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1. INTRODUCTION

The origins of the fixed point theory can be traced hundred years back to Banach’s work.
In 1922, he proved the famous fixed point theorem, stating that every contraction mapping on
a complete metric space has only one fixed point. Since then, his work has been extended in
various ways, including changing the framework of the metric space, bringing very powerful
nonlinear analysis results, expanding fixed-point theory’s field in multiple directions, and im-

plementing new contraction kinds. In 1974, Ciri¢[4] proposed the concept of quasi-contraction
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as a general statement of the Banach contraction principle. Also, the weak contraction was out-
lined by Berinde[8]. It was renamed almost contraction by Berinde [9] in 2008. Furthermore,
Babu et al. [1] worked on the open problem stated by Berinde [8], and as a result, the maps
satisfying the condition (B) was introduced.

Bakhtin[2] pioneered the idea of b-metric spaces, which Czerwik[6] elaborated to broaden the
Banach contraction’s domain. Takahashi[11], in 1970, defined convexity and invented “con-
vex metric space” to characterize a metric space with convexity. Singh et al.[5] introduced
generalized b-metric spaces, which Singh and Singh[10] extended with convexity. The idea of
convexity in b-metric spaces was delineated by Chen et al.[3] with the demonstration of Banach
and Kannan’s type fixed point theorems in these areas. Ciri¢ and almost contractions in convex
b-metric spaces were proved by Rathee et al.[7]. Present paper reveals that fixed point ex-
ists for Ciri€ contraction and almost contraction when the complete generalized b-metric space
possesses a convex structure. The following is the structure of this article: First, some basic
definitions related to the main theorems are defined, followed by an existence and uniqueness
fixed point theorem for Ciri¢ contraction and almost contraction in generalized b-metric spaces

and some deductions with examples.

2. PRELIMINARIES

Definition 2.1. [5] Assuming H(# ¢) be a set and s1,s2 > 1 be two real numbers such that b

S12

holds the following conditions true for every 9, &, € Hy,

(1) by, (8,&) =0if and only if ¥ =&,
(2) by, (9,6) = bs,,(§, D),
(3) by, (9,8) < s1bg1y (D, 1) + 52051, (,6).
Such a function is called sq,sy b-metric or generalized b-metric and the space (Hs,bm) SO

formed is called 51,52 b-metric space or generalized b-metric space.

Definition 2.2. [6]In a 51,5, b-metric space, consider a sequence {9, }. Then,

(1) The sequence {®,} is Cauchy in (Hj, by,,) if for each € > 0 and
Vn,m > 1,31 € N with by, (O, On) < €.
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(2) The sequence {8, } converges to ¥* € Hy in (Hj, by,,) if
iMoo s, (D, ) = 0.

(3) If all the Cauchy sequences in Hy converge, s1,s2 b-metric space is complete.

Definition 2.3. [12]A continuous function @ : Hy X H, x [0,1] — Hj is said to be a convex

structure on Hj for each 1,9,& € Hy and ¢ € [0, 1], if
bslz(va(ﬁvg;g)) S Qbslz(T’ 1’9) + (1 - g)bslz(T7€>'
Example 2.4. Let H,; = [1,5] and define by, by:

SI0-el B £E
bSlz(ﬁyg):
0, v =E
and
by, (0,&) < 5lO-THHT=C]
_  530—tlHET—El 50T+ i ¢l
Lot 4ali- 419 —tl4 Lo
< _5 T\+_5|T 4 sup 55|0—tl+3[T=¢]
5 5 ﬁvé:TGH
= 5b512(197-{-)+20b812(1-7§)-

So, (Hy, bs,,) is a 51,52 b-generalized metric space with s; = 5 and s, = 20. However, it is not a

metric space as
bs,,(1,5) > bs,(1,3) + by, (3,5)
For convexity, define @(9,§;6) = gu+ (1 —¢)v with g € [0, 1], then
by (1,0(9,856)) = by, (T, 6u+(1-6)5)
—  5lf—gu=(1-6)¢)|
—  5ls(t=)+(1=¢)(i=&)l
< 5leG=?)H(1=6)(1-8)]
< g5l 4 (1 — )5l

- ngu(l?vT) + (1 - g>b512(T7€)a
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and hence, (Hy, bs,,, @) is a convex generalized sy, s, b-metric space.

3. MAIN RESULT FOR CIRIC CONTRACTION

Theorem 3.1. Assume (Hs,by,,,®) is a complete sy, sy b—metric space with constants s1,s2 > 1

and Ty : Hy — H; be defined as

bslz(Tsﬁ'v TS&) S KSmaX{bslz(ﬁ7§)7bslz(ﬁv Tsﬁ)?bslz(§7n§)vbslz(ﬁa Tsé)a

&) by, (8, Ts0)}

V 0,6 € Hy and x; € [0,1). Then T; possesses a fixed point in H, that

4
, . . . 1 11 2 : 3 2 S <
is unique if Kz < mln{sz(szﬂ%),s?sz,s?}, 55 < m1n{s1,sz—|—s1,s2} and 0 < G, 1 <

1 1
- Ky —1—Ks
. 1—8% Ky s? 5 s s‘lt $
min —SZ — 852 Ks, T y

T
K 5Ky
1

for each n € N, where ¥, = @ (0,1, Ty0,-1:6,—1), 0 <

1 s18)

—

Gn—1 < L.
Proof. For any n € N

bS12<l9n7 ﬁn—}—l) — bvu(ﬁn;w(ﬁnaTvﬁn’Gn)) S (1 - g}’l)bslg(ﬁl’lvnﬂn)

and

bslz(ﬁna Tsﬁn) S Slbslz(ﬁi’la Tsﬁn—l) +S2bs12(TS19n—laTsﬁn)

IN

slbslz(w(ﬁnflaTsﬁnfl;gnfl)y ]}19an> + 52K
max{bg,, (On—1,0n),bs;, (On—1, Ts0n_1), b5, (O, Tsy),

bslz(ﬁn—l ) Tsﬁn),bsu(ﬂm Eﬁn—l)}

IN

Slgn—lbslg(ﬁn—l,rvﬁn—l) + $2 K max{(l - gn—l)bslz
(ﬁnflaTsﬁnfl)abslz(ﬁnflynﬁn71>7bs12(7-9na Tsﬁrz)y

bslz(ﬁnflanﬁn%bslz(ﬁn) T_'S'ﬁnfl)}

IN

S1 gn—lbslz (ﬁn— 1, Tsﬁn—l) + 52K max{bslz (ﬁn—l y T30, )7
bslz(ﬁna T:vﬁn)vslbsu(ﬁn—la 1971) +52bs12(l9n7 Tvﬁn)a

b512(w(ﬁn*17TYﬁnfl;gnfl),Tgﬁn,I)}
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< Slgnflbslz(ﬁn*h’rsﬁn*l) + 52K max{bﬂz(ﬁnfl»Tsﬁnfl)a
bS12(7-9na E@n),slﬂ - gnfl)bsu(ﬁnfl,rvﬁnfl)

+52bs12(7~9na Ts7~9n)7 gn—lbslz(ﬁn—lauﬁn—l)}

< 5 gn—lbslg(ﬁn—l , Tsﬁn—l) + 52K max{bslz(ﬁn—l y Tvﬁn—l)a
51(1 - gn—l)bslz(ﬁn—lyTsﬁn—l) +S2b512(19n7 Tsﬁn))}
< slgnflbslz(ﬁnfbnﬁnfl) + 52K max{bsn(ﬁnfl»rvﬁnfl),

Slbslz(ﬁn—la Tsﬁn—l) +s2b512(ﬁnv Tsﬁn)}
= S1G1-1D5, (On—1, Ty0—1) + s152K5Dsp, (On—1, Ty On—1)
+S%Ksb512(19n77;19n))

= [Slgnfl +5152Ks]bs12(7~9n717Tsﬁn71) +S%Ksbs12(ﬁn7 Tsﬁn)
:> (1 _S%Ks)bslz(ﬁmrvﬁn) S [Slg}’l—l +S1S2Ks]b512(l9.n—]77}19n—1)

S16n—1 1+ S152K;

R s

bS|2(0n—1 ) Tsﬁn—l)

1
< ;bslz(ﬁn—hTsﬁn—l)

4
with inequalities Ky < min { ) e }, §5 < min {sl,sz +515 5, } and
1 1
=Ky 1K
i 1—s2k. 3, s ATk
OSGYL*I < min #_SZKMAIIJZ 7311 ) neN
S 51527 ) 271{}
Thus,
1
(2) bslz(ﬁn;Tsﬁn) < S_bslz(ﬁn—hTsﬁn—l)
1

= {by,, (0, T;0,)} is a decreasing non-negative real numbers sequence. Therefore, 3 ZZ 0
with

lim by, (O, Tyh) = £

n—oo

We claim that Z: 0. Assume that /C\ > 0. Taking n — oo in (2),

1
1

{<—¢



6 ANSHUKA KADYAN, KAJAL SACHDEVA, ANIL KUMAR TANEJA
which is a contradiction. Hence § = 0, that is,

lim by, (O, T;0,) =0

n—soo

Here, we claim that {9, } is a Cauchy sequence.
Suppose that {9, } cannot be a Cauchy sequence,implying 3 € > 0 and {0, } and {3, }, sub-

sequences of {1, }, m; being the least natural cardinal with m; > n; > 1 satisfying
bSlZ(ﬁml ) 19.”1) 2 €

and
bS12(ﬁmz—17 19"1) <é&

Then, we conclude that

e< bslz(ﬁm”ﬁnl) < Slbslz(ﬁmmﬁnl—k]) +S2bs12(ﬁnl+laﬁnl)7

which implies that

£ .
— < limsupbs,, (O, , O, 11)
§1 Ky—>0

Noticing that

bslg(ﬁmlaﬂnl—b—l) — bslg(w(ﬁml—l;Tsﬁml—ﬁgml—l)aﬁnl—i—l)

< Gm—1bs1, (Om—1, Bn1) + (1 — Gy —1)bsy
(TsBm, 1, Oy 41)
< Gm—1bs1, (O —1, Oy 1) + (1 — Gy —1)51
b5 (TsOm, —1, Ty O, 1) + 52D, (Ts B, 11, Oy 41))]
< G- 1Dspy (O~ 1, Oy 1) + (1 = Gy —1)82b5,

(T, +1, O +1) + (1 = G, —1)s1 Kymax{by,,
(O, =1, Ony+1), bsyy (Omy—1, TsOm,— 1) by,
(On1, TsOn, 1) bsyp (Omy—1, Ts B, 1), by
(O 1, TsOm,—1) }

< Slgmlflbsn(ﬁmlfly ﬁnl> +52€m171bs12(7~9nl , ﬁn1+1) +
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(1= G, —1)82b51, (TsBn, 1, Oy 1) + (1 = Gy —1) 51K
max{s1bs,, (O, —1,On,) + 52651, (O, O, 1), by
(ﬁmz—lﬂRﬁml—1)>bslz(ﬁn,+lvTsﬁnﬁ—l)asl
by (Oimy—1, Ony1) + 52051, (On, 41, TsOn, 1), 51

bslz(ﬁnﬁ-laﬁml—l) +s2b512(ﬁm1—177}ﬁm1—1)}

IN

$16Gm,— 1051, (Om,— 1, O, ) + 52Gm,—1b51, (O, , Oy 1)
+(1 = G, —1)52b51, (Ts B, +1, Ony 1) + (1 — G, —1)51 K5
max{s1by,, (Om,—1,0n,) +52bs,, (O, Ony 1),
bsn(ﬁml—hTsﬁml—l)vbm(ﬁnl—khTvﬁnl—kl)ﬁ%bm
(Om,—1,On,) + 5152b51, (O, , Ony 1) + 52D,

(D1, T B 1),51bsyy (O 1, O,
+5152b5,, (O, Om,—1) + 2651, (O, -1, TsOm,—1) }

< 51Gm 1€+ 51%(1 — Gy, 1) max{s| €,s7€, 51526}

< S1Gm-1€+ 51K (1 — Gu,—1)€max{sy, 52}

If 51 > 55, then

£
b1y (Omys On1) < 1€ (Gmy—1 (1 — 57 +57Ky) < o

if sp > 51, then

by, (O On1) < 816w —1€ +57152K5(1 — G —1)€

£
3) = S1€(Gn—1(1 —s1802K;) +5152K;) < 5

Thus, we obtain

€ . E

— <limsupby,, (Op,, On,+1) < —

A | Ky—+00 S1
which is a contradiction.

Thus, {3, } being a Cauchy sequence in Hy. and owing to completeness of H, 3 9* € H such

that 1im,,—,e0 by, (O, %) = 0.
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Now we verify that 9" is a fixed point of 7. For this,

bslg(ﬁ*7 Trﬁ*) < slbslg(ﬁ*; ﬁn) +52bs12(l9n7 Tsﬁ*)

IN

s1bgy, (0, 0) 4 5152b5,, (O, Ty S) + 53

bslz(’l-:s‘ﬁn7 7?919'*)

IN

Slbslz(ﬁ*a ﬁn) +5152b312(19n; Tsﬁn) +S%Ks
maX{bslg(ﬁm ﬁ*)absu(ﬁna Tsﬁn) b

y 812

(19*7 Eﬂ*)abslz(ﬁnu Eﬁ*)ubﬂz(ﬁ*? 7-:3‘19}1)}

IN

$1bg,, (0, 0) 4 5152D5,, (O, Ty S) 4 53K
max{by,, (O, 8%), by, (O, Ty )by,

(07, I,07),51b5,, (00, 07), +52bs5,, (87, T,07),
51D, (07, On) + 52651, (O, Ts0) }

Letting n — oo, we get

bslz(ﬁ*anﬁ*) S S%Kb‘max{bsu(ﬁ*anﬁ*)aszbslz(ﬁ*,TTﬁ*)}
= S%Ksbslz(ﬁ*7TSﬁ*)
< by, (07, T,07)

So, by, (0", T;9%) =0 = T;0" = v*.
Hence, ¥ is a fixed point of 7j.

To prove that this fixed point so obtained is unique, consider g € Hy such that T;q = ¢, then

O<bslz(l9*acI) = bslz(Tsﬁ*aTQ)

IN

Ksmax{bslz(ﬁ*aQ)7b512(1~9*7 ]}ﬁ*)absm (qa Tq>7b512(1-9*7 TQ)7

bSlz(% Tsﬁ*)}

IN

Ks max{bﬂz(ﬁ*aq)>slb812(ﬁ*vQ) +s2bs,, (4, Tq)7slb512 (q,07)
+S2b512(l9*vTS79*)}

= Slebslz(ﬁ*7Q)
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1 x
< s_3bS12(19*7q) < b512(19 ’q>
1

that is a contradictory statement. Hence, 9* = gq.

O

Following is the corresponding result for Chatterjae type contraction in sy, sy b-metric space

which is a implication of Theorem 3.1:

Corollary 3.2. Assume (H,,bs,,,®) is a complete s, sy b—metric space with constants sy,sy >

1 and T; : H; — Hj be defined as
4) by, (Ts9, T58) < K [bs), (D, TS ) + by, (8, T D))

V 9, € Hy and x; € [O,%). Then T; possesses a fixed point in Hg that is unique if

K, <ming ———— L L1 2 minds s+ 52 51 and
s 257 (s2+57) 7 283827 25% f7 72 I 1 s,
1 1
. ]—23‘% Ks s?xz _ZKS Eizk“y
0 < ¢-1 < min — 92K, T T for each n € N, where ¥, =
- s N S

1 S18 S 2
152 s

w(ﬁn—stﬁn—l;gn—l), 0< -1 < 1.
If s; = 5o = s in Theorem 3.1, then we have Theorem 1 of [7] in convex b-metric spaces:

Corollary 3.3. [7] Assume (Hy,by,,,®) is a complete b—metric space with s > 1 and Ty : H; —
H; be defined as

bslz(TSﬁa TS&) S KSmaX{bSlz(ﬁ7§)7bS12(ﬁa Tsﬁ)vbslz(§77}§)abs12(ﬁa Eé)v

&) by, (8, Ts0)}

V 9, € Hy and x5 € [0,1). Then Ty possesses a fixed point in Hy that is unique if
1,
Ky < min{m,s%} and 0 < g, < min{siz—(s—kl)lcs,ﬁ} for each n € N, where

ﬁn = w(ﬁn—larcﬁn—l;gn—l); 0< Gn—1 < 1.

By using Lemma 1 of [7], we have Theorem 2 of [7] in convex b-metric spaces:
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Corollary 3.4. [7] Assume (Hy,by,,,®) is a complete b—metric space with s > 1 and Ty : H; —
H; be defined as

bslz(Tsﬁsté) S KSmaX{bSlz(ﬁ7§)7bSlz(ﬁv Tsﬁ)vbslz(§7TS§)7b512(ﬁa TS&);
(6) b512(€7Tv19)}7

V 0,& € Hy and x; € [0,1). Then Ty possesses a fixed point in Hy that is unique If K5 < S% and
1y
i*’fs, where ﬁ’n = w(ﬁnflyrvﬁnfl;gnfl): 0< G < L.

0 S Gn—1 <
Direct implication of Corollary 3.4, which is also Corollary 1 of [7], is as under:

Corollary 3.5. [7] Assume (Hy,by,,,®) is a complete b—metric space with s > 1 and Ty : H; —
H; be defined as

(7) bslz(TS197T:V§) S Ks [b512(197TS§)+b512<57T519)]7

V,E € Hyand K, € [O, %) Then T possesses a fixed point in Hy that is unique if K < ﬁ and
1

Lok
0<¢, 1< ifzz foreachn € N, where ¥, = ®(0,-1,Ty%-1;6,-1), 0 < 1 < L.
52 §

4. MAIN RESULT FOR ALMOST CONTRACTION

Theorem 4.1. Assume (H,,bs,,,®) is a complete 51,5y b—metric spaces with constants sy,sy >

1 and T; : H; — H; be condition(B) defined as
bS12(7}19»7}§) < Ksbﬂz(ﬁ»é) +Lmin{b512(0»Ts79>7b512(§7Tsé)abSlz(07TS§%
(8) bsy, (8, Ts9)},

V 9, € Hy and k; € [0,1). Then Ty possesses a fixed point in H that is unique if
1 1
37K 37K

inf1 1 in{ 2 i
K < mln{s?,sg} and 0 < g, < mln{ng+L> T +L

} for each n € N, where ¥, =

O (%1, T00-1561-1), 0 < G < L.
Proof. For any n € N

bs1y (O Bn1) = by (O, @ (O, T3 Gn)) < (1= Ga) sy (D, T5 )
and

bsn(ﬁm Tsﬁn) S Slbslz(ﬁna Tsﬁnfl) +S2bs12(Tsl9nflaTsl9n>
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<

IA

IN

IN

S1051, (O (Op—1, Ts0—1561—1), Ty¥—1) + 52 Ksbs), (On—1, On)
—}—sszin{ bslz(ﬁn*laTYﬁn*I)?bSlz(ﬁnaTfﬁi’l)’bslz(ﬁl’l*bnﬁn)?
by, (O, Ts B 1)}

$161—1D515 (On—1, TsOn—1) +52K(1 — Gu—1) by (B—1, Ty % 1)
+soLmin{ by, (Vy—1, Ts00—1), 5151, (On, On—1) + 52bs,,
(Bn—1,T50n), bsyy (Vn—1, Ts0n) , b, (B (D1, Ts V15 Gn—1) 5
T%, 1)}

$161—1D515 (On—1, TsOn—1) + 52K5(1 — Gu—1) by, (B—1, Ty % 1)
+soLmin{by,, (On—1,Ts%n—1), b5, (On—1,Ts0n), Gu—1
bsn(ﬁnthsﬁnfl)}

$160—1b51, (On—1, TsBn—1) + 52K (1 — Gu—1)bspy (On—1, TsBy—1)
+soLmin{s b, (On—1, TsOn—1) + 52b5, (Ts00—1, Ty ), Gu1
bslz(ﬁn—laTsﬁn—l)}

$160—1b5, (On—1, TsBy—1) + 52K (1 — Gu—1) by (On—1, Ts%—1)
+52LGu—1bs,, (On—1, Ts0—1)

[Gu—1(51 — 82K +52L) + 52K | by, (On—1, TsOn—1)

1

_2bs12(19n—1 9 Tvﬁn—l )7
52

A ye+L’ ﬁ—KﬁL

52

R
with inequalities Ky < min{é, é} and0< g, 1 < min{ 2 - }, neN

Thus,

(€))

1
bslz(ﬁna 7;19}1) < S_zbslz(ﬁn*brs‘ﬁn*l)
2

= {bys,,(0n, T;,)} is a decreasing non-negative real numbers sequence. Therefore, 3 Z >0

with

~

,}i_l;l;lobsn(ﬁn7 Y}ﬁn) = C
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We claim that 2 = (. Assume that E > 0. Taking n — o0 in (9),

| =

{<=C

S

[\S]\S]

which is a contradiction. Hence = 0, that is,

lim by, (O, T;%,) =0

n—soo
Here, we claim that {0, } is a Cauchy sequence.

Suppose that {9, } cannot be a Cauchy sequence,implying 3 € > 0 and {9, } and {3, }, sub-

sequences of {1, }, m; being the least natural cardinal with m; > n; > 1 satisfying
bsl2(ﬁml’ﬁnl) > €

and
bSlz(ﬁmz—l ) ﬁnz) <€

Then, we conclude that

€< bm(ﬁmmﬁnl) < sle1z(19mml9nl+1) +52bS12(19n1+17 B, ),

which implies that

£ .
— < limsupbg,, (Om,, On,+1)
§1 Ky—r0

Noticing that

bSlz(ﬁmmﬁnz-H) = bslz (w(ﬁml_l7nﬁml_l;gml_l)’ 0"14-1)

< =151y (O =15, Ony1) + (1 — Giny—1) by,
(Ts0m,—1, On 1)

< =165, (O 1, By 1) + (1 = Gy —1) [S1 b5,
(TsOm,—1, TsOn,+1) + 52b51, (Ts0n, 41, Ony41)]

< Gm—1b5, (Om—1, Ony 1) + (1 — Gy —1) 82D,

(Tsﬂnl—l—la ﬁnl-i-l) + (1 - gml—l)sl [KYb512(0m1—17 ﬁnl-i-l)

+Lmin{bs12 (ﬁmlfl ’ Tsﬁm,fl)abslz (ﬁnl+1 ’ Ts‘ﬁnl+l>7b512
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Thus, we obtain

which is a contradiction.

(ﬁmlflyTs19n1+1)7bslz(7~9nl+la Ts"}mlfl)}]

< slgmlflbslz(ﬁmlfla ﬁnl) +32gmlflbs12<0nm7-9nl+l)

(1 = Gy —1)8251, (TsOn, 415 Ony 1) + (1 = Gy 1)1
[Ks{ 510515 (O, —15 O, ) + 52b51, (D, , Oy 1) }
+Lmin{by,, (O, —1, TsOm,—1), bs;, (On, 41, TsOn, +1),
1515 (O, —1, On, 1) + 52651, (O 41,

T30, 41),51bs, (Bn 41, Om,—1) + 52651, (O, —1, TsOm, —1) }]

S 51 gml—lbslz(ﬁml—l ) ﬂnl) +S2§ml—1bslz(ﬁnl ) ﬁnl—i-l)

IN

(1 = Gy —1)52b5, (TsBn, 1, Oy 1) + (1 = Gy —1)51

[Ks{ 51050, (Om,—1, O, ) + 52b51, (O s Oy 41) }
+Lmin{bs, (O, —1,Ts0m,—1),bs1, (On,+1, TsOn, +1),
1By, (O, —1, O, )5152b515 (O s Oy 1)

+82b51 (O, 41, T O, +1),5bsyy (D1, B,
+5152b5,, (O, , Om,—1) +52b51, (O, =1, TsOmy—1) }
S16m—1€ +51(1 — Gn,—1)[KsS1€ +Lmin{0,0,s%£,s1szs}]

S1€ (Gm—1(1 — 1K) + 51K5)

3 — K
sie [ -2 (1 —s1Ks) + 51K
1—x,+L
- — 81K
1
sie| ———— (1 —51K,) + 51 K.
Sl—Sle+SlL( 5) ’
1
g_sl’(s
sie | —(1—s1K5) + 51K | = —.
1—s1K S1

E ) E
— <limsupby,,(Om,, Oy 41) < —
S] Kg—>o0 Sl

13
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Thus, {3, } being a Cauchy sequence in Hy. and owing to completeness of Hy, 3 9* € H such
that 1im,,_,e0 by, (O, %) = 0.

Now we verify that ¥ is a fixed point of 7. For this,

bslz(ﬁ*77}ﬁ*) < Slbslz(ﬁ*vﬁn)+S2b812(ﬁn77:919*)

IN

$1bs,, (0%, 80) + 515265, (O, Ty ) + 5565, (Ty B, Ty

IN

s1bg,, (0, 0) 4 5152D5,, (O, TsSy) 4 531Dy, (D, )
+Lmin{bslg(l9na Tsﬁn)ybsu(ﬁ*, Tsﬁ*)ybslz(ﬁn; Tsﬁ*)y

bypy (87, Ts0n) }]

IN

Sty (0%, 00) + 5152651, (O, T ) + 53 [ Kby, (D, )
+Lmin{by,, (O, Tsy), bs,, (0", T07), s1bs,, (B, )
+52b5,, (07, Ty0™), 51b5,, (07, On) + 52b5,, (O, Ty }].
Letting n — oo, we get

by, (0, T;07) < s%min{O,bslz(ﬁ*,Tsﬁ*),szbslz(ﬁ*,Tsﬁ*)} =0.

So, by, (0", T,9%) =0 = T, = O
Hence, ©¥* is a fixed point of Tj.

To prove that this fixed point so obtained is unique, consider ¢ € Hy such that T;q = ¢, then

0< bSlz(ﬁ*#]) = bslz(Tsﬁ*?T‘I)

IN

Ksb512(19*7CI) +Lmin{b512(ﬁ*a Tsﬁ*)abﬁz (CI7 TCI),bﬂz(ﬁ*a TCI)7

by, (¢, T;07) }

IN

Ksbslg(ﬁ*7Q) +Lmin{0,O,S1b512(l9'*, Q) +S2bS12<q; TC]),
s1bs1,(q, 07) + 52b5,, (07, T,07) }

— Ksbslz(ﬁ*acl)
1 * *

< s_3bS12(1-9 7Q) < bsm(ﬁ 7q>7
1

that is a contradictory statement. Hence, ¥* = q.
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If we take L = 0 in Theorem 4.1, then we obtain the following result.

Corollary 4.2. Assume (H,bs,,,®) is a complete s1,s2 b—metric spaces with constants sy, sy >

1 and T; : H; — Hj be defined as
(10) bSlz(nﬁuné) S Ksb812(67§)7

V 9, € Hy and ¥ € [0,%). Then T; possesses a fixed point in Hg that is unique
Lok Lk
Sl

if K < min{v%w%} and 0 < g1 < min{ﬁzf—K,W} for each n € N, where ¥, =
31 S 6— s S

w(ﬁn—laTcﬁn—Hgn—l), 0< Gn—1 < L.
If 51 < 57, then we have a version of Theorem 1 of [10].

Corollary 4.3. [10] Assume (H,,bs,,,®) is a complete sy,s2 b—metric spaces with constants

s1,82 > 1 and T; : Hy — Hy be defined as
(11) bslz(nﬁuné) S Ksbslz(ﬁug)a

V,E € Hyand x; € [O, %) Then T; possesses a fixed point in Hy that is unique if K; < s% and
2

1
‘*37,(_; *37,(5
1

0<¢ 1< min{i%— S—}foreachn €N, where ¥, = @ (0,1, T;0,-1;6,-1), 0< g1 <

_x.) 1—K
5 Ky 5

1.
For s; = 5o = s, we arrive at Theorem 3 of [7].

Corollary 4.4. [7] Assume (Hy, by,,,®) is a complete b—metric spaces with s > 1 and T : Hy —
H; be defined as

by, (Ts 0, ,E) < Ksbslz<07§) + Lmin{b;,,(9, Tsﬁ)abm(éang)»

(12) by, (0, T8), by, (8, T D) },

V,E € Hyand x; € [O, %) Then T possesses a fixed point in Hy that is unique if K, < s% and
1

0<g, 1< %for eachn € N, where O, = ©(0,—1,T30—1;61-1), 0< 61 < 1.
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Proposition 4.5. Let (Hy,by,,) be an s1,s2 b-metric spaces. Then any map Ty : Hy — H, that

1

satisfies Chatterjea contraction also satisfies condition(B) if K; < o
17753

Proof. Chatterjea contractive condition and property of 515, b-metric implies that

bSlz(TsﬁﬂTSé) S Ks [bSlz(ﬁJ}g)_'_bSlz(évTSﬁ)]
< K [S]bslz(ﬁ,é)—|—S2b512(€,Ts§)—|—b312<§,7}19)]
< KS[slen(ﬁv 5) +s152b5,, (5=Ts19) +S%b512(Tsl9, Tsé)

+byy, (S, Ts0)),

which follows

KsS1 Ks(s1s2+1)
(13) bSlz(TSﬁa TS&) < 1 _SKSS%bSu(ﬁv&) + Sl_—Kss%bSu(&aTsﬁ)-

In the similar fashion,

bSlz(TSﬁ7TS§) S Ks [bslz(ﬁ7TS§) +b512<§7TSﬁ>]

< Kg|bsy, (0, T,E) + 51bs,, (&, ) + $2b5,, (O, Ty
< Kilbsy, (8, T58) + 5151, (8, 0) +-5152b5), (B, T3E)
+53bs1, (136, T39)),
which provides
(14) by, (T8, T,E) < 1fszsgbm(ﬁ,é)+1€S£Sls—12<;%1)bslz(t9,Ts€).

Similarly, the inequality follows

bslz(TSl%TSé) < Ks[bslz(ﬁaTsé)+b512(€7TSﬁ)]
< KS[Sleu(ﬁaé)+S2b512(§77}§)""Slelz(é?TYé)

+S2b512(];§77790)]>

that yields

KsS1

Ks(Sl —l—Sz)
1——1(552]%12(1975) + —b512(€7TS§)

bslz(’I?S'ﬁ?I'S‘&) 1—KS2

IN
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bsip (8, T56).-

KsS1 KTS(S1S2+1)

2
1 — Kys5

zbsu(ﬁvé) +

1 — Kys5

15)
Similar argument reveals
b, (Ts0,T,E) < Kil|bsy, (O, T5E) + by, (&, T;0)]
< Kslsiby, (9, T50) +52bs,, (T8, i) + 51Dy, (S, 9)

+s2b51, (8, T0)]

which results into

KsS1 K (Sl —|—S2)
bslz(TS‘07TS§) S 1_SKSs2bS12(19’§)+ mbslz(ﬁvnﬁ)
KsS1 Ks(5152+1)
16 < O (9,E)+ T g (9, T ).
( ) — 1—K‘SS% Slz( 5)"*’ 1—K‘SS% Slz( s )

Now, by using equations (13)-(16), we have

KS1
bsu(Tsﬂ, ng) < 1_S—K_S2

zbSu(ﬂ?g) +

Ks(s1s2+ 1)

g min{by,, (¥, T;9),

512(& 5) Slz(ﬁang)a Slz(gstﬁ)}

prn(ﬁvg) +Lmin{b512(ﬁv T,0),

Slz(é Té) S12(1°97T56)7bS12<§7T519>}7

IA

KsS
Y—K12<1(as Ky <

where p =

(B)

+2

Proposition 4.6. If s1,s0 > 1 and k; €

)and L =

(s1s2+1)
5§ 2

[0,1/2) such that

> (.Therefore, T, satisfies condition

1 Ky 1 Ksé‘% 1 1
. s‘zsl YIYZ_KS 3_ s‘lt K h T p ? p h
< min then < min{ s2*2—— where =

I3 and L = —ms'szJZI).
1—xgs 2 1—Kys5

Proof. Observe that

1 Ks

sgsl o 5152 hs s‘l1 o s‘l‘ — K
¢ < min el »1+KV_K+KS_2(S —5)
5182 ) s1 S SSI 1 2
f-%-x
. 2
= min{

sL(sl + K52 — KgS1852 + Kssls%

Kssls%)’
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1 KsS5
5 — =2 — Ky
s% s? 591

i(l + Ky — KyS1 + KsS2(51 — 52))

(1—K53) —Ky5153 (1—K53) —Kys]

— min 53(1—Ks53) 57 (1—Kys3)

S1+KSSQ—K551S2—|—KSS1.S%—K‘ssls% ’ 1—KSS%—K551+KS(S1S2+1) ’
52 (1—Kys3) 51 (1—Kys3)
that yields

1 Ks 1 Ks

3 2 3 2

. s 1—Kys s 1—Kys

¢ < min 2 —2 ! -

ST _KsSi + Kg(S1S2+1) 1— KsS1 + KY(SISZ+1)
I 1—Kys3 1—Ks3 1—Kys3

1 1
3P Pl 4

52 51

= ¢ < min S1 A —)

Thus, following result is implied for Chatterjea contraction.

Corollary 4.7. Assume (H;,bs,,,®) is a complete s1,s» b—metric spaces with constants sy, sy >

1 and T; : H; — Hj be defined as

(17) bSl2(TS197TS§) S K [bslg(ﬁ77}§)+b512(57]}19)]7
V 9,€ € Hy and x; € [O, %) Then T possesses a fixed point in Hy that is unique if K5 <

. 1 1
min { s3(s1s2+1) 7 s+s3 } and

2
1 K 1 _ K5

0< < mind 22 7 A

= Gn—1 < min TE ks 71?]1« 1<s+1<sY (s1—52)

where 9, = w(ﬁn—laTsﬁn—l;gn—l); 0<¢G-1<L
If s; = 5o = s in Corollary 4.7, we obtain Corollary 3 of [7]

Corollary 4.8. [7] Assume (Hs,by,,,®) is a complete b—metric spaces with constant s > 1 and

T; : H; — H be defined as

(18) bslz(TS197T~V§) S Ks [b512(67n§)+b512<577}19>]7
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V,& € Hyand K, € [0, %) Then T possesses a fixed point in Hg that is unique if Ky < s2(s;—+1)
3K
and 0 < g, < =8

1+K:v_ ’
s

Ky
where ¥, = w(ﬁnflaTsﬁnfl;gnfﬁy 0< Gn—1 < .

5. CONCLUSION

The work on Ciri¢ contraction and almost contraction in convex generalised b-metric spaces
was extended in this present paper. We demonstrated the existence of a fixed point and its
uniqueness using Mann’s iteration. As a specific case of our main result, we demonstrated the

various developments in the existing literature.
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