Available online at http://scik.org

J. Math. Comput. Sci. 2022, 12:196
https://doi.org/10.28919/jmcs/7584
ISSN: 1927-5307

ON (m,n)QUASI-IDEALS IN SEMIRINGS

G. MOHANRAJ*, K. KALAIYARASI

Department of Mathematics, Annamalai University, India

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. The notions of quasi-ideal is generalized into (m,n) quasi-ideals which is a generalization of existed
(m,n) quasi-ideals. Regular semiring is characterized by the product of generalized quasi-ideals.
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1. INTRODUCTION

Steinfeld prefaced the overview of quasi-ideals for rings and semigroups severally in [8].
Mohanraj et al characterized bi-ideals [1] and quasi-ideals [2] of ternary semigroup. Mohanraj
et al classified various type of quasi-ideals in b-semirings [4]. Chinram [9] generalized quasi-
ideals in semiring as one way. In this paper, we generalize further into (m,n) quasi-ideals
which is a generalization of (m,n)quasi-ideals by Chinram [9]. It is validated by suitable giving

example. We characterize regular semiring by generalized (m,n)quasi-ideals.

2. PRELIMINARIES

A algebraic structure (S,+,.) is a semiring in which (S,+) is a commutative semigroup, (S,.)
is a semigroup and it satisfies two distributive laws. We say that a semiring S has an absorbing
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zero,ifa+0=0+a=aand0-a=a-0=0foralla € S. A subset A of S is called subsemiring
if A is itself a subsemiring. A subemiring R of S is called right(left) ideal if RS C S(SR C §). A
subsemiring Q of S is called quasi-ideal if QSNSQ C Q. A subsemiring B of S is called bi-ideal
if BSB C B. An element a of a semiring A is called regular if axa = a for some x € A [1]. A

subsemiring Q of S is called (m,n)quasi-ideal [9] if S”Q N QS" C Q by Chinram.
3. (m,n)QUASI-IDEALS

Hereafter S denotes semiring. Quasi-ideal is generalized as follows:

Definition 3.1. A subsemiring Q of S is called (m,n) quasi-ideal if Q"SNSQ" C Q for the

positive integers m and n.

Remark 3.2. (i) Every quasi-ideal in S is a (1, 1) quasi-ideal.

(1) Q"SNSQ" C SN OS™ C Q implies that every (m,n) quasi-ideal by Chinram [9] is a (m,n)
quasi-ideal by us.

(ii1) Example 3.3 contrasts (m,n) quasi-ideals from quasi-ideals.

(iv) Example 3.3 gives a (m,n) quasi-ideal which is not a (m,n) quasi-ideal by Chinram [9] for

all m and n.

Example 3.3. S is the semiring of 4x4 matrices over non negative integers Z*.
( )

0 ay dy ajs
0 0 b by
0= ay,as,as,by,by, by € Z*
0 0 0 b3
0O 0 0 O

\ J

Clearly Q is a (2,2) quasi-ideal. Now,

!/ " n "
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! " n "
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0S = r € Z*
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and

" " "

" " n

SO = r, € Z*

4 " "

" " "

Now,
" n
! " n

0SNSQ = 1, € Z*

! " m

\ Vs

implies that Q is not quasi-ideal. Since §" =S, 0S"NS"Q = QSN SQ ¢ Q implies Q is not

(m,n)quasi-ideal by Chinram[9] for any m and n.

Definition 3.4. A subset G of semiring in S is called generalized (m,n) bi-ideal if i)\G+G C G
ii)G™SG" C G for the positive integers m and n [1]. A generalized (m,n)bi-ideal is (m,n)bi-ideal
ifG-GCG

Theorem 3.5. Every (m,n) quasi-ideal is a (m,n) bi-ideal.

Proof: Let Q be a (m,n) quasi-ideal.
Then, Q"'SQ" C Q™SS C Q"S, and
Q"SQ" C SSQ" C SQ" imply
Q"SQ" C (Q™S)N(SQ") C Q
Therefore, Q is a (m,n) bi-ideal.

Theorem 3.6. The (m,n)quasi ideal generated by ‘a’, is {ria + ra® + ... + rpa™ + (@SN

Sa")|ri € Z*,i=1to m}, m > n and is denoted by (@) , )q-
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Proof: Let us take m > n. Now,

A = {ra+nrnd+.. +r,d"+(@"SNSa")|r € Z*} implies
A+A = {ria+mnd*+.. +rpd"+a"SNSd"|r € Z*} +
{t1a+t2a2+ o tpd" +d"SNSa" |t € 77}
= {(rn+n)a+(n+n)a®+ ..+ (rm+tn)d" +d"SNSa"}

= {s1a—|—52a2 +..Fsud"+d"SNSa"|s; €27} CA

AA = {rja+ raa® + ...+ rpd" + (@"SNSa")} -
{tia+12a® + ... + t,,d" + (a"SN Sa")|t € Z*}
= {rla2 +..+ r:nflam + (a"SNSa") + r;lai(amSﬂSa")
—|—(amSﬂSa”)t/ak +amSﬂSa”|r/, r;/,t/ €Z i=1ton}
Now, o € a"SNSa", fori=1tom, m >n
Forany k,k=1tomand r,r; € a"SNSa"
dr = d(a"s)
= da"(d's) e ™S
dr = d*(s;a")
= (d"s))d" € Sa"
Thus, d*(a"SNSd") C a"SNSa"
Now, rr; = (a"s1)d"s»
= d"(s1d"sy) €d"S
rrp = (amsl)(s/za")
= (amslslz)a” € Sa",
Then, (a"SNSa")(a"SNSa") C a™SNSa".
Therefore, A-A C A.
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A" = {ra+nrd+..+rd"+ad"SNSa"}..{ra+ra*+

et rma™ +a"SNSa"}

= {Rd"+rd" ™ +d (@S0 Sa")" T + (SN Sa") " al +

(@"SNSa")"|i,j=1tom—1}

If1<i<m,d(a@"SNSa")""' Ca™s,

x € a'(a"SNSa")™ ! implies x = (afsa"...s)a" € Sa"

Thus, a'(a™S N Sa™)™
Similarly, (a™S N Sa™)™ 7 a’
y € (a"SNSa") implies y™

m

y
Then, (a"SNSa")" C a"SNSa"
Therefore, A"'S
Similarly, SA"

Thus, A"SNSA"

-

N

C
C

C

a'Snsati=1tom—1
a"SNSa",j=1tom—1
a"(sy...d"sy) € a"S and

(s2a"...50)a" € Sa"

a"Snsa”
a"Snsa”

A.

Therefore, A is a (m,n) quasi-ideal. By similar arguement, A = {rja+ra’ +... +r,d" + (@SN

Sa")|ri € Z*,i=1ton} whenn > m, A'is a (m,n) quasi-ideal. Suppose that B is a (m,n) quasi-

ideal containing ‘a’, a* € Bforall k=1 tom. Now,a € B implies a”SNSa" C B, then A C B.

Therefore A is a (m,n) quasi-ideal generated by ‘a’.

Theorem 3.7. Every (m,n) quasi-ideal is a (i, j) quasi-ideal for i > m and j > n.

Proof: For a (m,n) quasi-ideal, QSN SQ" C S. Now,

Q"isnsQ" € 0"(0S)NSQ"

QmSmsQn-Fl g QmSmSQn

c Q"Sn(sQ)Q"
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C Q0"SNsSQ"CO

Qm—HSﬁSQn—H g QmSﬂSQn g Q

Thus Q is a (m + 1,n) quasi-ideal, (m,n+ 1) quasi-ideal. Therefore Q is a (i, j) quasi-ideal for

i>mand j > n.

Corollary 3.8. Every quasi-ideal is a (m,n)quasi-ideal for all

m,n>1

Theorem 3.9. The intersection of (i, j) quasi-ideal and (k,])quasi-ideal is a (m,n) quasi-ideal

for all m > max{i,k} and n > {j,l}.

Proof: Let B be a (i, j) quasi-ideals, and B; be a (k, /) quasi-ideal. Then by Theorem 3.7, B;
and B, are (m,n) quasi-ideals for m > max{i,k} and n > max{j,l}. Therefore (B; N B,)"SN
S(BiNBy)" CBM"SNSB! C B;, i =1,2imply B N B, is a (m,n)quasi-ideal.

Corollary 3.10. If Q; is a (m,n) quasi-ideal in S for all i, then (n] Q; is a (m,n) quasi-ideal for
any finite n. -

Theorem 3.11. For a semiring S, the following statements are equivalent.

1. S is regular.

2. GNQ C GSQ for any generalized (m,n) bi-ideal G and for any (m,n) quasi-ideal Q.
3. BN Q C BSQ for any (m,n) bi-ideal B and for any (m,n) quasi-ideal Q.

4. Q1N Q2 C Q150, for any (m,n) quasi-ideal Q1 and Q».

5. INQ C ISQ for any quasi-ideal I and for any (m,n) quasi-ideal Q.

6. Iy NI, C I} S, for any quasi-ideal I and I;.

7. BN Q C BSQ for any bi-ideal B and for any (m,n) quasi-ideal Q.

8. BN Q C BSQ for any bi-ideal B and for any quasi-ideal Q.

9. GNQ C GSQ for any genaralized bi-ideal G and for any (m,n) quasi-ideal Q.

10. GNQ C GSQ for any generalized bi-ideal G and for any quasi-ideal Q.

11. Q1N Qy € 0150, for any quasi-ideal Q1 and Q5.

12. NG C OSG for any (m,n) quasi-ideal Q and for any generalized (m,n) bi-ideal G.
13. QN B C QSB for any (m,n) quasi-ideal Q and for any (m,n) bi-ideal B.
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14. 9NI C QSI for any (m,n) quasi-ideal Q and for any quasi-ideal I.
15. QN B C QSB for any (m,n) quasi-ideal Q and for any bi-ideal B.
16. QN B C OSB for any quasi-ideal Q and for any bi-ideal B.
17. NG C OSG for any (m,n) quasi-ideal Q and for any generalized bi-ideal G.
18. ONI C OSG for any quasi-ideal Q and for any generalized bi-ideal G.
19. N L C QL for any quasi-ideal Q and for any left ideal L.
20. RNQ C RO for any right ideal R and for any quasi-ideal Q.
21. RNL = RL for any right ideal R and for any left ideal L.

Proof: First we prove that (1) = (2) = (3) = (4) = (5) = (6), (6) = (19) = (21) = (1),
3)=(7)= (8)=(20)=(21),(2) = (9) = (10) = (21), (4) = (11) = (20), (1) = (12) =
13) = (14) = (19), (13) = (15) = (16) = (20), (12) = (17) = (18) = (19).

(

(

(1)= (2) Leta € GNQ, then a = axa € GSQ. Thus GNQ C GSQ.

(2) = (3) Straight forward.

(3) = (4) By Theorem 3.5, (4) holds.

(4) = (5) By Theorem 3.7, (5)it follows.

(5) = (6) By Theorem 3.7, (6)it follows.

(6) = (19) By (6), ONL C OSL C QL for any quasi-ideal Q and left ideal L.

(19) = (21) Now, RNL C RL for any right ideal R and left ideal L RL C R and RL C L imply
RNL=RL.
(21) = (1) Now, a € (a),N{a); = (a),- (a);

Then, (a),.{a); = {ma+asimeZ" seS}.
{na+asim € 2" ,s € S}
= {nd*jn€z*} +aSa+aSa+aSa

If, a € {na*ln € Z*}, then, a = na* = (na)(na®)

— 2P

= a(n*a)a
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Therefore S is regular.

(3) = (7) Straightforward.

(7) = (8) By Corollary 3.8 it follows.

(8) = (20) For any right ideal R and by (20) holds.

(20) = (21) By (20), for any right ideal R and left ideal L,
RNLCRSLCRLRLCRSCRandRLC SLC Limply RL C RN L.Therefore RL=RNL.
(2) = (9) Straightforward.

(9) = (10) By Corollary 3.8 it follows.

(10) = (21) By (10), for any right ideal R and left ideal L RNL C RSL C RLbut RLC RNL
imply RNL = RL.

(4) = (11) By Corollary 3.8, (11) it follows.

(11) = (20) Right ideal R is a quasi-ideal, then (20) follows.
(1)= (12) Leta € QNG. Then a = axa € QSG. Thus, 0N G C OSG.
(12) = (13) Straight forward.

(13) = (14) By Theorem 3.5 and Corollary 3.8, (11) it follows.
(14) = (19) By Corollary 3.8, (19) it follows.

(13) = (15) Straightforward.

(15) = (16) Straight forward.

(16) = (20) Right ideal R is a bi-ideal implies RN Q C RSQ C RQ.
(12) = (17) Straight forward.

(17) = (18) By Corollary 3.8, (18) it follows.

(18) = (19) Straight forward.
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