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Abstract. This paper studies the bifurcation of positive solutions for a boundary-value problem of nonlinear
fractional differential equations with integral boundary conditions. Using the topological degree theory and the
bifurcation technique, the existence of positive solutions is investigated and some sufficient conditions are obtained.
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1. INTRODUCTION

Since fractional-order models are found to be more adequate than integer-order models in
some real-world problems. In fact, fractional derivatives provide an excellent tool for the de-
scription of memory and hereditary properties of various materials and processes. For details,
see [16], [17], [18]. Consequently, in the last two decades, the study of fractional differential
equations has attracted many scientists’ interest due to their applications in chemical process,
physics, biology, and so on. It have been given considerable attention by many authors, see

[20], [21], [22] and the references therein.
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Owing to various applications of integral boundary value problems in applied fields such
as blood flow problems, chemical engineering, thermo-elasticity, undergroundwater flow, and
population dynamics, the existence of solutions for fractional differential equations with integral
boundary conditions has been extensively studied in recent years (see [3], [4], [5], [6] and the
referencres therein).

In this paper, we aim to study the following boundary value problem of fractional differential

equations with integral boundary conditions:

‘D*u(t)+nf(t,u(r) =0 0<tr<1,

u(0) = u"(0) =0, u(1) =B Jy u(s)ds,

ey

where 2 < @ < 3,0 < B <2, “D% is the Caputo fractional derivative, > 0 is a given constant,
and f:[0,1] x [0,400) — [0, +o0) is continuous function. We make the following assumptions:

(H1) 3(7,R) € R? satisfying 0 < 7 < R, and there exist the functions ag,a’,be,b> €
C(J,RT) with ag(.),a’(.),bw(.),b™(.) Z 0 in any subinterval of J := [0,1] and functions
$1,€1,8,,& € C(J,RT) such that

ao(t)(v=E&1(t,v)) < f(1,v) <) (v+&(t,v))  V(t,v) €T x[0,7,
and
boo(t)(v—C1(t,v)) < f(t,v) <BZ(t)(v+ &(t,v) V(t,v) €J X [R,+o0),

where for i € {1,2} and uniformly with respect # we have
Ei(t,v) =o(v)asv — 0 and §;(t,v) = o(v) as v — oo.

We use a bifurcation techniques and topology degree theory under the condition (H1) and other
conditions to investigate the problem (1) and to obtain the existence of positive solutions.

Some special cases of (1) have been investigated. For example, Cabada and Wang [3] studied
the existence of positive solutions of (1) with n = 1, by using Guo-Krasnoselskii’s fixed point

theorem, and they proved the following:

Theorem 1. Assume that one of the two following conditions is fulfilled:

(i) (Sublinear case) fo = oo and f. = 0.
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(ii) (Superlinear case) fo =0, fw = o0 and there exist L > 0 and 0 > 0 for which f(t, kx) >
ux® f(t,x) for all x € (0,1].

Then, the problem (1) with n =1 has at least one solution that belongs to the cone
tp(o—2
P=fuec(o ) :u > PE2 v seqo .

Where fO = lim { min M} and foo = hm{ max f(t;l/l)
u—0t "~ rel0,1] u u—eo " ref0,1] u

respecttot € [0, 1].

} both uniformly with

Remark 1. Obviously, the condition (HI) means that the nonlinearity f(.,.) is asymptotically
linear at 0 and oo, not necessarily linearizable or super-linear or sub-linear, then the conditions
of Theorem (1) are differents then the condition (H1) and the method used in [3] is not helpful

any more in this case.

Remark 2. Unfortunately, there have been a few papers studying such fractional differential
equations using bifurcation ideas and to the best of our knowledge, there is no paper study-
ing such fractional differential equations with integral boundary conditions using bifurcation
techniques. The purpose of present paper is to fill this gap and the main method used here
is bifurcation techniques and topological degree, not fixed point theorem on cone, upper and

lower solutions technique, which is different from the references.

The bifurcation technique was firstly proposed by Rabinowitz and then was extensively ap-
plied to the study of positive solutions for BVPs of integer order differential equations [11],[12].
For fractional differential equations, Liu and Yu [9] applied the bifurcation technique to the ex-
istence of positive solutions for a class of BVPs of fractional differential inclusions.

The rest of this paper is organized as follows. Section 2 contains some preliminary results.
Section 3 presents the main results of this paper. In Section 4, two illustrative examples are
worked out to support our obtained new results. In some sense, the proves given in this work

follow similar steps to the ones obtained in [1], [8], [19].

2. BACKGROUND MATERIALS AND PRELIMINARIES

Firstly, we recall some well known results about fractional calculus. For details, please refer

to [2], [10], [17] and references therein.
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Definition 1. For a function f : [0,00) — R, the Caputo derivative of fractional order o is

defined as

1

Fo O s, e

‘Df(t) =

where |a] denotes the integer part of the real number o.

Definition 2. The Riemann-Liouville fractional integral of order o for a function f is defined

19 4(1) = ﬁ /0 (= $)% f(s)ds, >0,

provided that such integral exists.

Definition 3. The Riemann-Liouville fractional derivative of order o for a function f is defined
by

1 d

D% f(t) = Ti—a) (o

r [a—sr s, 0=+,

provided that the right-hand side of the previous equation is pointwise defined on (0,c0).
Lemma 1. Let a > 0, then the fractional differential equation
‘D%u(r) =0

has a unique solution given by the expression

@l (o) .
u(t) =Yy, = _'(O)tf.
=0 I
Lemma 2. Let o > 0, then
o (Do) .
1p%u(r) = u(r) - ¥ s
=0

Secondly, we recall some useful properties of Green’s functions for BVP (1), which were
proved in [3]. Throughout this paper, the Banach space is C([0,1]) with the norm ||v|| =

max [v(t)|, VveC([0,1]).
t€l0,1]
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To solve BVP (1), we first consider the following linear boundary problem of fractional differ-

ential equation:

‘D%u(t)+g(t)=0 0<r<1,

u(0)=u"(0)=0, u(1)=P Jyu(s)ds,

2)

where g € C([0,1]) we cite the following two lemmas from reference [3].

Lemma 3. (see[3]). Given g € C([0,1]), then u(t) = [, G(t,5)g(s)ds is a solution of (2),

where
2t(1—5)%" Y (o—B+Bs)—(2—B)a(t—s)*!
€) G(t,s) = P , 0<s<r<l,
’ 2(1-5)*(a—f+s)
2—Pp)T(a+1) 0<tr<s<l.

Lemma 4. (see[3]). Let2 < o <3 and 0 < <2. Forall t,s €[0,1], the function G(t,s)
defined by (3) has the following properties:

tB(1—5)%1a—2+2s) 200(1 — )% N —2+2s)

<G f, < ;
@ T eprery S e
:lG(l,S) :ﬁ((z;iD G(l,S)
and
(5) G(t,s) > O0forallt,s € (0,1) ifand only if B € [0,2).

Thirdly, we list the following results on the topological degree of completely continuous

operators.

Theorem 2. (Schmitt and Thompson [14]. Let E be a real reflexive Banach space, G :
R x E — E be completely continuous such that G(A,0) =0, VA €R,anda,b € R (a<b) be

such that u = 0 is an isolated solution of the equation
©6) W—G(h,u)=0, uck,

for A =aand A = b, where (a,0), (b,0) are not bifurcation points of (6). Furthermore, assume

that

dEg(I_ G(Cl, ')7Br(0)70) 7é deg(l_ G(b7 ')7Br<0>70)=
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where B,(0) is an isolating neighborhood of the trivial solution.

Let

Y ={(A,u): (A,u) is a solution of (6) withu # 0} U ([a,b] x {0}).
Then there exists a connected component € (i.e. maximal closed connected subset) of ¥ con-
taining a,b] x {0} in R x E and either

(i) € is unbounded in R x E or
(ii) E N [(R\[a,b]) x {0}] # 0.

Theorem 3. (Schmitt [13]). Let E be a real reflexive Banach space. Let G: R X E — E
be completely continuous, and let a,b € R (a < b) be such that the solution of (6) is, a priori,

bounded in E for A = a and A = b; that is, there exists an R > 0 such that

(7 G(a,u) # u+# G(b,u)
for all u with ||u|| > R. Furthermore, assume that
deg(l ~ G(a,.), Br(0),0) # deg(I - G(b,..), Bx(0),0),
for sufficiently large R > 0. Then there exists a closed connected set € of solutions to (6) that

is unbounded in |a,b] x E, and either

(i) € is unbounded in A direction or
(ii) there exists an interval [c,d| such that (a,b) N (c,d) = 0 and € bifurcates from infinity

in [c,d]) X E.

Lemma 5. (Guo [15]). Let Q be a bounded open set of real Banach space E, let 0 denotes
the zero element of E and let G : Q — E be completely continuous. If there exists yo € E, yo # 0

such that
x€dQ, 1>0=x—Gx#1y.
Then

deg(I—G,Q,0) =0.
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Finally, in order to prove the main results, we choose the basic space

"

E:={veCWU,R"):v(0)=v'(0)=0, v(1)=p /01 v(s)ds}.

Clearly, E is a Banach space with norm ||v|| = max [v(t)| (for all v € E).
te

Let
(8) Q:= {vEE:v(t)z%(a—Z)v(s)EO, Vt,s € J}.

One can easily see that Q is a cone of E. In addition, from (8) we have

©) 02 Blaop, weo wes

In order to use the bifurcation technique to investigate BVP (1), we deal with the following

fractional boundary value problem with the parameter A:
‘D¥u(t)+Af(t,u(t)) =0 0<t<I,

u(0) =u' (0) =0, u(1) =B Jy u(s)ds.

We note that (A4, u) is said to be a solution of fractional BVP (10) if it satisfies (10). In addition,

(10)

if A > 0and u(t) > 0 fort € (0,1), then (A,u) is said to be a positive solution of BVP (10). It
becomes apparent that if A > 0 and u € Q\ {0} such that (A,u) is a solution of fractional BVP
(10), then by (9) we know that (A,u) is a positive solution of BVP(10), where 6 denotes the

zero element of £. Define

Ftv) = f&,v), (t,v)eJ xR,
f(t,0), (t,v) €J X (—0,0).

Then f(¢,v) >0onJ x R.
Lemma 6. SetAj; : Q — C([0,1]) such that

1 —
(1) Auv(t) == A /0 G(1,)F (s, v(s))ds.

Assume that (H1) is satisfied, then Ay : Q — Q is completely continuous.

Proof. By assumption (H1) and using a similar process of the proof of Lemma 4.1 in [7] , we

know A, : Q — Q is completely continuous. U
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Let

(12) Y:={(A,v) e Rt xC([0,1]) : v=A,v,v # 0},

where 6 is the zero element of C(J,R™). From Lemma (6) and the definitions of f and the cone

Q, one can see that (1,u) € £ = u € Q. Moreover, we have the following conclusion.

Lemma 7.  From Lemma (3), if u € E is a fixed point of the operator A, then (A,u) is a

solution of

D¥(t)+Af(t,v(t)) =0 t€(0,1),

v(0) =v (0) =0, v(1) =B [y v(s)ds.

(13)

Furthermore, (A,u) is a positive solution of BVP (13) if and only if (A,u) is a positive solution
of BVP (10).

For a € C(J,R™) with a(¢) # 0 in any subinterval of J, define the linear operator L, : C(J) —
C(J) by

(14) Lov(t) = /OIG(t,s)a(s)v(s)ds.

where G(t,s) is defined by Lemma (3). From Lemma (3) and (4) and the well-known Krein-

Rutman Theorem, one can obtain the following lemma.

Lemma 8. The operator L, defined by (14) is completely continuous and has a unique char-
acteristic value Ai(a), which is positive, real and simple, and the corresponding eigenfunction

O(t) is of one sign in (0, 1), that is,
O(t) = A (a)Ly@(2), forallt € J.

One can show that the operator L, can be regarded as L, : L*[0,1] — L?[0, 1]. This together
with Lemma (8) guarantees that A;(a) is also the characteristic value of L} , where L is the
conjugate operator of L,. Denote ¢* by the nonnegative eigenfunction of L}, corresponding to

A1(a). Then, we have

0 (t) = M(a)Lip*(t), Vtel.
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3. MAIN RESULTS

The main results of present paper are the following two theorems.

Theorem 4. Suppose that (H1) holds and suppose either
(i) Ar(ag) <m <A (b™) or
(if) A1 (be) <1 < A1(a”)

holds. Then BVP (1) has at least one positive solution.

Theorem 5. Suppose the following.
(H2) There exist R > 0 and h € L(J,R") such that

(a—2)2-B)'(a+1)

Vi eJ, Vv e[0,R], f(2,v) <h(t)v and max{i(ap), A1 (be)} <1 < 6 J) (2s+1)(1 —5)@ h(s)ds

Then BVP (1) has at least two positive solutions.
To prove Theorems (4) and (5), we first prove the following lemmas.

Lemma 9. Suppose that (HI) holds. Let Ai(ag) and A (a®) be the unique characteristic value

of Lqy, Lo, respectively. Then we have

(i) Let [c,d] C R be a compact interval with [A(a), A1 (ag)]N|c,d] = 0. Then there exists

01 € (0,7) such that
v£Ay, VYA€][e,d], WYWeEwith0<|y|<d;
(ii) For u € (0,41(a)), there exists 8; € (0,7) such that
deg(I —Ay,Bs,0) =1, Vo € (0,61];
(iii) For A > Ay (ap), there exists & € (0,7) such that
deg(I —A,,Bs,0) =0, Vo€ (0,8)].
Proof. e: Firstly, we prove conclusion (). If this is not true, then

(15) FH{(tn,vn)} C [e,d] x C([0,1]) = |[vn]] = 07 (n — 4o0) and v, = Ay, vy
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7)

(18)
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Without loss of generality, assume that u, — 1 € [c,d] and ||v,|| < 7 for all n. Notice

Allnvn
[[vall *

From the definition of f(¢,u), it is easy to obtain that {w,} is relatively compact in

that v, € Q. From (8), we know that v,(¢) > 01in (0,1). Set w,, = ﬁ Then w,, =

C(]0,1]). Taking a subsequence and relabeling if necessary, then w,, — w in C([0, 1]),
lw|| =1andw € Q.
On the other hand, by (15) and the first part of (HI) we have

ao(s) (va(s) = E1(5,va(5))) < F(s,va(s)) < a’(s)(va(s) +&a(s,va(s))), Vs €.

Therefore, from (5) and (11) we know

wnlt) <t [ 69 (5)ras) + 2022 g
0 [Vl
and
! S1(s,va(s))
W) > thn /0 Gt s)aos)ra(s) — =5 s

Let y* and y. be the positive eigenfunctions of L, L; corresponding to A (a®) and
A1(ao), respectively. Then from (17), it follows that

Ea(s,va(s))

dsdt.
[[vall

1 1
0o ) < il )+t [ W01 Gl0,9)a°6)
Letting n — +o0 and using condition (H1) again, we have
(W) < L ow, W) = 1 gy = 1, )
) — a Y ' a ?2{1 (a()) Y

which implies i > A1 (a®). Similarly, one can obtain from (18) that y < A;(ag). Summa-
rizing the above, A1 (a®) < u < Ai(ap), which is a contradiction with u € [c,d]. There-

fore, there exists &; € (0,7) such that

v#Ayy, VA€lc,d], YveEwith0<|y| <d.

: Secondly, we prove conclusion (ii). Notice that [0, u] N[A;(a®), A1 (ag)] = 0. From (i),

there exists 0; € (0,7) such that

v#AY, YA €0,u], Yvec([0,1]), with0 < |v]| < §;.
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(20)

21
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Let T = 2. which means

l’l”
v#TALy, VTel0,1], VvecC([0,1]), with0 < [[v] < 6.

One can obtain from the homotopy invariance of topological degree that

deg(I —Ay,Bs,0) =deg(I,Bs5,0) =1, Vd € (0,8].

: Finally, we prove conclusion (iii). From the Lemma (5), one needs to prove that for

A > A (ap), there exists & € (0,7) such that
v—Apv# T, YVT>0, YveCC([0,1]), with ||v|]| = &

where ¢ is the positive eigenfunction of L, corresponding to A;(ap). Suppose on the

contrary that there exist v, € C(]0,1]) with ||v,|| = 0 (n — 4oo) and 7, > 0 such that

Vn —A;Lvn = TnPo.

A;LV,, Tn
Wy = 0.
[Vall [[vall
By virtue of A v, € Q, we know w,, > ”v Tory 90- As a result, ” " is bounded. On the

other hand, from (11), condition (H1), and Ascoli-Arzela theorem, it is easy to see

that {A””} is relatively compact. This together with (20) guarantees that {w,} is also
relatively compact. No loss of generality, suppose w, — w as n — —+oo.
Consequently, it follows from (11) and (20) that

E1(s,va(s))

[[vall

() > A /0 ' G(1,5)ao(5)[wa(s) — Ids.

Also let v, be the positive eigenfunction of L; corresponding to A;(ao). Then by (21),

we know
1 1 S, v, (s
o) = AL ) <4 [ w01 GGs)an(o) = s
= A{wy,L; l[/* l/ v, (t / G(t,s)ap(s (|S|v\;n||( ))d |dt.
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E1(5,vn(s))

TR 0 as n — +oo uniformly

Similar as in the proof of conclusion (i), we have

with respect to s € (0, 1), so we obtain that

O, ) 2 A0 L ) = Ao 705

This means A < 4;(agp), which is a contradiction. Consequently, (19) holds. By virtue

of Lemma (5), for each A > A;(ay), there exists &, > 0 such that
deg(l—Al,Bg,O) =0, Voe (0,52].

O

Theorem 6. [4;(a°),A1(ay)] is a bifurcation interval of positive solutions from the trivial so-
lution for BVP (10); that is, there exists an unbounded component 6 of positive solutions of
BVP (10), which meets [A;(a®), A1 (ag)] x {0}. Moreover, there exists no bifurcation interval of

positive solutions from the trivial solution which is disjointed with [A1(a®), A1 (ap)].

Proof. By virtue of (12) and Lemma (7), we need only to prove that there exists an unbounded
component € of X, which meets [A;(a”), A;(ap)] x {0}, and there exists no bifurcation interval
of ¥ from the trivial solution which is disjointed with [A;(a®), A1 (ag)]. For fixed n € N with
A1(a%) — % > 0, by the assertions (ii) and (iii) of Lemma (9) and their proof, there exists r > 0

such that such that all of the conditions of Theorem (2) are satisfied with
1 1
G(A,u)=Ayu, a=2A(a®)—~, and b= A (ap)+ —.
n n

This together with Lemma (7) guarantees that there exists a closed connected set 6, of ¥ con-
taining [A1(a®) — L, A1 (ap) + 1] x {0} in R* x C([0,1]).

From the conclusion (i) of Lemma (9), the case (ii) of Theorem (2) cannot occur. Thus, %,
bifurcates from [4;(a®) — 1,21 (ap) + 1] x {0} and is unbounded in R* x C([0,1]). In addition,
for any closed interval [c,d] C [A1(a®) — L, A (ap) + 1]\ [A1(a®), A1 (ao)], by the conclusion (i)

of Lemma (9), there exists 0; > 0 such that
{veC([0,1]): (A,v) €X,0< |]v|| < &1,A € [c,d]} = 0.

Therefore, %, must be bifurcated from [A;(a®),2;(ao)] x {0}, which implies that %}, can be

regarded as %p. In addition, using the conclusion (i) of Lemma (9) again, there exists no
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bifurcation interval of positive solutions from the trivial solution which is disjointed with

[A1(a®), A1 (ap)]. O

By a process similar to the above, one can obtain the following conclusions.

Lemma 10. Let A (bo) and A1 (b*) be the unique characteristic value of Ly, ,, Ly, respectively.

Suppose that (H1) holds. Then we have
(i) Let [c,d] C RT be a compact interval with [A;(b™),A1(be)] N [c,d] = 0. Then there
exists Ry > R such that
u#Ayu, VA€le,d], YueC([0,1]) with ||u|| > Ry;
(ii) For u € (0,A1(b™)), there exists Ry > R such that
deg(I —Ayu,Bg,0) =1, VR2>Ry;
(iii) For A > A1 (be), there exists Ry > R such that

deg(I—Al,BR,O) = 0, VR > Ry.

Theorem 7. [A;(b™),A1(bs)] is a bifurcation interval of positive solutions from infinity for
BVP (10), and there exists no bifurcation interval of positive solutions from infinity which is
disjointed with [A1(b™), A1 (b)]. More precisely, there exists an unbounded component 6. of
solutions to BVP (10), which meets [A1 (%), A1 (bs)| X oo and is unbounded in A direction.

Now we are in position to prove Theorems (4) and (5).

3.1. Proof of Theorem (4). Certainly the solution of the form (n,u) (u# 8) of (10) is a
positive solution of BVP (1). So by Lemma (7), it is sufficient to show that there is a component
% of ¥ that crosses the hyperplane {n} x C([0,1]), where £ C R" x C([0, 1]) is defined by (12).
Case (i). A1(ap) <n <A1 (b™)
From Theorem (6) there exists an unbounded component % of positive solutions
to BVP (10), which bifurcates from [A;(a®),A1(ag)] x {6}. Therefore, there exists
(Wn,vn) € 6o such that

(22) A vl = Ao (= 4o0).
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If there exists n € N such that u, > n, the result follows. If this is false, we have
W, < n for all n € N. Notice that (0,0) is the only solution of (10) with A = 0. By
the conclusion (i) of Lemma (9) and the conclusion (i) of Lemma (10), we have
%oN ({0} x C([0,1]) = 0. Therefore, u, € (0,1) forall n € N.
Taking a subsequence and relabeling if necessary, suppose i, — u* as (n — 4o0).
Then pu* € [0,n]. This together with (22) guarantees that ||v,|| — +o0. Choose [c,d]| =
[0,1(b) — 1] for m € N. By the conclusion (i) of Lemma (10), it follows that u* >
A1(b™) — L for each m € N, which means 7 < A;(b™) < p*.This is a contradiction.
Then BVP (1) has a positive solution u with (1,u) € %p.
A (be) <1 < ()
By Theorem (7), there exists an unbounded component %. of solutions to (10)
which bifurcates from [A;(b”),A4;(be)] X o0, and is unbounded in A direction. If
%o N (RT x {0}) = 0, using the fact that €. N ({0} x C([0,1]) = 0 and €. is un-
bounded in A direction, we know that % must cross the hyperplane {n} x C([0,1]).
If 6N (RT x {0}) # ¢, from Theorem (6) and % N ({0} x C([0,1]) = 0, we have
G N (RT x {0}) € [A1(a%),A1(ag)] x {0}. So % joins [A;(a®),A1(ag)] x {0} to
[A1(57),A1(bw)] X . This together with A1 (be) < N < A1(a®) guarantees that
crosses the hyperplane {n} x C([0,1]). Then BVP (1) has a positive solution u with
(N,u) € Cw.

3.2. Proof of Theorem (5). First we show that there exists € > 0 such that

(23)

ZN([0,n+¢€] xdBg) =0,

where Bg = {v € C([0,1]) : ||v]| <R}, and £ C RT x C([0,1]) is defined by (12). In fact, from

assumption (H2), it follows that there exists € > 0 such that

6(n+e)
(@—2)(2-p)r

1
T ) D=9 s <.

If there is a solution (A,u) of u = A, v, such that 0 <A <n+¢€ and ||v|| =R, then

0<u(t) <|[v| =Rfort e J.
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By virtue of (11) and Lemma (4), we have

R=|v|| = maxA OIG(I,S)f(s,u(s))ds

teJ

1
< (n+e)Rmax /O G(1,5)h(s)ds
6(n+¢€)R
(a—2)(2-B)IY(

< R.

1
a+1)/o (25+1)(1 )% h(s)ds

which is a contradiction. Thus, 2N ([0, + €] X dBg) = 0.

Next, from Theorem (6), there exists an unbounded components %, of solutions to (10),
which meet [A;(a®), 41 (ao)] x {0}. By (23) we know %, N ([0, 4¢&] x dBg) = 0. This together
with the fact that 4 is unbounded, 4 (agp) < 1, and 6N ({0} x C([0,1])) = 0 guarantees that
% crosses the hyperplane {1} x C(]0, 1]). Then BVP (1) has a positive solution u; with

(T],Ltl) € Cg() and ||u1|| <R.
Similarly, by Theorem (7) and (23), the BVP (1) has a positive solution u;(¢) with
(N,u2) € o and ||uz|| > R.

Consequently, BVP (1) has at least two positive solutions.

Immediately, from the proof of Theorem (5), we have the following Corollary.

Corollary 1. Suppose that assumption (H2) holds. In addition, suppose that one of the follow-

ing two conditions holds:

(i) Ar(ag) <m;or
(ii) A(bso) <M.

Then BVP (1) has at least one positive solution.

Remark 3. Corollary (1) is different from Theorem (5) though their results are similar.



16 MADIJID HALAOUA, EL. AMIR DJEFFAL

4. EXAMPLES

Example 1. Let p be the unique characteristic value of L corresponding to positive eigenfunc-

tion with a(t) = % in (2.11). From Lemma 2.10 it follows that p exists and we have
! 3
30 0(1) = p/ G(t,)50(s)ds, for all 1 € J
0
We consider the following BVP
CD%u(t) +nf(tu)=0 0<t<1,

u(0) =u’ (0) =0, u(1) =B Jy u(s)ds,

(24)

where 3 € (0,2) and

p(uttu?), teJuclo,l],

(25) ft.u)=19 p(4u—3+1), teduell,3],

u oo
\p(3u+t\/;), t €J,u€ [3,+0).

Then BVP (24) has at least one positive solution.

Proof. There is no doubt that fp, fw ¢ {0,0}. Consequently, from theorem (1) we cannot affirm
that BVP (24) with (1, B) = (1, 1) has a positive solution. Otherwise, BVP (24) can be regarded

as the form (1) and from (25), one can see that the condition (H1) of theorem (4) is satisfied with

ag(t) = a0<t) =P, beo(t) =™(r) = 3p and él(tvl“ = €2<t7u) :tu2>C1(t>u) = G(tu) = %\/g

By the definition of p, it is easy to see that 1 = A; (be) < 1 < A4 (a®) = 3.

Therefore, BVP (24) has at least one positive solution as 1) € (1,3), 8 € (0,2). O

Example 2. Let p be the unique characteristic value of L corresponding to positive eigenfunc-

tion with a(t) = % in (2.11). From Lemma 2.10 it follows that p exists and we have
! 1
do:9(t) = p/ G(t,s)i(])(s)ds, forallt e J.
0
We consider the following BVP
Diu(t)+nfltut) =0 0<t<1,

u(0) =u (0) =0, u(1) = B fy u(s)ds,

(26)
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where B € (0,2) and
F(t,u) = pu(3+ sin(tu) + sin(é))
Then BVP (26) has at least two positive solutions.
Proof. BVP (26) can be regarded as the form (1). Choose a(t) = bw(t) = 2p, a’(t) = b>(t) =
4p and & (t,u) = —Susin(tu), & (t,u) = Jusin(tu), & (t,u) = —Jusin(L), { = Jusin(L). Itis
easy to see &;(t,u) = o(|ul) as |u| — 0, and &;(¢,u) = o(|u|) as |u| — +oo both uniformly with
respectto t € J (i = 1,2). Therefore, (H1) is satisfied.
Choose h(t) = 5p, thus f(t,u) < h(t)u.
By the definition of p, it is easy to see that
(a—2)2—-B)(a+1)

max{Ai(ap), A1 (b.)} <
{1@1 (o)} \",_/1 6 [ (25 + 1)(1 —5)*~1h(s)ds
- MRV
_3y

As a result, by Theorem (5), BVP (26) has at least two positive solutions. Otherwise, from
theorem (1) we cannot affirm that BVP (24) with (1, ) = (1, 1) has a positive solution because
it is clear that fy, fw ¢ {0,0}.
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