) and e # e —> f(e) #

f(e2). Hence f is a bijection. Then the colors are

(

n—1 ifiiseven, i #n

0 ifi=n
w(vi) =

n—2 i=1

n—73 ifiodd, i # 1

Hence, f induces a proper d-local antimagic vertex coloring of G using 4 colors so that
Xdaia(Py) < 4. By Theorem 1.2, x;,(P,) = 3. By Theorem 2.4, x4.(G) > x.(G).Hence,
3 < Xaia(Pn) < 4.
If possible, assume that ;;,(P,) = 3. There are only three cases to consider, since if we consider
any other case then adjacent vertices will receive same color. In the above induced coloring, the
initial vertex v; and terminal vertex v, receive different colors.
Case.1.1 v and v, takes the same color. Then n —2 =0 = n =2 which is not possible, since
n>4.
Case.1.2 The initial vertex v; and the odd labelled vertices v; receive the same color. Then
n—?2 =n—3, which is impossible.
Case.1.3 The terminal vertex, v, and the even labelled vertices, v; and takes the same color.
Then n —1 =0 = n = 1,which is not possible since n > 4. So, our assumption is
wrong. Xaia(Pn) # 3. Hence, xg1q(Py) = 4
Case.2: n is odd. Define a function f;E(P,) — {1,2,3...n— 1} as follows: f(e,—1) =n—1

n—i+@ ieven,2<i<n-—3

flei) = .

1+ 50 iodd, 1<i<n—2
Range of fis {n—1}U{n—2,n—3,... 5 }eup{2,3,4,..., %51} = {1,2,....n— 1}, which is
the same as the co-domain. Also, for any two distinct edges, ej,e; € E(G) and e] # e —>
f(e1) # f(e2).So fis a bijection. w(v;) =0

n—3 ifieven,2<i<n-—3
wvi)=<4n-2 iodd1<i<n

n—3+(%)  ifi=n—1
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Thus, f induces a d-local antimagic coloring of P,, using 4 colors, so Xg.(P,) < 4. But
Xia(Py) = 3 by Theorem 1.2, X44.(G) > x14(G) by Theorem 2.4. So, 3 < yu.(P,) < 4. If
possible, assume that Y4,(P,) = 3. In the above induced coloring pattern the initial vertex v;
and terminal vertex v, receive different colors. Also v,_j receives another color.There are four
cases to consider. If we consider any other case, then the adjacent vertices receive same color.
Case.l. v| and v, takes the same color. So, n—3+ ”;21 =0 = 3n =7 which is not possible
for the integer value of n.

Case.2. v| and the odd labelled vertices,v; , have the same color, Son—2 =0 — n =2, which
is not possible since n > 4.

Case.3. v, and the even labelled vertices v; have the same color Son —3=n—-3+ % =
n = 1, which is not possible since n > 4.

Case.4. v; and odd labeled vertices v; have the same color. Son—2 =0 = n =2, which

is not possible, since n > 4. So, our assumption is wrong.Xg,(P,) # 3 By Theorem 2.4,

Xaia(G) > x14(G). Hence, Yq14(P,) = 4.
Theorem 2.7. For the cycle Cy, Xu14(Cn) =3

Proof: .Proof. Let V(C,,) = {vi,v2,v3,...vy,vi}and . E(C,) ={e;=vivi+ 1,1 <i<n—1,

en =VyV1}

Define a function f : E(C,) — {1,2,3,...,n} as follows:

gl if i odd
flei) =

n—5*= i 1s even

When n is odd

Here the range of f is {1,2,...%}U{n,n— 1,n—2...#} ={1,2,3,...,n}, which is same
as the co-domain.ej,e; € E(G) and e # e = f(e1) # f(e2).So f is a bijection.

When n is even

Here the range of fis {1,2,...,5}U{n,n—1,n—2,...5+1} = {1,2,3,...,n} , which is same
as the co-domain.ej,e; € E(G) and e # ey = f(e1) # f(ea2). So f is a bijection.
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n—1 if i even
w(vi) = qn iodd,i#1
L%j ifi=1

So, f is a d- local antimagic labeling of C,, and f induces a proper vertex coloring using only
3 colors. Hence x41,(C,) < 3. By Theorem 1.3,%;,(C,) = 3. By Theorem 2.4, x4,(G) >
X1a(G) = 3. Hence, x4.(C,) = 3.

Theorem 2.8. For a complete Bipartite graph Ky, 2, Xaia(Km2) =3 where m > 3

Proof: Let V = {vi,v2,v3,...v,} and U = {u;,uz } be the bipartition of K, » Define a func-
tiojn f : E(Kp2) — {1,2,3,...,2m} as follows:
fiu) =i, 1 <i<m, fviup) =2m—(i—1),1 <i<m
Here the range of f is {1,2,3,...,m} U{2m,2m —1,2m—2,....m+ 1} = {1,2,3,...,2m},
which is same as the co-domain.ej,e; € E(G) and e; # e; = f(e1) # f(e2). So fis a
bijection.

wi)=2m—1V1<i<m,

w(ui) = w —m,
w(up) = w —m

Then, f is a d- local antimagic labeling of K, » and f induces a proper vertex coloring. The
number of colors used are 3. Hence X;,(Kn2) < 3. By theorem 1.4 x;,(K,2) =2 if n is even

and ¥,(Kin2) = 3 if nis odd. By Theorem 2.4, X414(G) > X1a(G) = 3. S0, Xad1a(Kn2) = 3.

Theorem 2.9. In any star K, ,,, n > 3, if each edge is subdived by one vertex the d-local an-
timagic Chromatic number will be increased by one, and if each edge is subdivided by two

vertices the d-local antimagic Chromatic number will be increased by two

Proof. Let v as the apex vertex and v2,v3,...v, are the pendent vertices of the graph K ,,.
Let u; be the vertices inserted on each vv;. The resulting graph,say H has 2n+ 1 vertices and
2n edges. Let these edges are ep;—1 = viu;, 1 <i <nand ey =u;v,1 <i<n. Define a function
frEH)—{1,2,3,...2n} as follows: f(ey_1) =1+ (i—1),1<i<n, f(ex)=2n+1)—i,
1 <i<n. Here the range of fis {1,2,3..... n,}U{2n,2n—1,....n+1}={1,2,3,...en} which
is the co-domain of f. Also, ej,e; € E(G) and e; # ey = f(e1) # f(e2). So f is a bijection.
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w(vi)=i—1, if 1 <i<n,
w(u))=2n—1 if 1 <i<n,

w(v)=503n+1)—n

. All the v;’s receive n different colors ,all the u;’s receive the same color 2n — 1 and apex vertex
v receives another color, so we use in total n+ 2 colors only. 4, (H) < n+ 2. Arumugam et al.
[1] proved that x;,(H) > n+1. So,n+ 1 < x4.(H) < n+2. Assume that y;,(H) =n+ 1. The
apex vertex v is adjacent to u;’s. So color of v and u;’s are different. Again u;’s are adjacent
to v;’s,1 <i < n. So the color of u;’s and v;’s are different,1 < i < n. The only possibility of
obtaining the chromatic number as n+ 1 is that n the color of v and the color of v;’s are the
same. So 5(3n+1) —n=n—1 gives 3n> —3n+2 = 0. Solving we can obtaining an integer
value for n. So our assumption is wrong.Hence Y ;,(H) #n+ 1. So Xg,(H) =n+2.

Again consider the subdivision of each edge with two vertices. Let v as the apex vertex and
V1,Vv2,V3,...V, are the pendent vertices of the graph K ,, .Let us subdivide vv; with two vertices
such that u; be adjacent to each v; and w;. The resulting graph say H; has 3n-+ 1 vertices and 3n

edges.

e3i—2 = viuj, 1 <i<n,
e3i-1 = uw;, 1 <i<n,

e3i =wiv,1 <i<n,
Define a bijection f : E(H;) — {1,2,3,...,3n} as follows:

flesia) =1+ (i—1),1 <i<n,
flesi-1)=(2n+1)—i,1 <i<n,
fles)=(2n+i),1<i<n

The range of fis {1,2,3,....n}U{2n,2n—1,....n+ 1} U{2n+1,2n+2,...,3n} ,which is
{1,2,3,...,.3n}, the same as the co-domain. Also,ej,e; € E(H;) and e] # e; = f(e) #

f(e2). Hence,f is a bijection.

w(v)=505n+1)—n
wv)=i—1if 1<i<n,
w(u))=2n—11if 1 <i<n,

ww;)) =4n—1, 1 <i<n.
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. All the v;’s receive n different colors, all the u;’s receive the same color 2n — 1, all the w;’s
receive the same color 4n — 1 and apex vertex v receives another color, so we use in 6 total n+ 3
colors. Yq.(Hy) <n+3.

In any star k1 ,;n > 3, if each edge is subdivided by one vertex each, then the d-local antimagic
chromatic number will be n + 2.If each edge of Kj ,;n > 3 is subdivided by two vertices each,
then the d-local antimagic chromatic number will increased or remains the same as H. In the
first part we proved that y;;,(H) =n+2. So,n+2 < y4,(Hy) <n+3 Assume );,(H;) =n+2.
Then the apex vertex v is adjacent to w;’s, u; be adjacent to each v; and w; be adjacent to u;.
There are three possibilities for our claim . (If we consider any other case, then the adjacent
vertices receive same color.)

Case.1. The apex vertex, v and the vertices u;’s have the same color. So 2n—1= 5(5n+1) —n
— 5n> —5n+2 =0, which is not possible for integer values of n.

Case.2. The apex vertex,y and the vertices v;’s have the same color. So
3n—1=505n+1)—n = 5n? — Tn+2 = 0 which is not possible for the integer value of
n.

Case.3. v;’s and the vertices w;’s have the same colorn—1 =4n—1 — n = 0, which is not

possible . So our assumption is wrong. Hence, x4,(H;) =n+3.

Theorem 2.10. In any path P, , n > 3, the subdivision of each edge with a vertex, the d-local

anti-magic chromatic number of the new graph P; will remain the same as that of P,.

Proof: Let the vertices of P, be vi,v>,v3,...v,. Let u; be the vertices inserted on each
vi,vit1,The resulting graph P, has 2n — 1 vertices and 2n — 2 edges. ezi—1 =viu;, 1 <i<n—1
Voddi, ey=vivi+1 1<i<n—1 V eveni. Define a function f: E(P;) — {1,2,3,....2n}
as follows: f(e;)) =1, f(exm—2)=2n-2

1+ 51 ifiisodd, 1 <i<2n—3
flei) = ,
(2n—1)—i+(%) ifiiseven,2<i<2n—4
.Here the range of f is {1} U{2n—2}U{2,3,4,....n — 1} U{2n —3,2n—4,...n} =
{1,2,3,...2n— 2}, which is same as the co-domain. ej,e; € E(G) and e # ey — f(e}) #
f(e2). So fisabijection. w(v)) =0,w(v;) =2n—-3if2<i<n,w(u;) =2n—4,if 1 <i<n-2,

w(u,—1) =3n—35. All the v;’s take the same color 2n — 3 except v; ,all the u;’s take the same
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color 2n — 4, except u,_1, so we use in total 4 colors. Colors of all adjacent vertices are dis-
tinct. So,f is a d- local antimagic labeling of P;. Here we use only 4 colors, x,(P;) < 4. By
Theorem 1.2,x;,(P,) = 3. By Theorem 2.4, X44(G) > Xa1a(G)-S0 3 < xa1a(P)) < 4.

. When we subdivide each edge with a vertex then the number of edges becomes twice the
number of edges of the original graph. So after carried out the subdivision, number of edges of
the new graph becomes even, whenever n is odd or even.

. Assume that x;,(P;) = 3. There are only three possibilities to consider since the adjacent
vertices receive same color in all other cases.

Case.1. v| and v;’s takes the same color. So 2n —3 =0 = 2nr = 3, which is not possible for
the integer value of n.

Case.2. When u,_; and v; takes the same color. So, 3n—5 =0 — 3n =5, which is not
possible for the integer value of n.

Case.3. the u;’s and u,,_| take the same color.2n —4 =3n—5, = n =1, which isn not possible

since n > 3. So our assumption is wrong so that x;,(P;) = 4.

Theorem 2.11. Let G, be the graph obtained from the cycle C, , n > 3 by subdividing each

edge with a new vertex each. Then the d-local antimagic chromatic number of G, is the same

as that of C,,.

Proof: Let vi,v,,v3,...v, be the vertices of cycle C,. Subdivide each edge v;v;;, with a
vertex u; so that G, = (viuyvoupvs...u,vy),1 <i<n. Let the edges of G, be e3; = u;,vi11,;1 <
i<n—1,ex1=viu,;1 <i<n,exn=upvy,

Define a function f : E(G) — {1,2,3,...2n} as follows:

Hl ifiisodd, 1 <i<2n—1

2n—(%) ifiiseven,2<i<2n

Here the range of fis {1,2,3,....n}U{2n,2n—1,...,n+1} ={1,2,3,...2n} which is same as
the co-domain.ej,e; € E(G,) and e # ex = f(e1) # f(e2). So f is a bijection. w(v;) = L%”j,
w(v) =2nif2 <i<nw(u;) =2n—1, if 1 <i<n. Let G, be the graph obtained from the cycle
C, , n > 3 by subdividing each edge with a new vertex each and G, itself be a cycle. Here we

use only 3 colors and adjacent vertices have distinct colors so that it is a proper vertex coloring.
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Hence,¥4,(G,) < 3. By Theorem 1.3, x;,(G,) = 3. By Theorem 2.4, x4;.(G) > x1.(G). Hence,
%dla(Gn) = 3.
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