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Abstract. The identification of syntactically different concepts that are semantically similar, also referred to as
Similarity Reasoning, is fundamental in several research areas such as Artificial Intelligence, Software Engineer-
ing, Cognitive Science and, in particular, in Semantic Web. Formal Concept Analysis (FCA) is a mathematical
framework which is revealing very interesting in supporting fundamental activities for the development of Seman-
tic Web. In order to model uncertainty information, FCA with many-valued contexts is addressed and, in particular,
FCA with Ordinal scaling (OFCA), and FCA with Interordinal scaling (IFCA). Concept similarity in IFCA, i.e.,
in many-valued contexts where attribute values are intervals, is a problem that has been marginally investigated,
although the increasing interest in the literature in this topic.

Keywords: Formal Concept Analysis; similarity reasoning; many-valued contexts; FCA with Ordinal scaling;
FCA with Interordinal scaling.

2010 AMS Subject Classification: 68U35.

1. INTRODUCTION

Formal Concept Analysis (FCA) 1s a formal framework commonly used for data analysis
which is based on lattice theory [11, 15]. In the so-called one-valued contexts, FCA attributes
are crisp, i.e., any object either has or does not have an attribute of that context. However,
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in real life most of attributes are fuzzy, i.e., “it is a matter of degree to which an object has
a (fuzzy) attribute” [1]. In other words, an object may have different attributes with different
values, and an attribute may apply to different objects with different values. This is the case of
many-valued contexts [11]. Fuzzy Formal Concept Analysis (FFCA) is a generalization of FCA
where contexts are many-valued, and the attribute values are real numbers in the range [0,1] or
intervals. This kind of FCA is referred to as OFCA, i.e., FCA with Ordinal scaling [11], or
IFCA, i.e., FCA with Interordinal scaling [7].

Similarity Reasoning, i.e., the identification of syntactically different concepts that are seman-
tically close, is fundamental in several research areas such as Artificial Intelligence, Software
Engineering, Cognitive Science, and Semantic Web [10, 12], and in different applications, such
as for instance in GIS [9]. Concept similarity in the framework of IFCA, i.e., in many-valued
contexts where attribute values are intervals, is a problem that has been marginally investigated
in the literature, although the increasing interest in this topic.

A concept similarity measure in IFCA has been defined in [7, 8], and combines the Interval
Type-2 Fuzzy Sets (IT2 FSs) framework [19], with regard to concept extents, and the information
content approach [13], with regard to concept intents. The latter has been extensively investi-
gated and experimented in the literature, and has a higher correlation with human judgment
with respect to the traditional approaches.

The paper is organized as follows. In the next section, the Related Work is given, and in
Section 3 first FCA, OFCA and IFCA are informally presented and, then, evaluating concept

similarity in IFCA is addressed. Finally Section 4 concludes.

2. RELATED WORK

FCA concept similarity has been addressed in [4], by relying on human domain expertise, and
in [5, 17], according to the information content approach, but in both cases within one-valued
contexts. In particular, in [17], a method for measuring the similarity of FCA concepts has been
proposed, and the Pearson and Spearman correlation coefficients with human judgment have
been provided for some of the existing approaches, which is one of the open challenge of this

research topic.
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Many-valued contexts have been addressed in [6], but in the case of FCA with Ordinal scaling
(OFCA). With regard to IFCA, a formal framework, referred to as L-Fuzzy concept theory, has
been defined in [2] which is probably the first research paper providing a theoretical foundation
about it. Successively, some interesting works have been defined in the literature which have
investigated and deepened the mathematics underlying specific aspects of IFCA, as for instance
[3].
In [16] the need for IT2 fuzzy analytical systems for the development of Semantic Web is
emphasized, and a similarity measure for IFCA is proposed. It is based on the similarity mea-
sure for IT2 FSs defined in [18], the approach presented in [5], and relies on the experimental

results given in [6].
3. FCA WITH ONE AND MANY-VALUED CONTEXTS

In order to intuitively recall FCA, the context named Sardinia Hotels presented in [7] is used.

In FCA, a one-valued context (context for short) is a triple (0,A,R), where O is a set of
objects, A is a set of attributes, and R is a binary relation between O and A. In the Sardinia
Hotels context recalled below, the set O is defined by the following six objects representing six
different hotels:

O={H1,H2,H3,H4,H5,H6},
and the set A is defined by the three following attributes:

A = {SwPool,Sea,Meal }
where SwPool stands for swimming pool. Furthermore, the relation R among hotels and at-
tributes is defined by Table 1.

A concept of the Sardinia Hotels context is, for instance, the pair (E,I) where E is a set of
objects, referred to as concept extent, and [ is a set of attributes, referred to as concept intent,
defined as follows:

((H1,H3,HS5),(Sea,Meal))
since the objects H1, H3, and HS5 have both the attributes Sea and Meal, and vice versa, both

these attributes apply to the objects H1, H3, and HS.
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SwPool | Sea Meal
H1 X X
H2 X X
H3 X X
H4 X X
HS X X
Hé6 X X

TABLE 1. The FCA Sardinia Hotels context

Meal SwPool
H1, H2, H3, H5 2, H4, H6
Meal, Sea ea 4, SwPool
H1, H3, H5 H6

FIGURE 1. Concept Lattice of the Sardinia Hotels context

Given a context (O,A,R), consider the set of all the concepts of this context, indicated as
Z(0,A,R). Then:

(Z(0.AR),<)
is a complete lattice called Formal Concept Lattice (Concept Lattice for short), i.e., for each
subset of concepts, the greatest lower bound (the greatest common subconcept) and the least
upper bound (the least common superconcept) exist. For instance, the Concept Lattice con-
structed from the context of Table 1 is shown in Figure 1.

In a one-valued context an attribute is a property that an object may have or may not have.

For instance, according to the one-valued context Sardinia Hotels above, each of the attributes
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SwPool, Sea, and Meal applies or does not apply to each of the hotel objects. However, in real
world, an attribute may apply to different objects with different values, i.e., it can be many-
valued.

Analogously to one-valued contexts, many-valued contexts can be represented by tables,
where rows are labeled by objects and columns are labeled by attributes. Many-valued contexts
can be transformed into one-valued contexts according to a conceptual scaling process [11]. In
particular, in this process, each attribute of a many-valued context is interpreted by means of a
context, referred to as conceptual scale [11]. Typical conceptual scales are Nominal, Ordinal,
and Interordinal scales. Nominal scales are used for attribute values which mutually exclude
each other, for instance in the case of the attribute values {human, animal, plant}. Ordinal
scales are suitable when attribute values are ordered, and each value implies the weaker ones,
e.g., {extremely active, very active, active}. Interordinal scales are used for attributes which
have a range of possible values (intervals), e.g., {fully, very much, very few, not at all}.

In many-valued contexts attributes do not describe objects in a uniform way, i.e., a given
attribute applies to different objects in different ways. For instance, in the Sardinia Hotels
context above, consider the attribute Meal. In general, when reserving an hotel, we would
like to know whether the hotel provides both lunch and dinner, or half-board. Without the
introduction of fuzzy information, we have no way to specify how appropriate is an attribute to
a given object.

Consider the many-valued context Sardinia Hotels which is specified by the fuzzy relation
given in Table 2. Note that crosses in Table 1 have been replaced by grades of membership,
from O to 1, each allowing us to quantify “how much” an object has, or is described by, an
attribute and vice versa an attribute applies to an object.

In the table, the presence of attributes with grade of membership equal to 1.0, such us for
instance the attributes Sea or Meal of the object H1, means that the attribute fully applies to the
object and vice versa the object is properly described by the attribute. This does not hold for
lower membership grades. For example, consider the attribute Meal of the object H2 which has
membership value equal to 0.5. This means that the attribute Meal partially applies to the hotel

H?2, for instance because the hotel just provides half board.
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SwPool | Sea Meal

H1 1.0 1.0
H2 1.0 0.5
H3 0.7 0.5

H4 1.0 1.0

HS 0.3 1.0

He 1.0 0.8

TABLE 2. The many-valued OFCA Sardinia Hotels context

Consider now the many-valued context Sardinia Hotels which is specified by the fuzzy rela-
tion given in Table 3, where crosses in Table 1 have been replaced by words, each allowing us
to specify “how much” an object has, or is described by, an attribute and vice versa an attribute
applies to an object. For instance the hotel H2 in Table 3 has the attribute SwPool with grade
of membership Fully, which means that such it fully applies to the hotel H2 (and vice versa
the hotel H2 can be properly described by the attribute SwPool). Instead, the object H2 has
the attribute Meal with a membership value Very, which means that such an attribute partially

applies to this hotel (for instance it could provide meals just for lunch).

SwPool Sea Meal

H1 Fully Fully
H2 | Fully Very
H3 Very much | Very

H4 | Fully Fully

HS Very Few | Fully

H6 | Fully | Very much

TABLE 3. The IFCA Sardinia Hotels context, by using words

In order to elaborate such grades of membership, words are replaced by intervals (IT2 FS

grades of membership). The association of words with intervals is a problem which has been
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extensively investigated in the literature and is still attracting a lot of attention [14]. Suppose

that words in Table 3 are associated with intervals, as defined in the IFCA context of in Table 4.

TOP

Meal SwPool
H1,1.0, H2,0.5 H1,1,0, H3,0.7 H2,1.0, H4,1.0,
H3,0.5, H5,1 H6,1.0

Meal, Sea
H1,1.0, H3

Sea, SwPool
H4,1.0, H6,0.8

FIGURE 2. Concept Lattice of the OFCA Sardinia Hotels context

TOP

Meal SwPool

H1,[0.9,1.0], H2,[0.5,0.7], 0 H2,[0.9,1.0]1 H4,[0.9,1.0]
H3,[0.5,0.7], H5,[0.9,1 H4,[0.9,1.0], H6,[0.7,0.9 H6,[0.9,1.0]

Meal, Sea

Sea, SwPool

H1,[0.9,1.0], H3,[Q H4,[0.9,1.0], H6,[0.7,0.9]

FIGURE 3. Concept Lattice of the IFCA Sardinia Hotels context
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The OFCA and IFCA Concept Lattices constructed from the contexts of Tables 2 and 4 are
shown in Figures 2 and 3, respectively. Note that in the case two or more attributes apply to an
object with different grades of membership, e.g., different intervals, the object is associated with
the interval having, as lower bound and upper bound, the minimum between the lower bounds
and the upper bounds, respectively. The IFCA concept similarity measure proposed in [7, 8]
combines the similarity of the concept extents, i.e., the Interval Type-2 Fuzzy Sets (IT2 FSs) of
objects [18], and the similarity of concept intents, i.e., the sets of attributes. In particular, con-
cept extents are evaluated according to the widely accepted crisp similarity measure for IT2 FSs
defined in [18]. Such a notion is used in most applications of general Type-2 Fuzzy Sets due to
the simpler underlying mathematics, and allows a relevant simplification about the definition of
similarity between fuzzy sets. Concept intents are evaluated according to the information con-
tent approach [13], which has been extensively experimented in the literature and has a higher
correlation with human judgment. Currently, to our knowledge, there are no other proposals
for evaluating IFCA concept similarity. The impact about the use of the information content
approach within IFCA has been experimented in [6]. In the mentioned paper, the experimental
results show that the correlation with human judgment has an average increment of about 0.3,
with respect to the compared proposals. Besides the use of the information content approach,
this significant increment is due to the combination of the concept extent and the concept intent

similarities.

SwPool Sea Meal

H1 [0.9,1.0] | [0.9,1.0]
H2 | [0.9,1.0] [0.5,0.7]
H3 [0.7,0.9] | [0.5,0.7]

H4 | [0.9,1.0] | [0.9,1.0]

HS [0.1,0.3] | [0.9,1.0]

Heé | [0.9,1.0] | [0.7,0.9]

TABLE 4. The IFCA Sardinia Hotels context
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4. CONCLUSION

In this paper evaluating IFCA concept similarity has been addressed, and the related literature
has been recalled. According to [7, 8], it concerns the combination of the similarity of concept
extents, that are IT2 FSs, and the similarity of concept intents, that are sets of concept nouns.
In particular, concept extents are compared according to the widely accepted crisp similarity
measure for IT2 FSs, that allows a relevant simplification about the definition of similarity
between general T2 FSs. Concept intents are evaluated according to the information content
approach, which has been extensively experimented in the literature and has a higher correlation
with human judgment.

Although the interest in this research topic is increasing, unfortunately in the literature there
are no further significant proposals in this direction that can be compared with the mentioned

similarity measure.
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