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Abstract. In this paper, we consider an iterative algorithm for solving a generalized coupled Sylvester– conjugate 

matrix equation. With the iterative algorithm, the existence of a comman solution of these two matrix equation can 

be determined automatically. When these two matrix equations are consistent, for any initial matrices 11,WV  the 

solutions can be obtained by iterative algorithm within finite iterative steps in the absence of round off errors.  Some 

lemmas and theorems are stated and proved where the iterative solutions are obtained. A numerical example is given 

to illustrate the effectiveness of the proposed method and to support the theoretical results of this paper. 
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1.  Introduction 

Consider the generalized coupled Sylvester – conjugate matrix equation  

                        
,

,

22222

11111

CFVEWBVA

CFVEWBVA




                                                                                       (1) 

where 
2211

,,, EAEA ℂ nn , 
21

, BB ℂ rn , 
21

, FF ℂ pp  and 
21

,CC ℂ pn are given matrices, while 

V ℂ pn    and W ℂ pr  are matrices to be determined. Matrix equations are often encountered 

in many areas of computational mathematics, control and system theory. Research on solving 

linear matrix equations has been actively engaged in for many years. For example, Navarra et al. 
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studied a representation of the general common solution of the matrix equations 

222111
, CXBACXBA  [1]; van der Woude obtained the existence of a common solution X for 

matrix equations 
ijji

CXBA   [2]; Bhimasankaram considered the linear matrix equation 

DXBCAX  , and HFXG [3]. Mitra has provided conditions for the existence of a solution 

and a representation of the general common solution of the matrix equations DXBCAX  ,  and 

the matrix equation
222111

, CXBACXBA   [4, 5]. Ramadan et al. [6] introduced a complete, 

general and explicit solution to the Yakubovich matrix equation BWAVFV  , the matrix 

equation ),(),( DCGXHAXB   have some important results have been developed. In [7], 

necessary and sufficient conditions for its solvability and the expression of the solution were 

derived by means of generalized inverse. Moreover, in [7] the least-squares solution was also 

obtained by using the generalized singular value decomposition. While in [8], when this matrix 

equation is consistent, the minimum-norm solution was given by the use of the canonical 

correlation decomposition. In [9], based on the projection theorem in Hilbert space, an analytical 

expression of the least-squares solution was given for the matrix equations 

),(),( DCGXHAXB  by making use of the generalized singular value decomposition and the 

canonical correlation decomposition. In [10], by using the matrix rank method a necessary and 

sufficient condition was derived for the matrix equations CBAX 
1

 and DHGX 
2

 to have a 

common least square solution. In the aforementioned methods, the coefficient matrices of the 

considered equations are required to be firstly transformed into some canonical forms. Recently, 

an iterative algorithm was presented in [11] to solve the matrix equation ),(),( FECXDAXB  . 

Different from the above mentioned methods, this algorithm can be implemented by initial 

coefficient matrices, and can provide a solution within finite iteration steps for any initial values.   

Based on  the iterative solutions of matrix equations, Ding  and Chen  presented the 

hierarchical gradient iterative algorithms for  general matrix equations  [12,13] and hierarchical 

least squares iterative algorithms for  generalized coupled Sylvester matrix equations  and 

general coupled matrix equations  [14,15]. The hierarchical gradient iterative algorithms  

[12,13] and hierarchical least squares iterative algorithms  [12,15,16] for  solving general 

(coupled) matrix  equations  are   innovational and computationally efficient numerical ones and 

were proposed based on  the hierarchical identification  principle [14,17] which regards the 

unknown matrix as the system parameter matrix to be identified. The generalized Sylvester 
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matrix equations (1) have very wide application in many problems such as pole/eigenstructure 

assignment design [18, 19], observer design [20].  

This paper is organized as follows:  First, in section 2, we introduce some notations, a 

lemma and a theorem that will be needed to develop this work.  In section 3, we propose iterative 

methods to obtain numerical solution to the generalized coupled Sylvester–conjugate matrix 

equation 
11111

CFVEWBVA   and 
22222

CFVEWBVA   using iterative method.  In section 

4, numerical example is given to explore the simplicity and the neatness of the presented 

methods.      

 

2.  Preliminaries  

The following notations, definitions, lemmas and theorems will be used to develop the 

proposed work.  We use HT AAA ,,  and )(Atr   to denote the transpose, conjugate, conjugate 

transpose and the trace of a matrix A  respectively. We denote the set of all nm  complex 

matrices by ℂ nm  , )Re(a  denote the real part of number a  

 

Definition 1 Inner product [21] 

A real inner product space is a vector space V  over the real field ℝ together with an 

inner product that is with a map  

                                                  VV:.,. ℝ    

Satisfying the following three axioms for all vectors Vzyx ,,  and all scalars a ℝ                     

(1) Symmetry: xyyx ,,  . 

(2) Linearity in the first argument: 

                                             yxayax ,,  ,    zyzxzyx ,,,  . 

(3) Positive definiteness: xx, > 0 for all 0x . 

The following theorem defines a real inner product on space ℂ nm   over the field ℝ 

 

Theorem 1 [22] 

In the space ℂ nm  over the field ℝ, an inner product can be defined as  

    )](Re[, BAtrBA H                                                       (2) 

Proof  
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(1) For BA, ℂ nm , according to the properties of trace of a matrix one has  

   

.,)](Re[

])(Re[)](Re[)](Re[,

ABABtr

ABtrABtrBAtrBA

H

TTH




 

(2) For a real number a, and CBA ,, ℂ nm , one has  

   
.,)](Re[

)](Re[)](Re[)])((Re[,

BAaBAtra

BAtraBaAtrBaAtrBaA

H

HHH




     

   
.,,)](Re[)](Re[

])(Re[)])((Re[,

CBCACBtrCAtr

CBAtrCBAtrCBA

HH

HHH




 

(3) It is well-known that )( AAtr H > 0 for all 0x .  Thus, )](Re[, AAtrAA H > 0 for all 0x . 

According to definition 1, all the above argument reveals that the space ℂ nm over field ℝ with 

the inner product defined by (2) is an inner product space.  The Frobenius norm of  A   is denoted 

by A , that is )( AAtrA H   

  

3.  Main results 

In this section, we propose an iterative solution to the generalized coupled Sylvester – 

conjugate matrix equation 

                        
,

,

22222

11111

CFVEWBVA

CFVEWBVA




                                                                                       (1) 

where 
2211

,,, EAEA ℂ nn , 
21

, BB ℂ rn , 
21

, FF ℂ pp  and 
21

,CC ℂ pn are given matrices, while 

V ℂ pn    and W ℂ pr  are matrices to be determined.   

Let ,),(
1111

FVEWBVAWVf   

 and .),(
2222

FVEWBVAWVg   

We introduce the following finite iterative algorithm to solve the generalized coupled 

Sylvester – conjugate matrix equation (1) 

Algorithm I  

1. Input 
21212211

,,,,,,, CCBBEAEA ;  

2. Chosen arbitrary matrices 
1

V ℝ pn and 
1

W ℝ pr ; 

3. set 
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    ));,(,),((
1121111

WVgCWVfCdiagR   

                

;)),(()),((

)),(()),((

211221122

1111111111

HH
H

HH
H

FWVgCEWVgCA

FWVfCEWVfCAS




 

                ));,(()),((
112211111

WVgCBWVfCBT HH   

                  ;1:k   

4. If 0
k

R , then stop and kV , kW  are the solution  ; else let 1:  kk  go to STEP 5     

5. compute 

;
22

2

1 k

kk

k

kk
S

TS

R
VV





 

;
22

2

1 k

kk

k

kk
T

TS

R
WW





 

));,(,),((

)),(,),((

22

2

1121111

kkkk

kk

k

k

kkkkk

TSgTSfdiag
TS

R
R

WVgCWVfCdiagR







 

;)),(()),((

)),(()),((

2

2

1
211221122

1111111111

k

k

kH

kk

H

kk

H

H

kk

H

kk

H

k

S
R

R
FWVgCEWVgCA

FWVfCEWVfCAS











 

;)),(()),((
2

2

1

112211111 k

k

k

kk

H

kk

H

k
T

R

R
WVgCBWVfCBT




  

6. If 0
1


k
R , then stop; else let 1 kk  go to STEP 5.     

To prove the convergence property of Algorithm I, we first establish the following basic 

properties 

Lemma 1. 

 Suppose that the system of matrix equations (1) is consistent and let ** ,WV   be its 

arbitrary solutions.  Then for any initial matrices 1V and 1W , we have 

          
2**** 2)]()([)]()([

ii

H

ii

H

ii

H

ii

H

i
RWWTVVStrWWTVVStr                                  (3) 

Or, equivalently 

          
2** )]}()([Re{

ii

H

ii

H

i
RWWTVVStr  ,                                                                      
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where the sequences        
iiii

TWSV ,,, and  
i

R are generated by Algorithm I for ,2,1i   

Proof   

We apply mathematical induction  

For 1i , from Algorithm I one has 

)]())),(()),(((

)())),(()),((

)),(()),(([()]()([

1

*

11221111

1

*
211221122

1111111111

*

11

*

1

WWWVgCBWVfCB

VVFWVgCEWVgCA

FWVfCEWVfCAtrWWTVVStr

HHH

H
HH

H

HH
HHH







 

]))(()),(())(()),((

))()(()),((

))()(()),([(

21

*
211211

*
1111

1

*

21

*

2112

1

*

11

*

1111

FVVEWVgCFVVEWVfC

WWBVVAWVgC

WWBVVAWVfCtr

HH

H

H







 

In view that 
**,WV    are solutions of the generalized coupled Sylvester – conjugate matrix 

equation (1), it is easy one can obtain from above relation                                  

]))(()),(())(()),((

))()(()),((

))()(()),([(

]))(()),(())(()),((

))()(()),(())()((

)),([()]()([)]()([

21

*
211211

*
1111

1

*

21

*

2112

1

*

11

*

1111

21

*
211211

*
1111

1

*

21

*

21121

*

11

*

1

1111

*

11

*

11

*

11

*

1

FVVEWVgCFVVEWVfC

WWBVVAWVgC

WWBVVAWVfCtr

FVVEWVgCFVVEWVfC

WWBVVAWVgCWWBVVA

WVfCtrWWTVVStrWWTVVStr

HH

H

H

HH

H

HHHHH













])()),((

)()),([(

)]()),((

)()),([(

21212122

*

2

*

2

*

2112

11111111

*

1

*

1

*

1111

21212122

*

2

*

2

*

2112

11111111

*

1

*

1

*

1111

FVEWBVAFVEWBVAWVgC

FVEWBVAFVEWBVAWVfCtr

FVEWBVAFVEWBVAWVgC

FVEWBVAFVEWBVAWVfCtr

H

H

H

H









 

))],(()),(()),(()),([(

))],(()),(()),(()),([(

112112111111

112112111111

WVgCWVgCWVfCWVfCtr

WVgCWVgCWVfCWVfCtr

HH

HH
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]
),(0

0),(

),(0

0),(
[

]
),(0

0),(

),(0

0),(
[

112

111

112

111

112

111

112

111





















































WVgC

WVfC

WVgC

WVfC
tr

WVgC

WVfC

WVgC

WVfC
tr

H

H

                                      

2

11111
2)()( RRRtrRRtr

H
H   

This implies that (3) holds for 1i .     

Now assume that (3) holds for ki   .  That is,  

2**** 2)]()([)]()([ kk
H

kk
H
kk

H
kk

H
k RWWTVVStrWWTVVStr   

Then we have to prove that the conclusion holds for 1 ki .  It follows from Algorithm I that 

)]())),(()),(((

)())),(()),((

)),(()),(([()]()([

1

*

2

2

1

11221111

1

*

2

2

1
211221122

1111111111

*

11

*

1





















k

H

k

k

k

kk

H

kk

H

k

H

k

k

kH

kk

H

kk

H

H

kk

H

kk

H

k

H

kk

H

k

WWT
R

R
WVgCBWVfCB

VVS
R

R
FWVgCEWVgCA

FWVfCEWVfCAtrWWTVVStr

)]()([)])((

)),(())(()),(())(

)(()),(())()(()),([(

1

*

1

*

2

2

1
21

*
2

11211

*
11111

*

2

1

*

21121

*

11

*

1111

















k

H

kk

H

k

k

k

k

H

kkk

H

kkk

k

H

kkkk

H

kk

WWTVVStr
R

R
FVVE

WVgCFVVEWVfCWWB

VVAWVgCWWBVVAWVfCtr

     

             (4)                                                                                                                                           

In view that ** ,WV    are solutions of the generalized coupled Sylvester – conjugate matrix 

equation (1), with relation (4) one has 

])()()()([

]))(()),(())(()),((

))()(()),((

))()(()),([(

]))(()),(())(()),((

))()(()),(())()((

)),([()]()([)]()([

1

*

1

*

1

*

1

*

2

2

1

21

*
211211

*
1111

1

*

21

*

2112

1

*

11

*

1111

21

*
211211

*
1111

1

*

21

*

21121

*

11

*

1

1111

*

11

*

11

*

11

*

1































k

H

kk

H

kk

H

kk

H

k

k

k

k

H

kkk

H

kk

kk

H

kk

kk

H

kk

k

H

kkk

H

kk

kk

H

kkkk

H

kkk

H

kk

H

kk

H

kk

H

k

WWTVVSWWTVVStr
R

R

FVVEWVgCFVVEWVfC

WWBVVAWVgC

WWBVVAWVfCtr

FVVEWVgCFVVEWVfC

WWBVVAWVgCWWBVVA

WVfCtrWWTVVStrWWTVVStr
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)]()([

)]()([

])()),((
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*
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2
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H
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H
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1
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H
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H

kk

H

k

k
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H
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H
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H
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H
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R
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]
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0),(
[
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k

k

k
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H
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H
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WVgC

WVfC

WVgC

WVfC
tr












































































                         

2

1

2

1

2

11111
222)()(




kkkk

H

kk

H

k
RRRRRtrRRtr                                                                      

This implies that (3) holds for 1 ki  .  Hence relation (3) holds by principle of induction.  

 

Lemma 2. 

Suppose that system of matrix equations (1) is consistent and the sequences 

 
i

R  ,  
i

S and  
i

T  are generated by Algorithm I with any initial matrices 11,WV  , such that 

0iR for all ki ,,2,1   , then 

  0)(Re 
i

H

j
RRtrace                                                                                                 (5)                  
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 and   0)(Re 
i

H

ji

H

j
TTSStrace  ,  for jikji  ,,,2,1,  .                                         (6)                                                                                                                                                                                                               

Proof  

        We apply mathematical induction  

Step 1:  We prove  

                  0)(
1


 i

H

i
RRtr                                                                                                                  (7) 

   and         0)(
11


 i

H

ii

H

i
TTSStr                                                                                                        (8) 

                                                           for ki ,,2,1  .    

First from Algorithm I we have 

)),(,),((
1121111 


kkkkk

WVgCWVfCdiagR  

),(
2121212211111111

FVEWBVACFVEWBVACdiag
kkkkkk 
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R
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R
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  .                                                                 (9)  

For 1i , it follows from (9) that 
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From this last relation one has  
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This implies that (7) is satisfied for 1i . 

From Algorithm I we also have 
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It follows from this relation that 
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Thus, (8) satisfied for 1i  

Now, assume (7) and (8) hold for 1 ki .  From (9) and applying mathematical assumption, 
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Thus, (7) holds for ki  . 

Also, from Algorithm I one also has 
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Thus, from above relation one has 



526        MOHAMED A. RAMADAN, MOKHTAR A.  ABDEL NABY AND AHMED M. E. BAYOUMI 

])()),(()()),((

)()),(()()),([(

)()]()),((

)()),(()()),((

)()),([()()(

2211222112

1111111111

2

2

1

22112

2211211111

111111111

kk

H

kkk

H

kk

k

H

kkkk

H

kk

k

H

kk

H

kk

H

kk

H

k

k

k

kk

H

kk

k

H

kkk

H

kk

kk

H

kkk

H

kk

H

kk

H

kk

H

k

TBSAWVgCFSEWVgC

FSEWVfCTBSAWVfCtr

TTTTSSSStr
R

R
TBSAWVgC

FSEWVgCFSEWVfC

TBSAWVfCtrTTSStrTTSStr























 

)(2

)()),(()()),((

)()),(()()),([(

22

2

2

1

22221121111111

22221121111111

kk

k

k

kkk

H

kkkkk

H

kk

kkk

H

kkkkk

H

kk

TS
R

R

FSETBSAWVgCFSETBSAWVfC

FSETBSAWVgCFSETBSAWVfCtr













 

 

)(2

]
0

0

),(0

0),(

0

0

),(0

0),(
[

22

2

2

1

2222

1111

112

111

2222

1111

112

111

kk

k

k

kkk

kkk

H

kk

kk

kkk

kkk

H

kk

kk

TS
R

R

FSETBSA

FSETBSA

WVgC

WVfC

FSETBSA

FSETBSA

WVgC

WVfC
tr







































































)(2)))((()))(((
22

2

2

1

12

22

112

22

1 kk

k

k

kk

k

kkH

kkk

k

kkH

k
TS

R

R
RR

R

TS
RtrRR

R

TS
Rtr 











)(2]2)()([
22

2

2

12

1112

22

kk

k

k

kk

H

kk

H

k

k

kk
TS

R

R
RRRtrRRtr

R

TS








 

0)(2)2(
22

2

2

12

12

22







 kk

k

k

k

k

kk
TS

R

R
R

R

TS
 

This implies that (7) and (8) hold for ki  . 

Hence, relation (7) and (8) hold for all ki 1   

 

Step2:  we want to show that     
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hold for integer 1l  . We will prove this conclusion by induction. The case of 1l   has been 

proven in Step 1. Now we assume that (10) and (11) hold for 1,  qql  the aim is to show 
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according Algorithm I, from (9) and induction assumption one has    
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Thus, from above relation one has 
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Thus, from above relation one has 
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Then (14) and (15) hold 
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 From Algorithm I and (9) , induction assumption one has   
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in addition, from (9) it can be shown that  
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Repeating (16) and (17), one can easily obtain for certain   and     
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Combining these two relations with (14) and (15) implies that (10) and (11) holds for 1 sl  .  

From step (1) and (2) the conclusion holds by the principle of induction. 

 With the above two lemmas, one has the following theorem 

Remark  

Lemma1 implies that if there exist a positive number i  such that 0
i

P and 0
i

Q but 

0jR , then the system of matrix equation (1) is inconsistent . 

Theorem 2.  

 If the system of matrix equation (1) is consistent, then a solution can be obtained within 

finite iteration steps by using Algorithm I for any initial matrices 11,WV .  

Proof. 
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Suppose that 0
i

R for npi 2,,3,2,1   we get 0
i

P or 0
i

Q from the previous lemma and 

remark.   

Then we can compute 
121212
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 npnpnp

RWV    by Algorithm I.  Also, from Lemma2 
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,,,     is an orthogonal basis of the linear space    of dimension np2  

where  
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Which implies that  

        012 npR   that is  1212 ,  npnp WV  Is the solution of system of matrix equation (1). 

 

4. Numerical example 

In this section, a numerical example is given to illustrate the application of our proposed 

algorithm. 

Consider the system of matrix equation  
11111

CFVEWBVA         
22222

, CFVEWBVA   

Where 
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WV   We apply Algorithm I to compute kk WV ,  

After iterating   33 steps we obtain 
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which satisfy the system of matrix equation  

2222211111
, CFVEWBVACFVEWBVA    

With the corresponding residual 

10

333323333133
108151.1)),(,),((  WVgCWVfCdiagR   

The obtained results are presented in figure 1, where 

   
kk

Rr                              (Residual) 

  
   

 WV

WVWV
kk

k
,

,, 
       (Relative error) 

From Fig. 1, it is clear that the error 
k

  is becoming smaller and approaches zero as iteration 

number k  increases. This indicates that the proposed algorithm is effective and convergent. 

 

Fig. 1.  The residual and the relative error versus k  (iteration number) 
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5.  Conclusions 

An iterative algorithm for solving the generalized coupled Sylvester – conjugate Matrix 

Equation 
11111

CFVEWBVA   and 
22222

CFVEWBVA   is presented.  We have proven 

that the iterative algorithms always converge to the solution for any initial matrices.  We stated 

and proved some lemmas and theorems where the solutions are obtained. The obtained results 

show that the methods are very neat and efficient. The proposed methods are illustrated by 

numerical example.  Example we tested using MATLAB to verify our theoretical results. 
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