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Abstract. We prove in this paper the existence of solutions of strongly nonlinear parabolic problems with natural
growth terms and L' data in Musielak-Orlicz-Sobolev spaces. An approximation and a compactness results in
inhomogeneous Musielak-Orlicz-Sobolev spaces have also been provided.
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1. INTRODUCTION

Let Q a bounded open subset of R” and let Q be the cylinder Q x (0,7") with some given
T >0.

We consider the strongly nonlinear parabolic problem

%+ A(u) +g(x,t,u, V) = f in Q
(1) u(x,t) =00n dQ x (0,7)
u(x,0) = up(x) in Q
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where A = — div (a(x,t,u,Vu)) is an operator of Leray-Lions type, g is a nonlinearity with the
sign condition but any restriction on its growth and f € L!.

This result generalizes analogous ones of Lions [26], Landes [22] when g = 0 and of Brezis-
Browder [11], Landes.Mustonen [23] for g = g(x,7,u). See also [9, 10] for related topics. In
these results, the function a is supposed to satisfy a polynomial growth condition with respect
to u and Vu.

In the case where a satisfies a more general growth condition with respect to u# and Vu, it is
shown in [14] that the adequate space in which (1) can be studied is the inhomogeneous Orlicz-
Sobolev space W!*Ly;(Q) where the N-function M is related to the actual growth of a. The
solvability of (1) in this setting is proved by Donaldson [14] for g = 0 and by Robert [28] for
g = g(x,t,u) when A is monotone, 1> < M(t) and M satisfies a A, condition and also by Elmahi
[16] for g = g(x,t,u, Vu) when M satisfies a A’ condition and M(¢) < tV /(N=1) as application
of some Ly, compactness results in WLy, (Q), see [15].

The solvability of (1) in this setting is proved by Elmahi-Meskine [19] for g = 0 and for
g = g(x,t,u,Vu) in [18], without assuming any restriction on the N-function M.

In a recent work, the authors [3] have established an existence result for problems of the
form (1), when g = 0, without assuming any restriction on the Musielak function ¢, and when
g =g(x,t,u,Vu), in [2].

It is our purpose in this paper to prove, in the case where f belongs to L' (Q), the existence
of solutions for problem (1) in the setting of Musielak-Orlicz spaces for general Musielak func-
tion ¢ with a nonlinearity g(x,#,u,Vu) having natural growth with respect to the gradient. In
section 3 some new approximation result in inhomogeneous Musielak-Orlicz-Sobolev spaces
(see Theorem 1), and, on the other hand, to prove a trace result (see Lemma 3). In Section
4, we establish L'-compactness results in the inhomogeneous Musielak-Orlicz-Sobolev spaces
w! “Le(Q). Section 5 contains the main result of this paper.

Our result generalizes that of the Elmahi-Meskine in [17] to the case of inhomogeneous

Musielak- Orlicz-Sobolev spaces.
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Let us point out that our result can be applied in the particular case when @(x,7) =7(x), in
this case we use the notations L) (Q) = Ly(L2), and WP (Q) = WLy (). These spaces
are called Variable exponent Lebesgue and Sobolev spaces.
For some classical and recent results on elliptic and parabolic problems in Orlicz-sobolev
spaces and a Musielak-Orlicz-Sobolev spaces, we refer to [1, 3, 4, 5, 8, 14, 16, 17, 18, 19, 20,
21, 29].

2. PRELIMINARIES

In this section we list briefly some definitions and facts about Musielak-Orlicz-Sobolev
spaces. Standard reference is [27]. We also include the definition of inhomogeneous Musielak-
Orlicz-Sobolev spaces and some preliminaries Lemmas to be used later.

Musielak-Orlicz-Sobolev spaces: Let € be an open subset of R”.

A Musielak-Orlicz function ¢ is a real-valued function defined in © x R such that:

a): ¢(x,r) is an N-function i.e. convex, nondecreasing, continuous, ¢(x,0) =0, @(x,7) >

O forall # > 0 and

t
lim sup o(x1) = 0
tHOxGQ 1t
im inf 2550 _ o)

t—rooxeQ f
b): ¢(.,t) is a Lebesgue measurable function

Now, let @,(t) = ¢@(x,t) and let ¢! be the non-negative reciprocal function with respect to ¢,

1.e the function that satisfies

o (o(x,1) = o(x, ¢, ) =1.

For any two Musielak-Orlicz functions ¢ and y we introduce the following ordering:

¢): if there exists two positives constants ¢ and 7 such that for almost everywhere x € Q:
o(x,t) <y(x,ct) fort > T

we write ¢ < ¥ and we say that ¥ dominates ¢ globally if 7 = 0 and near infinity if
T > 0.
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d): if for every positive constant ¢ and almost everywhere x € Q we have

. @(x,ct) : ¢(x,ct)
lim(su =0or lim(su
e e R e

we write ¢ << Y at 0 or near o respectively, and we say that @ increases essentially

more slowly than ¥ at O or near infinity respectively.

In the sequel the measurability of a function u : Q — R means the Lebesgue measurability.

We define the functional
poalu) = [ ol lu(o))dx
where u : Q — R is a measurable function.
The set
Ko (Q) = {u: Q — R mesurable /py o(u) < +oo} .

is called the Musielak-Orlicz class (the generalized Orlicz class).
The Musielak-Orlicz space (the generalized Orlicz spaces) Ly () is the vector space gener-
ated by Ky(Q), that is, Ly(Q) is the smallest linear space containing the set K (Q).

Equivelently:

u(x)]
A

Lo(Q) = {u : Q — R mesurable /pq,’g(‘ ) < +oo, for some A > 0}

Let

W (x,s) = sup{st — (x,1)},

>0
y is the Musielak-Orlicz function complementary to ( or conjugate of ) ¢(x,) in the sense of

Young with respect to the variable s.

On the space Ly (Q) we define the Luxemburg norm:

il p.0 = inf{A > 0//Q o, |”E{“>’ Jdx, < 1}.

and the so-called Orlicz norm :
llulllpo = sup [ fu(x)v(x)|dx.
[[v]ly<1/€
where Y is the Musielak-Orlicz function complementary to ¢. These two norms are equivalent

[27].
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The closure in Ly () of the set of bounded measurable functions with compact support in Q
is denoted by E,(Q). It is a separable space and Ey(Q)* = Ly() [27].

The following conditions are equivalent:

©): Eg(Q) = Ko(Q)
f): Kop(Q) =Ly(Q)
g): ¢ has the A property.

We recall that ¢ has the A, property if there exists k£ > 0 independent of x € Q and a nonneg-
ative function / , integrable in Q such that ¢ (x,2t) < k@(x,) + h(x) for large values of ¢, or for
all values of ¢, according to whether Q has finite measure or not.

Let us define the modular convergence: we say that a sequence of functions u, € Ly(L2) is
modular convergent to u € Ly () if there exists a constant k > 0 such that

Up — U

lim py o )=0.

n—oo k

For any fixed nonnegative integer m we define
W"Le(Q) ={u € Lp(Q): V| <m D% e Ly(Q)}

where o = (@, 0, ..., &%;) with nonnegative integers o;; |ot| = |a| + |o| + ... + |a,| and D%u
denote the distributional derivatives.

The space WLy (L2) is called the Musielak-Orlicz-Sobolev space.

Now, the functional

Poal)= ), pea(Du),

lo|<m

for u € W"Ly(Q) is a convex modular. and

)< 1}

lullf g = inf{2 > 0: P o

> =

is a norm on WLy (Q).

The pair (WL, (), ||u||”* ) is a Banach space if ¢ satisfies the following condition:
Y ¢ 0.Q p 9 g

there exist a constant ¢ > 0 such that insf2 o(x, 1) >c,
xe
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as in [27].

The space WLy (Q) will always be identified to a o(I1Lgy,I1Ey) closed subspace of the
product [ g <m Lo () =[1Le-
Let Wj"Ly(Q2) be the o (I1Ly,I1Ey) closure of D(Q) in WLy (Q).

Let W"E,(L2) be the space of functions u such that « and its distribution derivatives up to
order m lie in E¢(2), and let W}"E,(Q) be the (norm) closure of D(Q) in WLy (Q).

The following spaces of distributions will also be used:

W "Ly(Q) ={f € D'(Q)if = Y. (—1)/*D"fy with fo € Lyy(Q)}

lo|<m

WEW(Q) = {f€D/(Q):f= ), (—1)*D%fo with fu € Ey(Q)}

la|<m

As we did for Ly (£2), we say that a sequence of functions u, € WLy (L2) is modular conver-

gent to u € WLy (Q) if there exists a constant k > 0 such that

lim B, o (%) = 0.

n—soo k
From [27], for two complementary Musielak-Orlicz functions ¢ and y the following inequal-

ities hold:

h) : the young inequality:
t.s < @(x,t)+y(x,s) fort,s >0, x € Q
i) : the Holder inequality:

‘ /Q w(x)v(x) dx

< lullg.lIV/[ly.0-

forall u € Ly(Q) and v € Ly (Q).

Inhomogeneous Musielak-Orlicz-Sobolev spaces:

Let Q an bounded open subset of R” and let Q = Qx]0, T [ with some given T ; 0. Let ¢ be
a Musielak function. For each o € N, denote by D¥ the distributional derivative on Q of order
o with respect to the variable x € R”. The inhomogeneous Musielak-Orlicz-Sobolev spaces of

order 1 are defined as follows.

WLy (Q) = {u € Lp(Q) : V|a| < 1 D%u € Ly(Q)}
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and
W'"Ey(Q) = {u € Ey(Q) : V|| < 1 D%u € Ey(Q)}
The last space is a subspace of the first one, and both are Banach spaces under the norm

lull =} [IDYul

o[ <m

(P>Q'

We can easily show that they form a complementary system when € is a Lipschitz domain [7].
These spaces are considered as subspaces of the product space I1Ly(Q) which has (N +1)
copies. We shall also consider the weak topologies o (IlLy,I1Ey) and o(I1Ly,IILy). If
u € WLy (Q) then the function : t — u(t) = u(t,.) is defined on (0,7) with values in
WLy (Q). If, further, u € W!*Ey(Q) then this function is a W!E,(2)-valued and is strongly
measurable. Furthermore the following imbedding holds: W!*E(Q) C LY(0,T;W!Ey(Q)).
The space WLXL({,(Q) is not in general separable, if u € Wl’xL(p(Q), we can not conclude that
the function u(r) is measurable on (0,7'). However, the scalar function ¢ — ||u(t)||p. is in
L'(0,T). The space WO] “E(Q) is defined as the (norm) closure in W!~E,(Q) of 2(Q). We
can easily show as in [7] that when Q a Lipschitz domain then each element u of the closure
of 2(Q) with respect of the weak * topology ¢(IlLy,I1Ey,) is limit, in W!*Ly(Q), of some
subsequence (u;) C Z(Q) for the modular convergence; i.e., there exists A > 0 such that for all
o <1,

DO( __D(X
/ o(x, (W))dxdt — 0asi— oo,
Q

this implies that (1;) converges to u in WLy (Q) for the weak topology ¢ (I1Ly,TILy,). Con-

sequently

o (TLy TIEy) (NTLg,TILy)

—— ——=0C
2(0) =2(0) ,
this space will be denoted by W, Ly, (Q). Furthermore, W, “E¢(Q) = W, *Ly(Q) NTIE,.
We have the following complementary system
W, "Lo(Q) F
Wy “Eo(Q) Fy

Y

F being the dual space of WO1 ’XE(p(Q). It is also, except for an isomorphism, the quotient of

1Ly by the polar set WO1 “Eo(Q)*, and will be denoted by F = WL, (Q) and it is shown
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that

WLy (@) ={f= Y Difa:fucly(Q)}.

af<1

This space will be equipped with the usual quotient norm

If Il =inf Y [Ifally.c

la|<1
where the inf is taken on all possible decompositions
f= Z DY fa, fa € Ly(Q).

la|<1

The space Fy is then given by
Ro={f=Y Difa:facEy(Q)]
la|<1

and is denoted by Fy = W~ 1¥E,,(Q).

3. MAIN RESULTS
4. APPROXIMATION THEOREM AND TRACE RESULT

In this section, Q be a bounded Lipschitz domain in RY with the segment property and
I is a subinterval of R (both possibly unbounded) and Q = Q x I. It is easy to see that Q also
satisfies Lipschitz domain.

Definition 1. We say that u,, — u in W~1*Ly,(Q) + L*(Q) for the modular
convergence if we can write

Uy = Z Dfuff—l—ug and u = Z Dgua—i—uo
la|<1 || <1

with uy — u® in Ly, (Q) for modular convergence for all |a| < 1
and u% — u® strongly in L*(Q).

We shall prove the following approximation theorem, which plays a fundamental role
when the existence of solutions for parabolic problems is proved.
Theorem 1. If u € W'*Ly(Q) NL*(Q) (respectively W, "Ly (Q) NL*(Q))
and % € WLy (Q) + L*(Q), then there exists a sequence (v;) in Z(Q) (respectively
2((1),2(Q)) ) such that v; — u in WLy (Q) NL*(Q) and
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% — % in WLy, (Q) + L*(Q) for the modular convergence.

Proof. Let u € W'*Ly,(Q) NL?*(Q) such that 2% € WLy, (Q) + L*(Q)

and let € > 0 be given. Writing ‘g—t =Y |aj<1 DYu* + u®, where u® € Ly (Q)

for all || < 1 and u® € L?(Q), we will show that there exists A > O(depending only on « and
N)

and there exists v € 2(Q) for which we can write % = Y|a|<1 DIV* + W0 with v* W0 € 2(0)

such that
o o
) / o, 2V TP s < e Yo < 1,
0 A
(3) HV—MHLZ(Q) S 8,
(4) V0 =] 20) <,

5) / w(x

The equation (3) flows from a slight adaptation of the arguments of [7],

dxdt <egVa| <1,

(4) and (5) flow also from classical approximation results.

Regrading the equation (6) it is enough to prove that Z(Q) is dense in Ly, (Q) for this end.

We use the fact that the log-HOlder continuity(commutes with the complementarity) i.e: if ¢ is
log-HOlder the its complementary W also it is, and proceed as in [7] (with ¢ and y interchanged
) and using of course RV*! instead of RY and Q = Q x (0,T) instead of Q.

These facts lead us to prove that

Vf € Ly(Q)

(with K f(x,1) = k! JoKe(x—y)f(key,t)dy Ke(x) = 8%[((%) and K(x) is a measurable func-
tion with support in the ball Bz = B(0,R) see [7]).
And then we deduce that 2(Q) is dense in Ly,(Q) for the modular convergence which gives the
desired conclusion.
The case of WOI’XL(p(Q) NL?(Q) is similar to the above arguments as in [7].

Remark 1. If, in the statement of Theorem 1, one consider Q x R instead of Q,

we have 2(Q x R) is dense in u € Wy "Lo(Q x R)NL2(Q x R) : 4 € W, "Ly, (Q x R) +
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L?(Q x R) for the modular convergence. This follows trivially from the fact that (R, 2(Q)) =
2(Q xR).

A first application of Theorem 1 is the following trace result generalizing a classical result
which states that if u belong to L (a, b; H} (Q)) and “ belongs to L?(a,b; H ' (Q)), then u is in
C(la,b],L2(Q)).

Lemma 1. Let a < b € R and let Q be a bounded Lipschitz domain in RY. Then {u €
Wy Lo(Q % (a,b)) NLA(Q x (a,b)) : 24 € W—5Ly, (Q x (a,b)) + L*(Q x (a,b))} is a subset
of C([a,b],L*(Q)).

Proof. Let u € WOI’XL(p(Q x (a,b)) NL*(Q x (a,b)) such that WLy, (Q x (a,b)) + L*(Q x
(a,b)). After two consecutive reflection first with respect to # = b and then with respect to r = b,
(x,t) = u(x,t) X (a,p) + u(x,2b =) X(p 25—a) 0N Q X (a,2b—a)

i(x,t) = 0(x,1) X (a,20—a) + (¥, 20 = 1) X(3a—2p,0) ON L X (3a —2b,2b — a),

we get a function i € WOI’XL(,,(Q x (3a—2b,2b—a))NL*(Q x (3a—2b,2b—a))

such that LeW Ly (Qx (3a—2b,2b—a)) + L*(Q x (3a — 2b,2b — a)). Now, by letting a
function

n € 2(R) withn =1 on [a,b] and suppn C (3a —2b,2b — a), setting u = nii,

and using standard arguments (see [[11], Lemme IV, Remarque 10, p. 158]), we have u =
won Qx (a,b) ii € Wy Lo(Q x R)NLX(Qx R) 9% € W—1"Lyy(Q x R) + L} (Q x R).

Now let v; € Z(Q x R) be the sequence given by Theorem 1 corresponding to #,

that is,

— 1,x 2 aV ou X 5

vi = €W, Le(QxR)NL(Q xR) andW—>8—6W ’LW(QXRH—L (QxR)
for the modular convergence.
We have
dvi d
/( J(7) —vi(t dx—2// oG = Sh)dxdr = 0, as - e
Q dt

from which one deduces that v; is a Cauchy sequence in C(R,L*(Q)), and since the limit of v;
in L2(Q x R) is %, we have v; — #inC(R,L*(Q)). Consequently, u € C([a,b],L*(Q)).
In order to deal with the time derivative, we introduce a time mollification of a function u €

Ly(Q).
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Thus we define, for all g > 0 and all (x,7) € Q

t
©) waet) = [ atxs)exp(a(s —1)ds,
where 7i(x,s) = u(x,s) X(0,r)(s) is the zero extension of u.

Throughout the paper the index pt always indicates this mollification.

Proposition 1. If u € Ly(Q) then uy is measurable in Q and aait“ = p(u—uy) and if u €
Zp(Q) then

/ @ (x,uy )dxdr < / @ (x, u)dxd.
0 0

Proof. Since (x,z,s) — u(x,s)exp(u(s —1t)) is measurable in Q x [0,7] x [0,T], we deduce
that u;, is measurable by Fubini’s theorem. By Jensen’s integral inequality we have, since
Jouexp(us)ds =1,
t 0
o, [ it )exp(p(s—0)ds) = o(x. | pexp(us)atx,s-+1)ds)
0
< / pexp(ps) @ (x,i(x, s +1))ds

which implies
0
/Q(p(x,uu(x,t))dxdtS/QXR(/_muexp(us)(p(x,u(x,s+t)ds))dxdt
0
< [ _mexplus)([ _ g(r.alx,s-+0)dxdr)ds
0
< [ exp(us) /Q 9 (x,u(x,))dxdr)ds
:/ O (x,u)dxdr.
Q

Furthermore

du . .
T =limg_o § (exp(—p8) — Dy (x,1) +limg o 5 /" u(x,s)exp(u(s— (t+8))ds = —puy +

pu.
Proposition 2. (1) If u € Ly(Q) then uy, — u as jL — oo in Ly (Q) for the modular convergence.

(2) If u € WLy (Q) then uy — u as i — oo in WLy (Q) for the modular convergence.
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Proof. (1) Let (¢x) C Z(Q) such that ¢y — u in Ly(Q) for the modular convergence.

Let A > 0 large enough such that

—E.,Zp and/ )dxdt—>0ask—>oo

A
For a.e. (x,7) € Q we have
14 d
(00u:0) = (@00 = 1| 0] < 15 e
On the other hand
/Q o (6, " s < ~ . / N Tl TR

+3 / o(x, (9 = b ‘;L_ ¢k)dxdt
3/ ¢"_ )dxdt
1 _
§/‘P( (q)k/l))ddt

+§/ o(x, —d)k)i_ (Pk)dxdt

3/ ‘p"_ \dxd.

This implies that

| o™

Let € > 0. There exists k such that

/ o(x, 0= u)dxdt <e,
0 A

¢k I
<3 [ o B s+ 5002 S meas(©).

and there exists iy such that

a¢k|| ymeas(Q) < € for all u > py.

ol o7ll5

o

(2) Since Ve, |a| < 1, we have DY (uy,) = (DZu),, consequently, the first part above applied on

Hence

each D%u, gives the result.
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Remark 2. If u € Ey(Q), we can choose A arbitrary small since Z(Q) is (norm) dense in

Ep(Q).
Thus,for all A >0

| o

and uy, — u strongly in E¢(Q).Idem for W17xE(p(Q).
Proposition 3. If u,, — u in W17XL¢(Q) strongly (resp., for the modular convergence)
then () — uy in WLy (Q) strongly (resp., for the modular convergence).

Proof. For all A > 0 (resp., for some A > 0),

o o Do _ po
/(p(x,DX((un) i Dy () dxdt</q) M)dxdt—)Oasn%oo,
Q

then (u,)y — uy in WLy (Q) strongly (resp., for the modular convergence).

5. COMPACTNESS RESULTS

In this section, we shall prove some compactness theorems in inhomogeneous Musielak-
Orlicz- Sobolev spaces which will be applied to get existence theorem for parabolic problems.
For each i > 0, define the usual translated 7, f of the function f by, f(¢) = f(t +h).
If f is defined on [0, T] then 7, f is defined on [—h, T — hj.
First of all, recall the following compactness result proved by Simon [30].
Lemma 2. Let ¢ be a Musielak function. Let ¥ be a Banach space such that the following
continuous imbedding holds L!(Q) C Y. Then for all € > 0 and all A > 0, there is C¢ > 0 such
that for all u € Wy Ly (Q), with 54 € Z,(0),

Vu
Il < €2 ot 5 e+ )+ Cllll o

Proof. Since W, L, (Q) C L'(Q) with compact imbedding, then for all € > 0, there is C¢ > 0
such that for all v € Wy Ly (Q):

(7 VIl < €lIVVl|Ly @) + CelVIly-
Indeed, if the above assertion holds false, there is &g > 0 and v,, € WOIL(p(Q) such that

[Vallzr @) = €0lIVvallL,y (@) +nllvally-
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This gives, by setting w, = e
nliLe

walli @) = € +nllwally, [[VWall L, @) = 1.
Since (w,) is bounded in W, L, () then for a subsequence
w, — win WOIL(p(Q) for 6(I1Ly,T1Ey ) and strongly in LY(Q).

Thus |[wn/|.1 (@) is bounded and |[wy||y — 0 as n — e.We deduce w, — 0 in ¥ and that w =0
implying that & < [[wy||11(q) — 0, a contradiction.

Using v =u(t) in (7) for all u € WOI’XL(P(Q) with @ € Zp(Q)and a.e. tin (0,T), we have

[u(®)l1(0) < llVult)]|L, () + Cellu(®)]]y-
Since [, @(x, M)dxdt < oo we have thanks to Fubini’s theorem

Jo @(x, W”;M)dx < oo fora.etin (0,7), and then

\Y t
ALED)]

19u(0) 1 ) < A( | @l 5 dx 1),

which implies that

)iy < £ [ 06 T yac 1) 4 Coluto)

Integrating this over (0,7') yields

|Vu(x,1)|

T
Il o) < €2( | @ =5 i +T) +-Ce [ o)y

and finally

Vu
Il < €2 ot 5 e+ )+ Clllls o

We also prove the following lemma which allows us to enlarge the space Y whenever necessary.
Lemma 3. Let Y be a Banach space such that L' (Q) C Y with continuous imbedding.

If F is bounded in WO] “Ly(Q) and is relatively compact in L' (0,T;Y) then F is relatively com-
pactin L!(Q) (and also in Ey(Q) for all Musielak function y < @).

Proof. Let € > 0 be given. Let C > 0 be such that [, ¢(x, %)dxdt <1forall feF.

By the previous lemma, there exists Ce > 0 such that for all u € WO1 “Ly(Q) with @ € Zp(0),
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14()ll21(0) < seriSry (Jp 96, 5e)dxdt +T) + Cellul 1 o727

Moreover, there exists a finite sequence (fi) in F satisfying

£
Vf € }'—'7 Elﬁ such that ||f_-fi||L1(O,T;Y) S E
so that
€ IVf—V{il
1f = fillo) < m(/Q‘P(xaT)dXd’+T)‘f'Cer—ﬁHLl(o,T;Y) <€

and hence F is relatively compact in L'(Q).
Since Y < ¢ then by using Vitali’s theorem, it is easy to see that F is relatively compact in
Ey(Q).

Remark 3(see [16]). If F C L'(0,T;B) is such that {%—J; : f € F} is bounded in F C
L'(0,T;B) then
| %nf = flleio,7:p) — O as h — O uniformly with respect to f € F.

Theorem 2. Let ¢ be a Musielak function. If F is bounded in WLy (Q) and {%—{ :fEF}
is bounded in WLy, (Q), then F is relatively compact in L!(Q).
Proof. Let vy and 6 be Musielak functions such that Y < ¢ and 6 < y near infinity.

Forall 0 <t <t <T and all f € F, we have
15 T
I POl < [ 17Ol e
S C1||f||W01’xEy(Q) S C2||f||w()lﬂxE(p(Q) S Cv
where we have used the following continuous imbedding:
W, "Ly (Q) C W, “E4(Q) C L'(0,T; W) Ey(Q)).

Since the imbedding W, L, (Q) C L!(Q) is compact we deduce that ( ff f(t)dt) ser is relatively
compact in L' (Q) and in W~11(Q) as well.
On the other hand {%—J; : f € F} is bounded in WLy, (Q) and L' (0, T; W ~11(Q) as well, since

WLy (Q) € W™ Eg(Q) C L'(0,T:W ™ Eg(Q)) C L'(0,T: W11 (Q))

with continuous imbedding.

By Remark 3 of [16], we deduce that ||, f — f|[1(0r:w-11(q)) — O uniformly in f € F when



16 M. L. AHMED OUBEID, M. SIDI EL VALLY
h — 0 and by using Theorem 2 of [16],F is relatively compact in L' (0,7;W~11(Q)).
Since L'(Q) c W~11(Q)) with continuous imbedding we can apply Lemma 3 to conclude that
F is relatively compact in L' (Q).
Corollary 1. Let ¢ be a Musielak function.
Let (uy) be a sequence of W!*L,(Q) such that

up — u weakly in W'*Ly(Q) for o(I1Ly, I1Ly)

and

du, .

with &, bounded in WL, (Q) and (k,) bounded in the space .# (Q) of measures on Q.

then u, — u strongly in L} (Q).

If further u, € WO1 “Ly(Q) then u, — u strongly in L'(Q).

Proof. It is easily adapted from that given in [10] by using Theorem 2 and Remark 3 instead of
Lemma 8 of [30].

6. EXISTENCE RESULT

Let Q be a bounded Lipschitz domain in RY(N >2), T > 0 and set Q = Q x (0,T).
Throughout this section, we denote Q; = Q x (0, 7) for every 7 € [0, T].
Let ¢ and y two Musielak-Orlicz functions such that y < ¢.
Consider a second-order operator A : D(A) C WLy (Q) — W~1*Ly/(Q) of the form

A(u) = —diva(x,t,u,Vu),

where a : Q x [0,7] x R x RN — RV is a Carathéodory function, for almost every(x,t) € Q x

[0,7] and all s € R, & # E* € RV,

(8) la(x,t,5,8)| < Bler(x,1)+ vy y(x, Ols|) + vy L o(x, B1E)))
(9) (a(x,t,s,cg)—a(x,t,s,(:*))(ﬁ—ﬁ*)>O
(10) af.t.5.2)E > ol B)

(11 a(x,t,s,&)E > az(p(x,|i—|)—d(x,t)
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with ¢; (x,1) € Ey(Q),c1 > 0,d(x,t) € L'Y(Q), 1,0, 8,9 > 0.
Assume that g : Q@ x [0,T] x R x RY — R is a Carathéodory function, for almost every(x,t) €

Q x[0,T] and for all s € R, & € RV:
(12) 8(x,7,5,8) < b([s]) (c2(x,2) + @ (x,|G]))
(13) g(x,t,5,E)s >0

with ¢ (x,1) € L'(Q) and b : RT — R™ is a continuous and nondecreasing function. Furthere-

more let

(14) feLl(Q).
Consider then the following parabolic initial-boundary value problem.

9 1 A(u) +g(x,t,u,Vu) = fin Q
t)=00ndQx (0,T)
0) = up(x) in Q

15)

u(x,
u(x,
where 1 is a given function in L' (Q).

Definition 2. A measurable function u : Q x (0,7) — R is called entropy solution of (15)
if u belongs to L*(0,T;L' (Q)), T;(u) belongs to D(A) N WOI’XL(P(Q) for every k > 0,S;(u(.,1))
belongs to L' (Q) for every t € [0,T] and every k > 0, g(x,¢,u, Vu) is in L' (Q) and u satisfies:

v

/Q Se(u—v) D)+ (5o Telu—)) g, + /Q a0 V) VT~ v)dd

(16) +/Q g(x,t,u,Vu)Tk(u—v)dxdtS/Q ka(u—v)dxdt+/ngk(uo—v(O))dx

for every 7 € [0,T],k > 0, and for all v € WOI’XL(,)(Q) NL*(Q) such that % belongs to
WLy, (Q) + L'(Q)(recall that 7y is the usual truncation at height k defined on R by T;(s) =
min (k, max (s, —k)) and that S (s) = [ T (¢)dt is its primitive vanishing on 0).

Note that, all the terms in (16) make sense since T;(u —v) belongs to WO1 "Ly (Q) NL™(Q).
Moreover Lemma 1 implies that v € ([0, T],L'(Q)) and then the first and last terms are well
defined.

We shall prove the following existence theorem:
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Theorem 3. Assume that (8)-(14) hold true. Then the problem (15) admits at least one
entropy solution solution u € €' (([0,T],L'(Q)) satisfying u(x,0) = ug(x) for almost every x €
Q.

Proof of Theorem 3. We divide the proof in four steps.
Step 1. A priori estimates.
Let (f,) be a sequence of smooth functions such that f,, — f in L' (Q) and let (u, ) be a sequence
in L?(Q) such that ug, — ug in L' (Q)

Consider the sequence of approximate problems:

un € D(A) W, "Ly (Q) NE(([0,T],LA(Q)), 4 (x,0) = uo(x)

(17)
% — div (a(x,t,T,(un),Vuy)) + gn(x,t,un, Vuy )vdxdt = f,

where

gn(x,t,s,é) = Tn(g(x?tvs?én

. Note that g,(x,1,5,€)s > 0,]gu(x.1,5,)| < |g(x,,5,£)] and |ga(x,1,5,€)| <n.
Since g, is bounded for any fixed n > 0, then, by Theorem 3 of [2], there exists at last one
solution u, of (17).

Note also that (i,,v) is defined in the sense of distributions(where 1, = 5. means for the

time derivative of uy,).Since u, = f — A(u,) — gu is in W~1*L,,(Q) we can extend (u,,v) to all
ve W, Lo(Q).

Using in (17) the test function Ty (un) X (0,7)> We get, for every 7 € (0,T)

(18) /Q S (14 (7)) dx + /Q a(x,, Ti(nn), Vitn)V Ty (n)dxdt < Crk

where here and below C; denote positive constants not depending on n and k.

Consider now for 8, & > 0 a function p§ € €' (R) such that

. 0if |s| < @,
Po(s) =
sign(s) if |s| > 6 + ¢,

(P§(s)) > OVs € R
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then, by using pg(u,) as a test function in (17) and following [25], we can see that

(19) / |gn(x,t,upn, Vuy,)|dxdt §/ ]fn]dxdt+/ \uon|dxdt
{un|>6} {lun|>6} {luon|>6}

and so by letting 6 — 0 and using Fatou’s lemma, we deduce that g, (x,,u,, Vu,) is a bounded
sequence in L' (Q).

Moreover, we have from (10) and (18) that (7;(u,)), is bounded in Wo1 "Ly(Q) for every k >
0. Take a €*(R), and nondecreasing function {; such that {;(s) = s for |s| < % and §(s) =

k sign(s) for |s| > k. Multiplying the approximating equation by {/(u,), we get

i(ck(un)) — div (a(x,t,un, Viy) G (un)) +a(x, t,un, Vun ) G (un)

dt
+8n (X1, un, V“ﬂ)Clé(un)) = fn(:lg(un))

in the sense of distributions. This implies, thanks to (18) and the fact that {; has compact

support, that {; (u,) is bounded in WO1 "Ly(Q) while its time derivative % (Ck(uy)) is bounded in

WLy, (Q) + L' (Q), hence Corollary 1 allows us to conclude that §(u,) is compactin L!(Q).
By (10) and (18), we have

| |Tk(””) | |W01"XL¢(Q) S Cz.
We show that (u,), is a Cauchy sequence in measure. Indeed, we have

kmeas{|uy| > k} = Tl < / | Ty () | dxdt < Cs||Ti ()
0

{|un| >k HWOLXL‘P(Q)’

therefore,
(20) meas{ |u,| >k} < Cy,
where Cy is a constant that does not depend on k. Since for all 6 > 0,
meas{|u, — up| > 8} < meas{|u,| > k} + meas{|u,,| > k} + meas{|Tj(u,) — Tj.(umm)| > 6},
using (20), we get that for all € > 0, there exists kg > 0 such that

& £
(21) meas{|u,| >k} < 3 and meas{|uy,| > k} < §Vk > ko(€).
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Since the sequence (7 (uy)), is bounded in Wo1 "Ly (Q), then there exists a subsequence still
denoted (7} (uy)), such that

Ti(tty) — vi in W, “Lyp(Q) as n — oo

and by the compact embedding (by a slight adaptation of the context of Theorem 6. of [8]), we
obtain

Ti(un) — vi in Ly(Q) and a.e. inQ.

Therefore, we can assume that (7j(uy)), is a Cauchy sequence in measure in Q, then for all

k> 0and 9,€ > 0 there exists ng = ng(k, 8, €) such that

(22) meas{ |7 (u,) — Ti(um)| > 6} < gVn,m > no.

Combining (21) and (22), we obtain that for all k > 0 and J, € > 0 there exists no = ng(k, 9, €)

such that
€
meas{|u, — up| > 6} < §Vn,m > no,

it follows that (u,), is a Cauchy sequence in measure, then there exists a subsequence still
denoted (u,), such that

u, — ua.e.in Q.

We obtain

@3) Ti () — Ti(u) weakly in W, "Ly (Q), for 6(I1Ly, TIEy,)
Ti(un) — Ti(u) strongly in Ly(Q) and a.e. in Q.

o1 Tie(utn) — Ti(u) weakly in Wy “Ly(Q), for 6(I1Ly,I1Ey)

Ti(un) — Ti(u) strongly in L' (Q) and a.e. in Q.
To prove that a(x,, Ti.(uy), Vi (1y)) is a bounded sequence in (Ly(Q))N. Let ¢ € (Eo(Q))N

In view of (9), we have

/Q (a(x, 1, Te(itn), VTi(itn)) — a(x,t, T (), )] [V (up) — @]dxdt > 0,
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which gives
/Q a1, Ti(n), VT (1)) pedxdt <
/Q a(x, 1, To(tn), VT (1)) V T (1) dixdlt — /Q a(x,1, Ty(un), 0) VT () — Odxcdr.
On the one hand, by (18), we have
| o, 1), VT3 a) V) < C.

where here and below C denote positive constants not depending on 7.

On the other hand, using (8), we see that

|a(x7t7 Tk(”")» ¢)’
2B (k)

and hence a(x,t, T (), ¢) is bounded in (Ly(Q))", implying that, since T;(u,) is bounded in
Wy "Lo(Q)

v(x,

) < wlxeilx) +o(x,8(9])

| /Q A, T(utn), ) [V T (1) — lddxdt] < C,

and so, by using the dual norm, a(x,?, Ty (), VTi (1)) is a bounded sequence in (Ly (Q))".

Thus, up to subsequence
(25) a(x,t, Ti(un), VTi(tn)) — hy in (Ly(Q))" for 6(TILy, T1E,),

for some hy € (Ly(Q))V.

Step 2. Almost everywhere convergence of gradients.

Fix k > 0 and let ¢ (s) = sexp(8s?),8 > 0. It is well known that when & > (%)2 one has
b(k 1
(26) (p’(s)—%\(])(s)]ziforallselk

Letv; € 2(Q) be a sequence such that
(27) Vi —uin WO1 "Ly (Q) for the modular convergence

and let w; € 2(Q) be a sequence which converges strongly to ug in L2(Q).
Set ‘”i@ i = Ti(vj)u +exp(—pr) Ty (w;) where Ti(v;), is the mollification with respect to time of

Ti(v)),
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see (0).

Note that a)’ j 1s a smooth function having the following properties:

%(a)ﬂ,j) = u(Tk(vj) — w/{t,j)? wL,j(O) Ti(v)), | oy, ‘ <k,
a)L - — Ti(u)y +exp(—ut)Ti(w;) in WO’ *Ly(Q) for the modular convergence as j — oo,

Ti(u)u +exp(—ut)Ti(w;) = Ti(u) in WOI’XL(,,(Q) for the modular convergence as L — oo.

Let now the function p,, defined on R by

Lif |s| <m,

Pm(s) = m+1—|s|ifm<|s| <m+1,

0if |s| >m+1,
where m > k. Let 0“ " ], ; and Z#]’m = (])(9“ l)pm(l/ln)

Using in (17) the test function Z“ njm We get(u), denotes by the distributional time derivative

Of u}’l)’

W, Z% )4 / 4, 0, Vitn) (VT (1) — V@, 10" (614 py (0, )dxds

n,j,m

—|—/ a(x,t,uy, Vu,,)(b(@,ﬁ}i)p,ln(un)dxdt

+/ gn(x,t,un, Vuy, Z#;mdxdt /fnZﬁfjlm,

which implies since g, (x,7, uy, Vi, )@ (T (uy) — mL7j)pm(un) > 0on |u,| > k:

< z +/ a(x,t,un, Viur) [VTi(un) — V(DLJ](P (9” l)pm<un)dxdt

n’ n,j,m

—|—/a(x,t,un,VunW(G“l)pm(un)dxdt
Q

(28) + 8n (%, 1, Vi) O (Tic (1) — 0}, ;) Pom (1) dxdt < /Q FZi pdxdt

{|un| <k}
In the sequel and throughout the paper, we will omit for simplicity the dependence on x and ¢ in

the function a(x,7,s,&) and denote €(n, j, iu,i,s,m) all quantities (possibly different) such that

lim lim lim lim lim lim &(n, j,u,i,s,m) =0

M—>00 §—»00 [—»00 H—ro0 ]~>oo n—oo
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and this will be the order in which the parameters we use will tend to infinity, that is, first n,
then j,u,i,s and finally m. Similarly, we will write only &(n), or &(n, j),... to mean that the
limits are made only on the specified parameters.

We will deal with each term of (23). First of all, observe that
(29) /Q S (Titn) — 0y )P (0n)dxdt = €(n, j, 1)

since (1) — 0], )p(an) — (1) — 0], )p(u) weakly in L7(Q) s m - o,

and ¢ (Ti(u) — @y ;)pm(u) = ¢ (Ti() — Te(u)y + exp(—pr) Ti(wi)) pm(u) weakly in L=(Q) as
J — oo, and finally ¢ (Tj(u) — Tp (u) u +exp(—ut) Te(w;i)) pm (1) — 0 weakly in L=(Q) as u — oo.
On the one hand, from (17) one deduces that u, € WO1 "Lo(Q) and aa“t” e WLy (Q)+L'(Q)

and then, by theorem 1, there exists a smooth function u,s such that,

as 6 = 0" ,uye — uy in WO] "Lo(Q) and a”—"" — aa”t” in WLy, (Q) + L' (Q) for the modular

convergence, @ (i (uns) — wlih )Pm(tne) — z! ]’ i, i WO1 "Ly(Q) for the modular convergence

and weakly in L=(Q). This implies

< lej]lm> = lim u:10'¢(Tk(unG) - wil?j)pm(ung)dxdt

c—0TJQ

= 1lim | [(Ru(uno))'10(Ti(ttns) — @} ;)dxdt,

c—0"T.JQ

where Ry(s) = [3 pm(1)dn. Hence
(W 24 = 1im [ [ (Run(ttno) — Ti(ttna))'® (Tetnr) — @} ;)dlxcl
+ / Ti(ttno))' O (T (1) — @0, ;)dlxd]
= 1im ([ [ (Ru(ttno) — Ti(tne) )9 (Ti(tns) — 0}, ;)]G
- /Q (R(ttn0) — Ti(1tn0)) ' (T (1) — 0y ) (Ti(ttno) — @}, ;) il

= lim {/,(0)+L(o)+51(0o)}.

o—0t

Observe that for |s| < k we have Ry, (s) = Ti(s) = s and for |s| > k we have |R,,(s)| > |Tx(s)| and,
since both R, (s) and T;(s) have the same sign of 5, we deduce that sign (s)(R,,(s) — Tr(s)) > 0.
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Consequently
W@ =1 (Rulino) ~Tiluno) 9 (Tuluno) — 0} b}
> [ (Rl 0) = Tilaa (0))9 (Tu(uno (0)) — @) (0))d
{lunc (0)[>k}
and so, by letting o — 07 in the last integral, we get

limsup/; (o) > _/{Iuo |>k}(Rm(u0n) — Tie(uon)) 9 (Tx (uon) — Tr(wi) )dx.

c—0T

Letting n — oo, the right hand side of the above inequality clearly tends to
= [ (Run0) = (o)) 9 (Ti (o) — Ti(wi) el
{luo|>k}
which obviously goes to 0 as i — c. We deduce the that
limsup/; (o) > &(n,i).

o—0t

About I (o), we have, since (Ry (o) — Ti (tns)) (Ti (itng)' = 0
Bo)= [ (Raline) = Tis0))8' (Thlunc) — 0} )@
=u /{ - (Rin(ttnc) = Ti(tne)) @' (Ti(ttng) — @)y ;) (Tk(v}) — @y ;)dxdt
[ Ruling) = Tiluno)0'(Tltng) @) (T (37) — Ttns)

by using the fact ¢’ > 0 and that (R, (ttns ) — Tk (uns)) (T (ttng ) — wL,j>%{\una\>k} > 0 and so,by

letting 0 — 0 in the last integral

limsupls(6) > p [ (Run) —Tn) 9 (Txt) = @) (T (v7) = o)l

c—0"
and since, as it can be easily seen, the last integral is of the form &(n, j) we deduce that
limsup (o) > &(n, j).
c—0"

For what concerns I3(0), one
I(o) = /Q (Run(itn) — @l ;) & (Ti(1n) — ) ;)dxdr

+ /Q (0, )9 (Ti(ttno) — @, ;)dxdt
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and then, by setting ®(s) = [; ¢(1)dn and integrating by parts

15(0) = [ [, ®(Tu(imio) ~ 0} O] + 11 | (1) — s )0 (Tiluns) — 0, e,

which implies, since ® > 0 and (7;(v;) — wL7j)¢(Tk(uno) - a)"'hj) >0

15(0) = = | @(Tiso(0) = Ti(w)da
‘HJ/Q(Tk(Vj) — Ti(uno ) ¢ (Ti(Un) — a),lil,j)dXdl

so that

limsupl3(0) > — /Q &(T (gn) — T (wi))dx

o—0t

+M4“WW-EW0N%WM—@WMML

and hence, by letting n — oo in the last side, we obtain

limsupl3(c) > — /Q &(Ti(u) — Ty (w;) )l

o—0t+

+MA;E00%—HOU¢UMMN—w@ﬂdnh+SM)

25

since the first integral of the last side is of the from &(i) while the second one is of the form &(j)

we deduce that

limsup5(o) > €(n, j,i).
o—07

where we have used the fact that (recall that |w;L i <h

4@wwmw—%pmw—%ﬂwr

= — k)¢ (k— o]
{u>k}(u )9 ( o

+/{u<k} (u+k)o'(—k— @y, ;)(—k— oy ;)dxdt > 0.

)k — oy, )dxdt

Combining these estimates, we conclude that

(30) (t, @ (Ti(an) — @y )P (un)) > €(n, ji ).
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On the other hand, the second term of the left hand side of (28) read as

/ a(ttn, Vitn) [VTi (1tn) = V @y 10" (Tic(un) — @}y ;)P (ttn)dxdlt
/un<k} a(itn, Vitn) [V Ti(tn) = Vo3y 10" (Tic(tn) = 0y )P (un)dxdlt
/ iy U Vi)V Tiatn) = vy, 10 (Ti(n) — @), ;)P (un)dxdt
_ /Q a(Ti(n), VT (160)) [VTi (1) — Vol 10" (Te(tt) — 00, ;) lxd

+/{| - a(un, Vin ) [VTi (tn) — Va);'t’j](p’(Tk(un) - wL,j)Pm(un)dxdt

where we have used the fact that, since m > k, P, () = 1 on {|u,| < k}. Setting for s > 0, set
Q' ={(x,1) € Q: |VTx(u)| < s} and Q) = {(x,1) € Q: [VTi(v;)| < 5} and denote by x* and y}

the characteristic functions of Q° and Qj- respectively, we deduce that

/Q (t, Vi) (VT (1) — V@', 10 (T (1) — 0}, ;) oo (1)t
= a0, V() (), VI 352519 Telat) = VT2 > 0 (T) — 0, )l
+ [ aCTia), VI (03)25) IV T) = VI (35510 (Tiatn) —
+ [ aCTian) VI ) VI 230 (i) — @, )
- /Q (1t Vita)V 0y ' (T (1) — @} )10t

=h+h++Js.

We shall go to the limit as n, j, it and s — oo in the last three integrals of the last side.

Starting with J,, we have by letting n — oo
S = /Qa(Tk(u)vVTk("j)%j‘)[VTk(u) — VTk(Vj)XJS']Q)/(Tk(u) — a)LJ)pm(u)dxdt +&(n),

since a(Ti(un), VIi(v) x]) — a(Ti(u), VTi(v;) x;) strongly in (Ey(Q))" by using (8), (27) and
Lebesgue theorem while VT (1) x§ — VTi(u) x* strongly in (Ly(0))N.

J2 = 8(n7j)'
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About J3(n, j, i, s),we have by letting n — o and using (25)

Js— /Q VT )19 (T () — @), )P () dxdt + €(n)
which gives by letting j — oo, thanks to (27) (recall that p,,(u) = 1 on {|u| < k}),
= /Q IV T(1) 20" (Tie (1) — Ti(1e) — exp(— et Ti(wi)dxde + € (n, j),
implying that, by letting 1t — o0, J3 = [, iy VT}(u) X dxdt + €(n, j, 1), and thus
J3 = /QthTk(u)dxdt—I-e(n,j,u,s).

For what concerns J4 we can write, since p,,(u) =1 on {|u| >m+ 1}

S = = [ Ty (00)- V1 (1) V0,0 (T2 ) = @, ) )

_ /{ ng}a(Tk(un),VTk(un))Va)L, 0 (Ti(1) — @}, ;) Pt dxclt
Ty 00) . Ty (10)) V0 0 (T — @, ;)

- /{k<|un§m+1}

and, as above, by letting n — oo

Ji—— / WV 6 (Tu(u) — @, )dxdt

_ /{ k<|u|§m+1}h”’“vw‘l“ 0" (Te(u) — ), ;)P (u)dxdt + €(n)

which implies that, by letting j — oo

27

Jy=— /{|u|<k} hi[VTi(u)y — exp(—pt) VTi(wi)]9' (T (u) — Ti(u) y — exp(—pt) VIi(wi))dxdz + &(n, j)

- /{ L (VT () — exp(—ut) VT (wi)] @' (T (u) — Te(u)w — exp(— i) VT (wi)) oo (1) dixdlt

so that, by letting it — oo
Jo=— /Q VT, (w)dxdi +€(n, ).
We conclude then that
/Q ity Vi) VT (1) — Yy 10" (T (1) — 0y ;)P (1) lxd

=/Q[G(Tk(un)»VTk(un))—a(Tk(un),VTk(Vj)lj)][VTk(un)—VTk(Vj)%}]

G1) X Q' (Ti(un) — @), ;)dxdt +€(n, j, u,s).
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To deal with the third term of the left-hand side of (28), observe that

Wiy L/
R A G AT

< ¢(2k) a(uy, Vuy,)Vuudxdt.

{m<|uy | <m+1}

On the other hand, using 6,,(u,) as a test function in (17) where 6,,(s) = Ti (s — T (s)), we get

(u@,@m(un»—k/a(un,Vun)Vune,'n(un)dxdt—i—/gn(un,Vun)Bm(un)dxdt
o 0

_ / FrOm(10)
0

which gives, by setting @,,(s) = [ 6,(1)dn (observe that 6,,(s)s > 0)

[/ @m(un(t))dx]g—l—/ a(uy, Vu,)Vuydxdt §/ | fn|dxdt
Q {m<|uy|<m+1} {

m<|uy|<m+1}

and since ®,, > 0, we deduce that

a(un,Vun)Vundxdtg/®m(u0n)dx+/{ | fu|dxdt.
Q

m<|uy|<m+1}

/{méunISmH}

Since, as it can be easily seen, each integral of the right hand side is of the form &(n,m) we

obtain

(32) | /Q a(x, 1,1, Vit 9 (814 b (1) dxdt] < £(n,m).

We now turn to the fourth term of the left hand side of (28). We can write

| gn(x7t7unvvui’l)¢<Tk(un) —wL7])pm(un)]dxdt
{Jun| <k}

< b(k) /Q &2(6,0)[9 (Ta(un) — @, ) |dxd

(33) +@ /Q a(Ti(ttn), VT (1) 9 (Te(ttr) — @, ) |dixdl.

Since c;(x,1) belongs to L!(Q) it is easy to see that

blE) | ea(0l0 (Tul) ) )ldcs = e, ).
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On the other hand, the second term of the right hand side of (33) reads as

bixk) /Qam(un),vrkwn))vrk(un)m(n(un) — @) j)|dxdi
- bka) /Q[a(Tk(un), VTi(tn)) — a(Te(utn), VI V) AV Ti(tn) = VT (v) 1119 (T () — ), ) |dxet

+bExk) /Qa(T"<””)’VT’<<VJ‘>X7) [VTi(un) = VI (v)) 2119 (Ti(un) — @0 ;)| dxelr

*bka) /Qa<Tk<un>a V(1)) VT (v))2)19 (Ti (1) — 00} )| dxd

and, as above, by letting successively first n, then j, 4 and finally s go to infinity, we can easily
see that each one of last two integrals of the right-hand side of the last equality is of the form

€(n, j,1). This implies that
gy 800 V)0 (Tia) = 0 o et
b(k
<P [ o (0n) V) ~ a(Ta(n). V3 0,) )
(34) X[V Tila) — V() 5116 (Tien) — @, )| + £, j, ).
Combining (28),(29),(30),(31),(32) and (34), we get

/Q[a(Tk(un)a VTi(n)) = a(Ti(un), VIr(v) 21V Tk () = VTi(v ) 2]

b(k)

- 7|¢(Tk(un) - w;t,])‘]dth < e(naja“7i7s7m)'

X [0 (Tic(un) — @, ;)
and so, thanks to (26),

/Q a(Ti(utn), Vi) — a(Tiutn), VT (v))22)]

(35) x [VTi (1) — VTi(v)) x)dxdt < 2€(n, j, Wi, s,m).
On the other hand, we have
| T), V7)) —a(Tian) V()] Vi) — Vi)
= Tola) V(02— Tea) VT 0) )]V Tiat) — V)
= | (). VI ) [VTL(v)] ~ V() e

- /Q a(T(un), VTe() 1°) [V T () — VT () ) dxdt
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+ /Q a(Tic(un), VI ) XV Ti(un) = VTi(v ) xjldxdt

and, as it can be easily seen, each integral of the right-hand side is of the form &(n, j,s), implying

that
/Q a(Ti(utn), VTi(1tn)) — a(Tiatn), VT () )] [V Tk (1) — VT (1) )l
= /Q a(Ti(utn), VT (1)) — a(Tittn), VT (v)) 1)
(36) X[VTi(un) — VTi(vj) xjldxdt + €(n, j,s).

For r < s, we have

0< | [a(T(un), VT (un)) = a(Telun), VI () [V T(ty) = VT ()]s
< [ [a(T(u,), VTi(un)) = a(Telu). VIL()] VT () — VT ()]s
= [ JaCTiun). Vi) — Ty (an), V()2 [V t) = Vi)l
< | latT(), Vi) ~ a(Ti(m), VI )]V Tilatn) — Vi) s
= T, V() —a(Tel), VT 35259 T ar) — Vi) )+ € .9
< &(n, j: j, i 5,m),

hence, by passing to the limit sup over n, we get

0 <limsup [ [a(Ti(uy),VTi(un)) —a(Ti(un), VI ()] [VTi(tt) — VT}(u)]dxdt

n—oo  JQF

< limsup8<n7jau7ias7m)a
n—oo
in which we let successively j — oo, U —,i — oo, 5§ — o0, and m — oo, to obtain
/r[a(Tk(“n)aVTkwn)) — a(Ti(un), VI () )[VTi(un) — VIie(u)]|dxdt — 0 as n — oo

and thus, as in the elliptic case(see [4]), there exists a subsequence also denote by u,, such that

(37) Vu, — Vu a.e. inQ.
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We deduce then that, for all k > 0
a(x,t, Ti(un), VI (uy)) — a(x,t, Ti(u), VI (u))
(38) weakly in (Ly(Q))N for o(I1Ly,T1E)

Step 3. Modular convergence of the truncations and equi-integrability of the nonlinearities.

Thanks to (33) and (36), we can write
/Q (T(t), VT (0)) VT (1)
< /Q (T (), VT (1) V Ti ()
+ /Q (T (), VT (1) 1) [V T t) — VT () ) dxdlt
+8(n,j,u,i,s,m),
and then

limsup [ a(Ty(un), VTi(un))VTi(uy)dxdt

n—oo JQ

< [ aTelu), VT (u) Vi) dxcs
0
+ [ alTiun), Va0 )1 — e
+’111_f>1308(n7J;N71757m);
in which we can pass to the limit as j, u,i,s,m — o to obtain

lim sup a(Tk(un),VTk(un))VTk(un)dxdt§/a(Tk(u),VTk(u))VTk(u)dxdt.
n—o JQO 0

On the other hand, Fatou’s lemma implies

/Qa(Tk(u),VTk(u))VTk(u)dxdt <liminf [ a(Ti(un),VTi(t)) VT (uy)dxdt,

n—oo 0

and thus, as n — oo,
/ (T (), VT (1)) V T (1) dxdt — / a(T(u), VT (1)) VT () dxdr.
0 0
Since a(Ty (un), VTi(n))VTi(u,) > d(x,1) € L'(Q) we deduce that

(39 a(Ti(un), Vi (un)) Vi (ty)dxdt — a(Ty(u), VT (1)) VT (u)dxdt in L'(Q),
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as n — oo; implying by using (11) and Vitali’s theorem that
VTii(un) = VTi(u) in (Ly(Q))N for the modular convergence .

We shall now prove that g,(x,t,u,, Vu,) — g(x,t,u,, Vu,) strongly in L'(Q) by using Vitli’s
theorem. Since g, (x,u,, Vu,) — g(x,u,, Vuy,) ae. in Q, thanks to (24)and (30), it suffices to
prove that g, (x,t,uy,, Vu,) are uniformly equi-integrable in Q.

Let E C Q be a measurable subset of Q. We have for any m > 0:

/|gn(x,t,un,Vun)]dxdt:/ |gn (x, 2,1y, V) |dxdt + lgn (x,2,up, Vuy,)|dxdt.
E En{|u,|<m} En{|u,|>m}
b(m) 1
<2 / A(Tyn(ttn), VT (1)) V Ty (16 ol + b(m) / [c2(,1)+ —d (1))
E E
+ | fuldxdt + |uon|dxdt,
{lutn|>m} {luton|>m}

where we have used (12) and (19). Therefore, it is easy to see that there exists v such that
E|<v= / |gn(x,t,upn, Vuy,)|dxdt < €Vn,
E

which shows that g, (x,7,u,, Vu,) are uniformly equi-integrable in Q as required.
Step 4. Passage to the limit and regularity of the solution.
Let v € W, “Ly(Q) N L=(Q) such that 9P € WLy (Q) + L' (Q). There exists a prolongation

v of v such that (see proof of Lemma 1)
F=vonQ,7 €W, Ly(Q x R)NL}(Q x R)NL"(Q x R),

and

av

(40) Fr

=veEW MLy (QxR) +L*(Q x R).
By Theorem1(see also Remark 1), there exists a sequence (w; C Z(Q x R)) such that
w; — v in Wy "Ly (Q x R) NL*(Q x R),

and

(41) -, in W Ly (Q X R) + L*(Q x R),
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for the modular convergence and ||w||wqxr < (N +2)||7||w oxR-
Go back to approximate equations (17) and use Tj(u, — w;) X(0,7), for every T € [0, T|(which

belongs to Wo] "Ly (Q)) as a test function one has
(i, Tt — W) g, + / ), VT 1))V T (1t — w;)dxdt
(42) +/Qr gn(x, 1,1, Vun ) Tie(uy — wj)dxdt = /Qr foTi(un —wj)dxdt,
where k = k+C|[V||w0
The second term of the left hand side of (42) reads as
/ a(T-t), VT (1) )V T (1t — ) dxdlt

= a(Ti(un), VI (un))Vupdxdt
O {|un—w;|<k}

— a(T(un), VT (u,))Vw dxdt
/Q i gy ), V) Vo

and by using Fatou’s lemma in the first integral of the last side and (38) in the second one, we

deduce that

/ a(To(u), V() VT (1 — w;)dxdt
< ligninf a(Ti(un), VI (un))VTi (uy — w;)dxdt.
— JQOz

Since VTi(uy —w;) — VT (u—w;) weakly in L*(Q) as n — oo, we have (as n — o)
/ 8n(ttn, Vi) Ty (up — w;)dxdt — / g(u,Vu)Ti(u—wj)dxdt and
O¢

/ oD (up —w; dxdt—)/ fTi(u—wj)dxdt.

For what concerns the first term of (42), we have, by setting Si(s) = [y Tx(1)dn

(tap, Tt —w)) 0, = (tty — W', Ti(un —wj)) o, + W, Tt — ) 0,

a .
@) = [ Sclun—w)(@0dx— [ Sctuon—wiO)dr+ [ ST,y ),
O«

and, in order to pass to the limit (as n — o) in (43), we will first prove that u, — u in
€(]0,T],L'(Q)) (implying, in particular, that u € %([0,T],L'(Q))).
Let now, for every [ > 0 a);lu =T;(vj)u +exp(—ut)T;(w;) and a)ﬁl =Tj(u)y +exp(—ut)T;(w;),
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where v§~ € 2(Q) is a sequence such that: vi- — T;(u) in WO1 *Ly(Q) for the modular conver-
gence as j — oo,

We have for every 7 € (0,T]

il il il il
((@07,) Tilun — 7)) 0, = 1 /QT(TI(VJ‘) — 07 ) Ti(up — 0} )dxdt
u /Q (Ti(v;) — @ )T (1, — ', )l

(44) (T~ 0} )T — 0]} )dxds > 0,
Or '

as first n — oo and then j — oo and where we have used the fact that |a)ﬁl\ < [ to get the posi-
tiveness of last integral.

On the other hand, by using (17)

. y
(udyy, T (1 — w;‘,u»Qr = /Qa(x,t,un,Vun)[Vw]’.# — Vu"]x{\un—w;i|gk}dx‘1t
+/Q gn(x7t7unavun>Tk(wj'1L — l/in)dth
+/Q ST (up — w;:il)dxdt,

in which we can use Fatou’s lemma and Lebesgue theorem to pass to the limit sup first over n

and then over j, u,l, to get, for every k > 0,

(45) (), T (uy — a);lu))QT < €(n, j,u,l) not depending on .

Therefore, by writing
/Q Se(un(7) — @' (1))dx = (u), — (07,), Ti(un — ©7,)) 0, + /Q Se(uo — Ty(wy))dx
=t Telu = 0}})) 0. — (@}, ) Tlts = @ o, + [ Seluo—=Ti(w))d

and using (44) and (45), we see that, for every fixed k > 0,
Jo Sk(un(7) — a);”lu(r))dx < &(n,j,u,l,i) not depending on 7
which implies, by writing (recall that Sy is a convex function )

/Q Sk[%(un(r)—um(v:))]dxg /Q Si(tn(7) — @ (2))dx + /Q Si(ttn () — % (7))d,
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that

[ S5 ()= un(2)))x < 1),

where ¢g;(n,m)(i = 1,2) is a term not depending on 7 and which tends to 0 as n and m go to
infinity.

We deduce then that (see for instance, the proof of Theorem 1.1 of [25]),

Jo lun(T) — um(7))|dx < &(n,m) not depending on 7

and thus,u, is a Cauchy sequence in C([0,T],L'(Q))(the space of continuous functions from
[0,7T] into L' (Q) equipped with topology of uniform convergence).

Since the limit of u, in L'(Q) is u, we have
u, — uin C([0,T],L1(Q)).
Moreover, since Si(u, —w;)(7) < klun(7)| +k|w;(T)|, we have by using Lebesgue theorem

/Sk —w;)( dx—>/Sk u—w;)(t)dxasn — oo

therefore we can pass to the limit in z in each term of the right hand side of (43) to get

lim (u Tk(un — Wj)>Q1:

n—soo
aWj
_ / Se(u— wj)(r)dx—/ Sl — wj(O))d)H—/ Wi (4 —wj)dxd
Q Q 0, Ot
and thus, by passing to the limit inf over n in (42), we have

aw;
0. a_t]Tk(u —w;)dxdt

/Sk(u—wj)(’l:)dx—i—
Q

—1—/ a(u,Vu)VTi(u—wj)dxdt + | g(u,Vu)Ti(u—w;)dxdt
T QT

(46) S/Q ka(u—wj)dxdt—l—/QSk(uo—wj(O))dx.

To go to the limit in (46) as j — oo, observe that, thanks to (41), we have

oW, v
/T WTk(u wj)dxdt — <8t 7Tk<u_v)>Qr'

Moreover, for every T € [0, T]

8w, ow;

/Sl W] dx-// T1 W—W)dXd[%()aSl’,j—)m,
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implying, as above, that |[w;(7) —w;(7)|[11(q) — 0 asi,j — e and so [|w;(T) —v(T)||11(q) — 0
as j — oo.

Therefore, we can go to the limit, as j — oo, in each integral of (46), to get

dv
/QSk(u —v)(7)dx+ <§7Tk(u —v))o.

+/ a(u,Vu)VT(u—v)dxdt + / g(u, Vu)Ty(u—v)dxdt
T QT

S/QTka(u—v)dxdt—F/QSk(uo—v(O))dx,

where for the first and last integrals, we have used the fact that Si(u—w;)(7) < S(u(7)) +

klw;(7)|, and thus, u is an entropy solution of (15).This completes the proof of theorem 3.
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