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Abstract. The extent of soft Ds*- metric space is mostly explained in this study. We define the soft Ds*-metric
space and provide fundamental definitions. We have included examples to support the definition. For the situation
of soft Ds*-metric space, we also introduced soft As*-distance. We also prove the fixed point theorem for soft
continuous mappings on soft Ds*- metric space.
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1. INTRODUCTION

Diverse generalizations and classifications of metric spaces are being studied for decades
due to its wide range of applications in several disciplines of mathematics and other areas of
science. Bapure Dhage [3], Das and Samanta [2], Aras et al. [1] introduced the generalizations
called D-metric space, soft metric space and Soft D-metric spaces. In 2007 Sedghi et al. [4, 5]
introduced and investigated the importance and properties of D*-metric spaces which tackled
the limitations of D-metric spaces in fixed point theory. In this paper we are introducing the

definition of soft D;- metric space which is a combination of generalized metric spaces which
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can be seen in [4] and [1] and investigates its properties and applications in connection with

fixed point theory.

2. PRELIMINARIES

This section is devoted to detail only the most necessary definitions and properties connected

to follow up the results obtained here. Further explanations are included in the cited references.

Definition 2.1. [4] Let X be a non empty set. A generalized metric (or D*-metric) on X is a

function, D* : X> — [0,00), that satisfies the following conditions. For each x,y,z,a € X:

(1) D*(x,y,2) =

(2) D*(x,y,z) =0ifand only if x =y =z,

(3) D*(x,y,z) = D*(p{x,y,z}), (symmetry) where p is a permutation function,
(4) D*(x,y,z) < D*(x,y,a) + D*(a,z,z).

The pair (X,D*) is called a generalized metric (or D*-metric) space.

Definition 2.2. [1] A mapping D : SP(X) x SP(X) x SP(X) — R(E*) is called a soft D- metric
on the soft set X that satisfies the following conditions, for each soft points x,, yp, zc, ttg € SP(X),
(1) D(x4,¥p,2¢) > 0 and equality holds if and only if x, = y, = z. (coincidence)
(2) D(Xasypy2c) =
(3) D(xa,yp:2¢) <

D(yp,Xa,2¢) = D(X4,2¢,Vp) = - .. (Symmetry)
(xaay[ﬂud) +D(xa7”dyzc)+D(”d7)’baZc)

Then the set of X with a soft D- metric is called a soft D- metric space and denoted by (X, D, E).

Definition 2.3. [1] Let X be a soft D-metric space with soft metric D. Then a mapping A :
(SP(X))? — R(E)* is called a soft A-distance on the soft set X if the following conditions are

satisfied:

(1) A(xa,Yp,2¢) < A(Xa, Yoy ttg) + A(xa,ug, ze) +Alug, yp, zc) for all soft points x4, yp, Ze, Ug €
SP(X),

(2) for any x4,y € SP(X),A(x4,Yp,-) : SP(X) — R(E)* is soft continuous,

(3) for any & > 0, there exists 6 > 0 such that Aug,xq,yp) < 5, Aug,xq,z¢) < 5 and

A(”d:ybuzc) S S lmply that D('xthybuzc) S ‘Z—:
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Lemma 2.1. [1] Let (X,D,E) be a soft D-metric space and A-be a soft distance on the soft
set X. Let {x } and {y’gn} be two soft sequences in X and {p,},{qn} and {t,} be sequences
in R(E)* converging to 0 and assume that soft points x4, yp,zc,ug € SP(X). Then we have the
following statements:
(a) IfA(xZn,pn,y’b“n) < Pny AX; , Pnyze) < qn and A(xZn,yZn,zc) <t, for any n € N, then
D(pn,y}, »2¢) — 0.
(b) If A(xg,, Xz, ak) < pp for any n,m,k € N with m > n > k, then {x } is a Cauchy
sequence in (X,D,E).

Theorem 2.1. Let (X,D,E) be a complete D metric space and A-be a distance on X, (f,®) :
(X,D,E) — (X,D,E) be a soft mapping. Let X be A-bounded. Suppose that there exists a soft

real number ¥ € R(E); 0 < 7# < 1

A((f,9)(xa), (f,0)*(xa), (fs @) 36)) < FA(xa, (f @) (a) s p)

for all x,,y, € SP(X). Then there exist z. € SP(X) such that z. = (f,9)(z.). In addition to, if
vs = (f,@)(vs), then A(vs,vs,vy) = 0.

3. MAIN RESULTS

Definition 3.1. Let X be the absolute soft set, E be a non empty set of parameters and SP(X)
be the collection of all soft points of X. Let R(E)* denote the set of all non negative soft real
numbers. A mapping D} : (SP(X))? — R(E)* is called a soft D}-metric on the soft set X that

D satisfies the following conditions, for each soft points ,, ¥, Z., iy € SP(X),

(1) D} (%4,9p,%:) >0

(2) D (X4,9p,Zc) = 0 if and only if X, = 5, = Z,

(3) Di(X4,9p,%c) = D (Fp,XayZc) = D (X0, Zc,Ip) = - .. (Symmetry)
(4) D (X4, 9p,2c) < D5 (%a, 9o, ) + D5 (g, Ze, Ze)

Then the soft set X with a soft D¥-metric is called a soft D}-metric space and denoted by

(X,D:,E).

(@]}

if Xa = Vb = Zc
Example 3.1. D} (%,,9p,%.) =

—

otherwise
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Example 3.2. Let (X,d*) be an ordinary metric on X such that
dg (%a,5) = la—b|+d*(x,y)
is a soft metric on SP(X). Then the soft D-metric,
D :SP(X) x SP(X) x SP(X) — R(E)*
can be defined as
D; (%a $p, Ze) = d; (Xa, $) + 5 (9, Zc) + d5 (%, Ze)

for all %, 5,7, € SP(X)

The conditions (1),(2),(3) are clear since d; is a soft metric on SP(f( ). We need to verify
condition (4) only.

Dj (Xa; b, 2c)

= d; (Xa, ) +d5 (9, Z) + d5 (%, Zc)

= dg (%0, 3p) + |b—c[+d"(y,2) + |a—c[ +d"(x,2)

< dg(%a,9p) +[b—d|+|d—c|+d"(y,u) +d"(u,2) +|a—d|+|d — c| +d" (x,u) +d"(u,2)

=d; (%, 9p) +|b—d|+d*(y,u)+ |a—d|+d" (x,u) + 2[|d — c| +d"(u,z)]

= dg(%a,5p) +d5 (9, 11a) + d (Xa, fla) + 245 (g, Zc)

= D§(Xa,9b ila) + D5 (dlg, Ze, Zc)

Thus D} is a soft D metric on SP(X).

Example 3.3. Let (X,d*) be an ordinary metric on X such that
dy (%4, ) = la = b| +d*(x,y)
is a soft metric on SP(X). Then the soft D} metric,
D :SP(X) x SP(X) x SP(X) — R(E)*
can be defined as

D:<iavybvzc) - maX{d:(-fa7)7b)7d;k()7buzc)7d;k(iaazc)}
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As in above example, the conditions (1),(2),(3) are clear since d; is a soft metric on SP(X ).

We need to verify condition (4) only. It can be verify easily as in Example 3.2.

Remark 3.1. If (X,D? E) is a soft D}-metric space, then (X,D,E) is a soft D,-metric space
for each a € E, where D, stands for the soft D,-metric for single parameter a. So every soft

D} -metric space is a family of parametrized D ,-metric space.
Remark 3.2. In a soft D}-metric space we prove that D} (X4,%4,5p) = D} (X4, 5, 5p)-

Proof. For,
1. D;k(fa7x~a7yb) S D:(-faafaaia) +D;k(faa)7b75;b) = D;k(favfb,fb)
ii. D5 (Vp,9p:%a) < D5 (Fp, Vb, ) + Ds (5, %as Xa) = Dy (s Xa, %a)

Using symmetry we have D} (%,,%4,9) = D} (X4, 5, 9p) O

Definition 3.2. Let (X,D?,E) be a soft D} metric space.

(a) A soft sequence {x } in (X,D},E) converges to a soft point %,, € SP(X) if for each

& > 0, there exist ng € N such that, for all m,n > ny,

Di(# 7" %,) <&

Qap’ " am’

(b) A soft sequence {)Zgn} in (X,D?,E) is called a Cauchy sequence if for & > 0, there exist

no € N such that, for all m,n > ny,

Di(%, %, X, ) <&
(c) The soft D¥-metric space (X, D}, E) is said to be complete if every Cauchy sequence is

convergent.

Definition 3.3. Let X be a soft D¥-metric space with soft metric D¥. Then a mapping A* :
(SP(X))? — R(E)* is called a soft A?-distance on the soft set X if the following conditions are

satisfied:

(1) A;k(f(luybuzc) S A;k(fauybaﬁd) + A:<ﬂd726720) fOI' au SOft pOintS -fa7)7b7267ﬂd G SP(X),
(2) for any X,, 3, € SP(X),Af(%4,Fp,.) : SP(X) — R(E)* is soft continuous,
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(3) forany & > 0, there exists & > 0 such that A*(iiy, %4, 75) < 8 and A*(iig, Z.,Z.) < & imply

that D} (%4, 9, %) < &.
Example 3.4. Let (X,d*) be an ordinary metric on X such that
ds (Xa,3p) = la—b|+d"(x,y)
is a soft metric on SP(X). Then the soft D} metric,
D} :SP(X) x SP(X) x SP(X) — R(E)*
can be defined as
D} (%4, 3, Zc) = max {dy (%a,3), dg (Fp. Ze), dy (Xas Ze) }

. Then A* = D is a soft Al-distance on the soft set X.

Conditions (1) and (2) are clear. We just want to prove the condition (3) only. Let € > 0
be given and put & = & If A*(iig,%4,55) < 6 and A*(dig,Z..%.) < 8, we have d*(%,,7,) <

8,d*(5,Z.) < 6 and d (%,,Z.) < &, which implies that
D} (Za, 5, Ze) = max {d (%o, 5p), di (Fi, Zc),d; (%ay Ze) } < 6 = E.

Example 3.5. Consider Example 3.2. The mapping A: : SP(X) x SP(X) x SP(X) — R(E)*

defined by A} (%4,¥p,%Z.) = F, a non negative soft real number.

For the soft Dj;-metric conditions (1) and (2) are trivial. To show the condition (3), for
arbitrary & > 0, take § = %, then AZ (iig, %4, 55) < 6 and A*(iig,Z.,Z.) < 8 we have d(%,,5)) <

8,d*(5,Z.) < 6 and d (%,,Z.) < &, which implies that

+o+

W |
W |
W |
[l
me

D;k()zmybyzc) = {d;k(favyb) +d;<()7b,§c) +d: (iaazc)} <

Lemma 3.1. Let (X,D:,E) be a soft Di-metric space and A:-be a soft distance on the soft set
X. Let {# } and {)72"} be two soft sequences in X and {p,} and {G,} be sequences in R(E)*
converging to 0 and assume that soft points X, %, %,y € SP(X). Then we have the following

Statements:

(a) IfA;k(on»ﬁmf’Zn) S ﬁn andA;k(iZn?ZwZC) S (jnforany ne N’ then D?(ﬁﬂ?);ZnaZC) —0.



SOFT D{-METRIC SPACES 7

(b) IfA*( X, X, ) < Pu for any n,m € N with m > n, then {x” } is a Cauchy sequence

an

in (X,D: E).

Proof. (a). Let & > 0 be arbitrary. The definition of A*-distance provides a & > 0 such that
A*(iig,%4,5p) < 8 and A¥(iig,Zc,Z.) < & imply that D* (%, 5,Z.) < & Choose ng € N such that
Pn < 6 and g, < & for every n > ng. Then for any n > ng we have A (% N2 )< pu<d

and A§ (%] ,Zc,Zc) < gn < 5 and hence D* 5 (Pns 35,1 2c) < €. 1f we replace {p,} with {yb } then

{ )72”} converges to Z..

(b). Let & > 0 be arbitrary. As in the proof of (a), choose 5> 0, np € N, m > n > ny,
A (Fany % %a,) < Pn < 5 and A (T K s %) < Gn < § and hence D} (¥ ,# &) < & im-

am? a 7Map?

plies {2 } is a Cauchy sequence in (X,D;},E). O

Definition 3.4. Let X be an absolute soft set. X is said to be A¥-bounded if there is a constant

M* such that A¥(%,,5p,%.) < M* for all %,,¥,%. € SP(X).

Theorem 3.1. Let (X, D} E) be a complete D metric space and A*-be a distance on X, (f, ) :
(X,D!,E) — (X,D*,E) be a soft mapping. Let X be Al-bounded. Suppose that there exists a

soft real number F € R(E) : 0 < 7 < 1

A ((F,0) () (1, 9)* (Ra), (F.9)(5b)) < 7 A (T, (F,0)(%a). )

for all %,,5), € SP(X). Then there exist z. € SP(X) such that z. = (f,9)(Z.). In addition to, if

Ps = (f’ (p)(ﬁs)’ then A§<‘7S>ﬁs>‘7s) =0.

Proof. We claim that

inf { A} (%, (f, @) (%a), (F, §)*(£a)) + A} (%a, 55, 5) : X0 € SP(X) } > 0,

for all , € SP(X) with 3, # (f,®)(J}). Suppose that the claim is true. Let ii; € SP(X) and
define a soft sequence {ﬁgn} in X by iy = (f,®)"(iig), for all n € N. Then for all n,t € N, we

have

A (it iy i) < Ayt Aty << PA (g, g i)
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Thus for any m > n for which m = n+k (k € N), we have
* ~ ~n+1 *(~m—1 ~m—1 ~m
A (i, iy ity ) SA(”da”daud+)+ A iy i)

Fl’l

< —2M*
—r

—il

By part (b) of Lemma 3.1, the soft sequence {ﬁgn} converges to a soft point 7. € SP(X). Let

n € N be fixed. Then by soft continuous of Aj, we have

A;k(ﬁznvﬁznsz) < mh_r?wA (”d 7”d >“d ) < i_7

Assume that Z. # (f, ®)(Z:). Then by hypothesis, we have

0 < inf {A} (%, (F,0)(%a), (F, )7 (%)) +A; (FarZe Z6) }
< inf &3 )yt 2+ A 20 )
< inf{F"M*+if_n~ y :nEN}
=5

This is a contradiction. Therefore we have, Z. = (f, §)(Z.). Now, if #; = (£, ®)(¥;), we have

>
—~
<
1)
<
1)
<
1)
~—
|
>
1Y
—~
VS
-
S
~—
—~
<
[
N—
VoS
)
A=l
SN—
[\
—~
<
[N
SN—
—
e
=]l
SN—
(98]
—~
<
1)
SN—

and so A (¥, 7y, 75) = 0.

Now we prove the claim. Assume that there exists 3, € SP(X), 7, # (f, ®)(5)) and

inf {AY (%4, (f, @) (%), (F, §)*(%a)) + Af (Fa, 5, 5) } =

There exists a sequence {& } in X such that

lim {AS(%,,(F,®)(%,), (F,0)*(%,)) + Al (%, .55, 5) } =0

n—-oo

Thus we have
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and hence by part (a) of Lemma 3.1, we have

lim D3 ((7,9)(,). (. )*(%,).5) =0,

n—-soo

and by soft continuity of D}-metric,

We have

and
n@mA: ((.f? (p)(ian)? (];7 (P)ZOZZ,Z)’ (];7 (p)(yb))
< Jim infA7 ((F,0)(F%,). (F,0)° (%), (. 9)*(%,))
<7 lim AL (%, (F,0)(%,), (/. 6)(%,))

By part (a) of Lemma 3.1, we have

lim D5 ((f,@)*(%,) 36, (f, §) (7)) =0

n—-o0

and thus §j, = (£, ®)(5). This is a contradiction. This completes the proof. O

4. CONCLUSION

In this paper we have introduced soft D} -metric space and soft A}-distance for soft points of
soft sets and proved fixed point theorem of continuous type mappings on soft D} -metric space.
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