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Abstract: In this paper we have studied the concept of 2-inner product on fuzzy linear space over fuzzy field. We
have also discussed some fundamental properties of 2-inner product and have given relationship between 2-norm
and 2-inner product function.
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1. INTRODUCTION

The fundamental concept of fuzzy set was introduced by L. A. Zadeh [15] in 1965 and fuzzy
topology was introduced by C.L. Chang [2] in 1968. There after many researchers introduced the
notions of fuzzy norm and fuzzy inner product from different point of view. In 1984 Katsaras [7]
defined a fuzzy norm on a linear space and there after Wu and Fang [12] introduced a fuzzy
normed space. R. Biswas [1] in 1991 defined fuzzy norm and fuzzy inner product of elements on
a linear space. In 1992, Felbin [6] introduced fuzzy norm on a linear space by assigning a fuzzy
real number to each element of the linear space. Another important approach of fuzzy norm on a
linear space was introduced in 1994, by Cheng and Mordeson [3], on a parallel line as the

corresponding fuzzy metric is of Kramosil and Michelek [9] type. There after Krishna and Sarma
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[8], Xiao and zhu [14] discussed fuzzy norms on linear spaces at different points of aspects. All
these researchers have done their work in the area of crisp linear space. Gu Wenxiang and Lu Tu
[13] were the first to introduce the concept of fuzzy fields and fuzzy linear spaces over fuzzy
fields. In 2011, C.P. Santhosh and T.V. Ramakrishnan [11] introduced norm on fuzzy linear
space over fuzzy field. In 2018, Noori F. AL-Mayahi and Suadad M. Abbas [10] defined fuzzy
normed algebra over fuzzy field. A satisfactory theory of 2-inner product space and n-inner
product space has been effectively constructed by C.R. Diminnie, S. Gahler and A. White [4,5].
In the present paper we introduce the idea of 2-norm and 2-inner product on fuzzy linear spaces

over fuzzy fields and have also discussed some properties of it.

2. PRELIMINARIES
This section contains some definitions and preliminary results which are used in the paper.
Definition2.1.[11] Let X be a field and F a fuzzy set in X with the following conditions
(i) F(x+y)=zmin{F(x),F(y),Lx,y€eX
(i) F(xy) = min{F(x),F(y)},x,y € X.
Then we call F a fuzzy field in X and denote it by (F, X). (F, X) is called a fuzzy field of X.
(It should be noted that F(—x) = F(x) and F(x™1) = F(x))
Theorem 2.2. If (F, X) is a fuzzy field of X, then
(i) FO) > F(x),x€X
(i) FO) =2 F(x), x(#0) e X
(iii) F(0) = F(1)
Definition 2.3.[11] Let X be a field and (F, X) be a fuzzy field of X. Let Y be a linear space over
X and V a fuzzy set of Y. Suppose the following condition hold:
(i) Vix+y) Zmin{V(x),V(y)},x,y €Y
(i) V(Ax) = min{F(1),V(x)}, 1€ X,x €Y
(i)  F(1)=V(0)
Then (V, Y) is called a fuzzy linear space over (F, X).
(1t should be noted that V(—x) = V(x), x €Y)
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Theorem 2.4.[13] If (V, Y) is a fuzzy linear space over (F, X), then
0) F(0) = V(0)
(i) V() =V(x),x€Y
@) FO)=V(x),x€Y
Theorem 2.5.[13] Let (F, X) be a fuzzy field of X and Y a linear space over X. Let V be a fuzzy
set of Y. Then (V, Y) is a fuzzy linear space over (F, X) if and only if
) VAx + uy) = min{F (1), F(u),V(x),V(y)},Au€Xand x,y €Y
(i) FA)=V(x),x€Y
Theorem 2.6. [13] Let Y and Z be linear space over the field X and f a linear transformation of
Y into Z. Let (F, X) be a fuzzy field of X and (W, Z) be a fuzzy linear space over (F, X). Then
(f~1(W),Y) is a fuzzy linear space over (F, X).
Theorem 2.7. Let Y and Z be linear spaces over the field X and f a linear transformation of Y
into Z. Let (F, X) be a fuzzy field of X and (V, Y) be a fuzzy linear space over (F, X). Then (f(V),
Z) is a fuzzy linear space over (F, X).
Definition 2.8. [11] Let (F, K) be a fuzzy field of K (K denotes either R or C), X be a linear
space over K and (V, X) be a fuzzy linear space over (F, K). A norm on (V, X) is a function
II.]l: X = [0, o) such that
() F(llx|) = V(x)forall x € X
(i) |lx]l =0 vxeXand||x|]| =0ifandonly if x =0
(i) llx + yll < llxll + llyll v,y € X
(iv) llkx|l = |k|llx|]] Vk € Kand V x € X.
Thus (V, X, ||. ]| ) is called a normed fuzzy linear space (NFLS).
Definition 2.9. [11] An inner product on a fuzzy linear space (V, X) over a fuzzy field (F, K) is a
function (,) : X X X — K suchthatforall x,y,z€ Xandk € K
0 Flxy)zVxV(xy)
(i) (x,x) =0 and (x,x) =0 ifandonlyifx =0

(i) (x+y,z)=(x,2z)+(y,z) and (kx,y) = k(x,y)
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(iv)  (yx)={xy

Thus (V, X, (,)) is called an inner product on fuzzy linear space.

3. 2-NORM ON Fuzzy LINEAR SPACE OVER FUzzY FIELD
Here K denotes either R, the set of all real numbers or C, the set of all complex numbers.

Definition 3.1. Let (F, K) be a fuzzy field of K, X be a linear space over K and (V, X) be a fuzzy

linear space over (F, K). A 2-norm on (V, X) is function || .,.||: X X X — [0, o) such that
() Fdlxyl) = min { V(x), V(y)}
(i) l|x,y]l = 0 & xandy are linearly dependent

(i) lxyll =yl
(iv)  lx+y.zll < llx, zll + lly, zI|
(V) llkx, v|| < |k||lx, y|| forallk € Kandforall x,y € X.
Thus (V, X, ||.,.1]) is called a 2-normed fuzzy linear space.
Theorem 3.2. Let (V, X, ||.,.]]) be a 2- normed linear space over (F, K). Then
F(llx,yI)? = F(llx, yI)) for all x,y € X.
Proof: - Forall k,,k, € K
F(kq,ky) = min {F (k,), F(k;)}
so, F(k?) = min{F(k),F(k)}
F(k¥) =F(k)VkekK
Hence F(llx,yII*) = F(llx,yID, Vx,y €X
Theorem 3.3. Let (V, X) be a fuzzy linear space over a fuzzy field (F, K), Y be a linear space
over Kand T: X — Y be an injective linear transformation. Then T(V)(T(x)) =V(x),VxeX
Proof: - TW)(T(O)) = peeenie
aeXx

_ sup V() S
— aeX,a=x (As T is injective)

=V (x).
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Theorem 3.4. Let (V, X) be a fuzzy linear space over fuzzy field (F, K), Y be a linear space over
Kand T be an isomorphism of X onto Y. (V, X) is a 2- normed fuzzy linear space over (F, K) if
and only if (T(V), Y) is a 2- normed fuzzy linear space over (F, K).
Proof: - Let ||.,.||x bea2-normon (V, X). Let x; € X soT (x;) €Y, (i = 1,2). Now take
T(x;) = y; Now consider the 2-norm ||.,.|ly onY as ||yy, y2lly = llx1, x21lx . Then
F(lyw yally) = F(llx1, x211x)
= min{V (x,),V (x;)}
= min {T(V)T (x1), T(V)T (x2)}
= min {T(V)y., T(V)y.}
Thus ||.,. ||y is a 2-norm on (T(V), Y).
Conversely, assume that |.,. ||y is a 2-norm on (T(V), Y). Consider the 2- norm ||.,.||x on X
as |lxy, x2llx = ITx1, Txzlly
Then  F(l[xy, x21lx) = (||Tx1,Tx2||Y
> min {T(V)Txy, T(V)Tx,}
= min {V(x,),V(x3)
Thus ||., . ||x isa 2-norm on (V, X).
Theorem 3.5. Let X be a linear space over K, (W, Y) a fuzzy linear space over a fuzzy field (F,
K) and T: X = Y be an injective linear transformation. If (W, Y) is a 2-normed Fuzzy Linear
space over (F, K). Then (T~1(W), X) is a 2-normed fuzzy linear space over (F, K).
Proof: - Let ||.,. ||y be a 2- norm on (W, Y). Consider the 2-norm ||.,. ||x on X as
llx1, %2 llx = [ITx;, Tx,lly  then
F(llxy, x21lx) = F(ITx1, Tx2|ly)
> min{WT(x;), WT (x,)}
= min{T W (x,), TW(x,)}
Hence ||.,.|lx isa2-normon (T~1(W), X).
Theorem 3.6. Let (V, X) be a 2-normed fuzzy linear space over a fuzzy field (F, K) and T: X —

X be an injective linear transformation. Then (T~1(V), X) is a 2-normed fuzzy linear space over
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(F, K).

Proof: - Obvious by theorem 3.5.

4. 2- INNER PRODUCT ON FUZZzY LINEAR SPACE OVER FUzzY FIELD
Here K denotes either R, the set of all real numbers or C, the set of all complex numbers.
Definition 4.1. 2- inner product on a fuzzy linear space (V, X) over a fuzzy field (F, K). is a
function (.,.].) : X x X X X - K such that forall x,y,z € X, k € K.
Q) F(x,ylz) 2V XV xXV(x,y,z).
(i) (x,x|z) = (z,z|x)
(i) (xy +x,¥|2) = (x1,¥12) + (x2, ¥|2) and (ax, y|z) = a(x, y|z)
(iv)  (x,x|ly)=0and (x,x|y) =0 x&y are linearly dependent
V) (xylz) = @,xl2).
Thus (V, X,(.,.|.)) is called a 2-inner product on fuzzy linear space.
Example 4.2. Let F be a fuzzy field of R. the 2-inner product (x, y|z) = X, x;y;z7 is a 2-inner
product on a fuzzy linear space (F X F X ... ... X F,R™).
Proof: -(i) LetV = (F X F X .......Xx F,R™).
F({x,12)) = F (13128 + x%2¥225 + - + XnYn2i)
> min{F (x,v,2%), F(x,y,22)}, ... ... , F(xnynz2)}
> min[min{ F (x,), F(y1), F(z})}, ....., min{F (x,,) F (v, ) F (z2)}]
= min[min{F (x1), F (x2).., F ()}, min{F (y1), F (2), .., F (yp)}, min {F (21), F (23), .., F (z£)}]
= min[min{F (x;), F(x;).., F(x,)}, min{F (y1), F(y2),.., F(y,)}, min {F(z,), F(z,), .., F(z,)}]
min{V (x),V(y),V(2)}
=V XV xV(x,y,2z).

o _xn 2.2
(”) (X,X|Z> = li=0Xi Z;
=x2z2 + x2z% + - x272
= z2x2 + z2x3 + - z2x2

= (z, z|x)
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(i) (x+x',ylz) = X(x; + x}) y;z*
=Y x; vzl + X x{ yizf
= (x,ylz) + (x', y|2)
(iv) (x,x|]z) =0 and (x,x|z) =0 < x &y arelinearly dependent.

V) (x,ylz) = X x; y:2f

= (¥, x|z).
So(.,.|.) isa2-inner producton (F X F X ... ... X F, R™).
Theorem 4.3. If (.,.[.) is a 2-inner product on the fuzzy linear space (V, X) Over the fuzzy field
(F, K) then forall x,y,z € X and k € K.
0] F((x+x",y|z) 2V XV XV XV(x,x',y,2)
(i) F({(x,ylz))=VxVxV(yxz)
@iii)  F(A{x,yl|z)) =2V XV XV(Ax,y,2)
Proof: - (i) F({x + x",y|z)) 2 VXV XV X V(x,x',y,2)
As F({x +x',y|z)) = F((x,y]z) + (x', y|z))
> min (F(x,y|z), F{x', y|z))
>min{VXVXxV(xyz), VXVxV(x',y,z)}
> min [min{ V(x),V(y),V(2)}, min{V(x"),V(y),V(2)}}
=min {V(x),V(x"),V(¥),V(2)}
=VXVXVXV(xx',y,2z)
(i) F((xylz)) =V XV XV(y,x2)
As F({(yx|z)) =2V XV xV(y,x,z)
(iii) F(Ax,ylz)) =2V XV xV(x,y,2)
As F({(Ax,y|z)) =V XV xV(Ax,y,2).
Theorem 4.4. If (.,.|.) is a 2-inner product on the fuzzy linear space (V, X) Over the fuzzy field
(F, K) then
(i)  F{x+x",ylz)) = min {V(x),V(x), V), V(2)}
(i)  F((kx,y|z)) = min { F(k), V(X), V(y), V(2)}.
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Theorem 4.5. Let (V, X) be a fuzzy linear space over a fuzzy field (F, K), Y a linear space K
and T an isomorphism of X onto Y. Then there exists a 2-inner product on (V, X) if and only if
there exists a 2-inner product on (T(V), Y).
Proof: - Let (.,.|.) x be a 2-inner product on (V, X). Consider the 2- inner product {.,.|.) yon 'Y
defined as (y;, v, |ys)y = (x1, x,|x3)x wWhere y; = Txy, y, = Tx, and y; = Tx5 then
F({y1, ¥21y3)y) = F({xq, x2|x3)x) =V XV XV (xq,%3,%3)
=TV) x T(V) x T(V)(Txy, Tx, Tx3)
=T(V) X T(V) X T(V) (Y1, Y2, ¥3)
Thus (.,.|.) y isa2-inner producton (T(V),Y).
Conversely let(.,.|.) y bea2-inner product on (T(V),Y) consider the 2- inner product (., .|.) x
on X defined as (xq, xz|x3)x =. (T (x1), T(xx)|T(x3))y
F({x1, x21x3)x) = F((T (x1), T(x2)IT (x3))y)
> T(V) X T(V) x T(V)(Txy, Tx, Tx3)
=V XV XV(xq,x2,%3)
So (.,.|.) x isa2-inner product on (V, X).
Theorem 4.6. Let X be a linear space over K, (W, Y) be a fuzzy linear space over a fuzzy field
(F, K)and T: X = Y be an injective linear transformation. If there exists a 2-inner product on
(W, Y), then there exists a 2-inner product on ( T~1(W), X).
Proof: - Let (.,.|.) y be a 2-inner product on (W, Y). Consider the 2-inner product {.,.|.) x on
X defined by (xy, x;1x3)x = (T (x1), T (x2)|T (x3))y-
Now consider  F({x1, xz1x3)x) = F({T (x1), T (x2)|T (x3))y)
>W XW X W(T(x1),T(xy),T(x3))
=min { W(Tx,), W(Tx;), W(Tx3)}
=min {TW(x,), T7*'W(x,), T W (x3)}
= T7IW X T™IW X T7IW (x4, x5, X3)

Therefore (.,.|.) x is a 2-inner product on (T~1(W), X).
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Theorem 4.7. Let (V, X) be a fuzzy linear space over (F, K) and T: X — X be an injective
linear transformation. If there exists a 2-inner product on (V, X), then there exists a 2-inner

product on T~1(W), X).

5. RELATIONSHIP BETWEEN 2- NORM AND 2- INNER PRODUCT ON FUZZzY LINEAR
SPACES

Theorem 5.1. Let (V, X) be a fuzzy linear space over (F, K). A 2-norm on (V, X) satisfying the

parallelogram law induces a 2-inner product on (V, X) if F(4), F(i) = min{V(x),V(y),V(z)} for

all x,y,z € X.

Proof: - If || ., .|| is a 2-norm on (V, X) satisfying the parallelogram law, then F (|| x, y||) =

min { V(x),V(y)}forall x,y € X and || .,. || induces the 2-inner product (., .|.) on X given by

1 . . . .
(x,ylz) = S Cllx +y,zII> = llx =y, 2l + illx + iy, zII* — illx — iy, z]|*)
1 . . . .
F((x,y12)) = F(; (llx + y,zI1* = llx — y, 21> + illx + iy, z]|* — illx — iy, z|*))

> min {F (3), F(llx + y,2I2), F(=llx = y,2II%), FG), F( Ilx + iy, zI12), F( =llx — iy, zII*)}

= min {F(4),F(), F(llx +y,zl1?), F(llx — v, zl1*), F(llx + iy, zII?), F(llx — iy, zI1*)}

> min {F(4),F(D), F(lx +,zID,F(lx =y, zID, F(llx + iy, z|l ), F (llx — iy, z|)}

= min [F(4), F (), min{V (x +y),V(2)}, min{ V (x — y),V(2)},

min{ V(x + iy),V(2)}, min { V(x — iy),V(2)}]

=min{ F(4), F(D),V(x + y),V(x = y),V(x +iy), V(x — iy),V(2)}

= min { F(4),F(0),V(x),V(y),V(2)}

= min{ V(x),V(y),V(2)}

=V xVxV(xy,z)
Hence || .,. || induces a 2-inner product on (V, X) if F (4), F(i) = min{V(x), V(y),V (z)} for all
x,y,z €X.
Example 5.2. Prove that

Ax,ylz) = (llx+ 217 = llx =y, zII* + illx + iy, 2|1 — illx — iy, zII*)
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Proof: - We have ||lx +v,z||? — |lx — v, z||? + illx + iy, z||? — i||x — iy, z]||?
=x+yx+ylz)—(x—y,x—ylz) +i{x + iy, x + iy|z) — i(x — iy, x — iy|z)
=, x +ylz) + (v, x + ylz) = (x,x = ylz) + {y, x — ylz) + i{x,x + iyl|z) +
i{iy, x + iylz) — i{x,x — iy|z) — i{(—iy,x — iy|z)
=X, x +ylz) + (v, x + ylz) = (x,x = ylz) + (v, x — ylz) + i{x, x + iyl|z) +
i2(y,x +iylz) — i{x,x — iy|z) + i*(y,x — iy|z)
=, x +ylz) + (v, x + ylz) = (x,x = ylz) + {y, x = ylz) + i{x, x + iy|z) -

(v, x + iylz) — i{x,x — iy|z) — (y,x — iy|z)

=(x+yxlz)+{(x+y, y|z) —{(x—y,x|z) +{(x —y,y|z) + i {(x + 1y,x|z) —

(x + w,ylz) —i{x —1wy,x]z) — (x —1y,y|2)

=(x,x|z) + (y, x|z) + (x,y1z) + (y, yl|z) — {x,x|z) + (y, x|z) + (x,y|z) — (¥, y|z) +

i{x, x|z) + i (ty, x|z) — (x, y|z) — (w, ylz) — i (x,x|z) — i (-, x|z) — (x,y|z) —
(=ty,ylz)
= (x,x|z) + (x,y|2) + (v, x|2) + (v, y|2) — (x, x|2) + (x, y|2) + (v, x|z) = (y, y|z) +
i(x, x|2) — i*(x, y|2) — (v, x|2) + i{y, y|z) — i{x, x|2) + (x, y|2) — (y,x|2) — i(y, y]2)
= 4(x, y|z).
Theorem 5.3. Let (V, X) be a 2-normed fuzzy linear space over (F, K), Y a linear space over K
and T an isomorphism of X onto Y. Suppose that F(4), F(i) = min{V(x;), V(x,),V(x3)} for all
X1, X5, %3 € X. The 2-norm on (V, X) induces a 2-inner product on (V, X) if and only if the 2-
norm (T(V), Y).
Proof: - If the 2-norm ||.,.|[x on (V, X) induces a 2-inner product on (V, X) then ||.,. || x satisfies
the parallelogram law and by theorem 3.4, ||.,.|ly defined by |lyi, ¥2lly = llxq, x21lx, where
y1 = Tx1, y, = Tx, isa2-norm on (T(V),Y).
If y;,v,,¥v3 €Y and y; = Txy, y, = Tx,, y3 = Tx3 then
lys + vz, y3ll5 + Iy = y2, y3ll7 = llxg + x2, x301% + llxg — x5, x311% = 2( llxg, x511% +
122, %3112) = 2(|lye, ysllZ2 + llya, v3ll2). Thatis ||.,. ||y satisfices the parallelogram law.

Also F(4),F (i) = min{V(x;),V(x,) V(x3)}
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= min {T(V) (T (x,), T(V)(T(x2)), T(V)(T (x3))}
= min{T(V)(y1), TV)(2), T(V)(¥3)}
for all y;,y,,v3 € Y. Hence ||.,. ||y induces a 2-inner product on (T(V), Y).
Similarly, the converse holds.
Note 5.4. A 2-inner product {.,.|.) on a fuzzy linear space (V, X) over (F, K) induces a 2-norm
II.,. ]l on X given by |lx, z|| = (x, x|z)*/? and ||.,.]|| is a 2-norm on (V, X) only if F(||x,z|]) >
min{V (x),V(z)} forall x,z € X.
Theorem 5.5. Let (V, X) be a fuzzy linear space over (F, K) with a 2-inner product on it. Y a
linear space over K and T an isomorphism of X onto Y. the 2-inner product on (V, X) induces a
2-norm on (V, X) if and only if the 2-inner product on (T(V), Y) induces a 2-norm on (T(V), Y).
Proof: - If the 2-inner product (.,.|.)x on (V, X) induces a 2- norm ||.,.]lx on (V, X) then
F (|21, x21lx) = min {V (x;),V (x,)} for all x;,x, € X and by theorem 4.5, (.,.|.) y defined by
(Y1 Y21ys) vy = (X1, x%20x3) x (71 = Tx1, ¥2 = Tx,, y3 = Tx3) is 2-inner product on ( T(V),Y).
(.,.].)y induces the 2-norm |.,.[ly on Y given by ||y, v2lly = llx1, x2llx (y1 =Txq1,y, =
Tx2). F(llyw, y2lly) = F(llxy, x21lx) = min {V (x;), V(x2)}
= min{T(V)(T(x1)), TWV)(T(x;))}
= min{ T(V)(y1), T(V)(y2)}
and hence ||.,.|ly is a 2-norm on (T(V), Y).
Similarly, the converse holds.

Theorem 5.6. In theorem 3.5, if F(4)F (i) = min{W (y1), W (y,), W (y3)} for all y;,y, y3 €Y

and if ||.,.|ly induces 2-inner product on (W, Y) then ||.,.|lx induces a 2-inner product on
(T~'(W),X).
Proof: - Since ||.,. ||y induces a 2-inner product on (W, Y), ||.,. ||y satisfies the parallelogram law

ly:s + v2, ¥3lI5 + llys — vz, 3113 = 2( My y3lly + Ny, ¥sll3) . Therefore if x;, x;,x3 € X
then [|x; + x5, x3ll% + 1% — x5, %3115 = ITxq + Txy, Tasllé + |Txy — Txy, Txs||2
= 2(ITxy, Tx3ll3 + ITxy, Tx3lI3)

= 2(Ilxy, x3ll% + llx2, x311%)
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That is ||., . ||x satisfies the parallelogram law.
Also, for all x;,x,,x3 € X, F(4)F(i) = min{W (Tx,), W(Tx,), W(Tx3)}
= min{T~2 (W) (Gxy), T™X (W) (), T2 (W) (x3)}.
Hence ||.,. ||y induces a 2-inner product on (T~1(W), X).
Theorem 5.7. In theorem 4.6 if (., .|.) y induces a 2-norm on (W, Y), then (., .|.) x induces a 2-
norm on (T~1(W), X).
Proof: -Assume that (.,.|.) y induces a 2-norm ||.,. [ly given by [ly1, y2lly = (v1, y11y2)%* with

F(llyy, y2lly) 2 min{WT(y,), WT(y;)}, y1, y2 €Y.
Consider the 2-norm ||.,. || on X induced by {.,.|.) x given by [lx;, x,, llx = (x1, %1 %)%/ %
21, 21l x = <x1:x1|x2))1(/2 = (Txl,Txllsz);l,/Z = ||Txq, Tx;|ly . Therefore
F(llx1, x211x) = FClITxq,, Tx2lly) = min{W (Tx), W (Tx;)}
= min{T ' (W) (xy), T~ (W) (x2)}
Therefore |.,. ||x is a 2-norm on (T~1(W), X).
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