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Abstract. A set D C V is a disjunctive dominating set of a graph G = (V, E), if for any x not in D, x is either a
neighbor of a vertex in D or there are at least two vertices in D at a distance two from x. Minimum cardinality of
such a subset D of V is called the disjunctive domination number of G. In this paper we obtain the values of the
disjunctive domination number of splitting graph of path and cycle graphs.
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1. INTRODUCTION

In graph theory, understanding how vertices interact and influence one another is essential for
various applications ranging from network design to algorithm development. The concept of
domination in graphs provides valuable insights into the ways in which the subsets of vertices
in a graph can control or influence other vertices in it. Over the years, researchers have studied
various varieties of domination parameters, each with distinct characteristics and applications.
In 1998, Haynes, Hedetniemi, and Slater published a comprehensive survey of the theory of
domination in graphs through two seminal books: Fundamentals of Domination in Graphs and
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Domination in Graphs: Advanced Topics. These works provided an extensive foundation for
understanding various domination concepts.

One of the many varients of domination is disjunctive domination [2], where a set of vertices
D in a graph G ensures that every vertex is either in D, adjacent to a vertex in D, or has at least 2
vertices in D at a distance 2 from it in G. The disjunctive domination number of G, denoted by
yg (G), is the minimum cardinality of a disjunctive dominating set in G. This type of domination
offers a more flexible framework compared to traditional domination. Since its introduction in
2014, several works were done on this topic by many researchers. Some of the important works
can be seen in [3, 4, 6].

Graph operators are transformations or modifications applied to a graph that generate new
graphs from an original one. In this article, we focus on a specific graph operator known as
the Splitting Graph, which was introduced by Sampathkumar and Walikar [9]. This operator
constructs a new graph, S'(G) by adding a new vertex x’ corresponding to each vertex x of the
original graph G, and joining x’ to all vertices of G adjacent to x. We call the vertex x’ in S’(G)
the twin vertex of x in G. Different domination parameters of splitting graph of a graph are
studied in [1]. In this paper we find the disjunctive domination number of splitting graph of
path and cycle graphs.

For basic graph theoretic terminologies, we refer to the book [5] and for domination related

concepts, we refer to the book [7].

2. MAIN RESULTS

We use the following notations in the next lemma and theorem. Let P, be the path graph
on n vertices. Let vi,vz,...,v, be the vertices on P, and v},v},...,v, be the twin vertices of
V1,V2, ...,V Tespectively in the splitting graph S'(P,) of B,.

Let
Vi={v,Vi} fori=1,2,...,n
=0 ifi<lori>n
and

W, =V,UWU...UV;, fori=1,2,...,n

=W, fori>n.
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Lemma 2.1. If D is any disjunctive dominating set of S(P,), then

(i) |[DNW3| >20r DNW, # 0 and |DNWy| > 2.

(i) If [DNWj| = 2, then [DNVy| < 1.
(i) [DN(Wy\Wy—3)| >20r DN (W, \W,—2) # 0 and [DN (W, \ W,,_4)| > 2.
(iv) If DN (W, \ W,,—4)| = 2, then DNV, _3| < 1

Proof. (i) and (if) are easily followed from the observation that the vertices in V; has no contri-
bution towards the disjunctive domination of vertices in V;_3 or V; ;3. Because of symmetry of

the graph, results (iii) and (iv) follow from results (i) and (ii). O

Lemma 2.2. If n > 6 and D is any disjunctive dominating set of §'(P,), then |DNWg| > 3 and
if  DNWg| =3, then |[DN (W \ Wy)| < 1.

Proof. From Lemma 2.1 (i) and (ii), we see that if [DNW,| = 2, then it will contribute at most
half towards the disjunctive domination of Vg. Hence D must contain at least one more vertex
from its first or second neighborhood. Thus [DNWg| > 3. If |[D N Wg| = 3, it also follows from
Lemma 2.1(i) that [ DN (W3 \ Wy)| < 1. O

Lemma 2.3. If n > 8 and D is any disjunctive dominating set of §’'(P,), then |D N Wjo| > 4 and
if IDNWyo| =4, then |[DN (Wi \ Wg)| < 1.

Proof. From Lemma 2.2, we see that if [DNWs| = 3, then it will contribute at most half towards
the disjunctive domination of at least one vertex in V7 or Vg. Hence D must contain at least one
more vertex from its first or second neighborhood. Thus |[DNWjo| > 4. If DN W)o| = 4, it also

shows that |[DN (W \ Ws)| < 1. O

Theorem 2.4. Forn > 2

2% +1 ifn=0,1 (mod 6)
2[%] ifn=2,3,4,5 (mod 6)

?g(S/(Pn)) =

Proof. Let vy, va,...,v, be the vertices on P,. Let v, Vi, W, i = 1,2, ...,n be as defined above.
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Case (i) 2 < n < 5. Singletons in W, will not dominate S'(P,). On the other hand, there are two
element subsets of W, that are disjunctive dominating sets of §'(P,). Hence ¥4 (S'(Py)) = 2. If
n=3,4,5, the set V3 = {v3,v}} form a disjunctive dominating set of S'(P,). Also since there
is no universal vertex, ¥ (S'(P,) > 2. Thus ¥ (S'(P,) =2if 2 <n <5. ¥4 sets of S'(Ps) are

depicted in Figure 1.

S, P

FIGURE 1. ¥ sets of §'(Ps)

Case (ii) n = 6,7. {v2,va,v6} is a disjunctive dominating set of S'(P,). Hence ¥ (S'(P,)) < 3.
Now from Lemma 2.1 (i), we see that |[DNWy| > 2. If |[DNWy| = 2, then by Lemma 2.1(ii), D
will contribute at most half towards the disjunctive domination of V. Hence D must contain at
least one more vertex. Thus |D| > 3. Therefore ¥(S'(P,)) =3 if n =6,7. ¥-set of S'(P;) is
depicted in Figure 2.

From cases (i) and (ii) we get

FIGURE 2. ¥ setof S'(P;)

Case (iii) 8 <n < 11. From Lemma 2.1(i), we see that |DNW,| > 2. Similarly from Lemma
2.1(iii) we get [DN(We \ Wa)| > 2. As Wy (Wg \ Wa) = 0, it follows that |[D| > 4. On the other
hand, D = {v3,v4,ve,vs} is a disjunctive dominating set of §'(Ps). Hence ¥ (S'(B)) = 4.

Now D = {vy,v4,vg,v10} is a disjunctive set of §'(Py;). Hence yg(S’(Pn) <4ifn=9,10,11.
As ¥ (S'(Ps)) = 4, we conclude that ¥ (S'(P,)) > 4 for n = 9,10, 11. Thus ¥ (S'(P,)) = 4 for
n=28.910,11.
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Case (iv) n > 12.

Letn=0,1 (mod 6). If n = 6k, partition the vertices in S’ (P,) into three sets Wg, X = W, \ W,,_4
andY =V (§'(P,))\ (WgUX).

Then by Lemma 2.2, we get [DNWg| > 3. By Lemma 2.1 (iii) and (iv) we see that [DNX| > 2.
Now consider any subset V;UV; 11 UVi;o UV 13UV 4 UV, 5 0f Y for any six consecutive indices
i,i+1,i4+2,i+3,i+4,i+ 5. For the disjunctive domination of V;;, UV, 3 itis clear that D must
contain at least two vertices from V; UV 1 UV 1p UV 13UV 4 UV 5. As this is true for any
set of six consecutive sets V; in Y and since |Y| = 6(k —2) we get [DNY| > 2(k —2). Thus
ID| >342(k—2)+2=2k+1=2[221] 4 1.

On the other hand D = {vg;12,veira : i =0,1,2,....k— 1} U{vg} is a disjunctive dominating
set of §'(Pgt). As the number of vertices in this set is 2k + 1, we get % (S'(P,)) < 2[%1] + 1.
Thus if n = 6k, ¥ (S'(P,)) = 2[ %] + 1.

If n=6k+1, then ¥(S'(P,) > 2k+1 as (S (Pok)) = 2k+ 1. D = {vgiy2,v6i44a : i =
0,1,2,....,k— 1} U{ve} is also a disjunctive dominating set of S'(P,) for n = 6k + 1. Hence
Y (S'(P,) =2k+1=2["1]+ 1 forn=6k+1.

Letn=2,3,4,5 (mod 6). Letn=6k+2. Partition vertices in (P, ) into three sets Wy, X =W, \
Wy—aandY =V (S (P,))\ (W4UX). As in the above case we see that [DNWy| > 2,
and [DNY|>2(k—1). Hence |[D| > 2+42(k—1)+2=2k+2=2[%].

Thus ¥ (S'(P,)) > 2[2] if n > 6k +2.

DNX|>2

Now if n = 6k+5, then D = {vgj12,veira:1=0,1,2,....0k— 1} U{ver12,verr4} is a disjunc-
tive dominating set of S'(F,). As the number of vertices in this set is 2k +2 = 2[%], we get
Y (S'(P,)) <2[2]if n=6k+5. Hence ¥ (S'(P,)) <2[2] if n < 6k+5.

Thus 14 (S'(P,)) = 2[2] if n = 6k+ 2,6k + 3,6k + 4 and 6k + 5.

By summing up the cases (i), (i1),(ii1) and (iv) we see that if n > 2,

2[2 1 +1 ifn=0,1 (mod 6)
2[2] ifn=2,3,4,5 (mod 6)

(S (P)) =
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Theorem 2.5. For any integer n > 3,

2[21—1 ifn=1,2 (mod 6)

2[%] otherwise

Proof. Let {v,v2,v3,...,v,} be the vertices of C,,. If n =3,4,5,6, then D = {v,v3} is a disjunc-
tive dominating set of §'(Cy,). As there is no universal vertex, we also see that ¥4 (S'(C,)) > 2.
Thus 14 (S'(C,)) =2 if n = 3,4,5,6. ¥4-set of §'(Cp) is depicted in Figure 3.

Now let n > 7 and let V; = {v;,v!} for i € {1,2,...,n}. It can be noted here that a vertex in V;

FIGURE 3. ¥ set of §'(Ce)

contributes only half towards the disjunctive domination of a vertex in V;;, and V;_,. It has no
contribution towards the disjunctive domination of a vertex in V;;3 and V;_3.

It can also be noted here that a vertex x € D NV; contributes at most half towards the dis-
junctive domination of the other vertex in V;. So D must contain one more vertex in the first
or second neighborhood it. Hence corresponding to each vertex x € DNV;, there exist a vertex

y € D such that d(x,y) < 2.

Let n = 0(mod 6). If n = 6k, then D = {v{,v3,V7,V9,V13,V15, ..., Vek—5, Vek—3 } = {V6j—5,V6j—3 :
j=1,2,....k} is a disjunctive dominating set of §’(Cgy) of cardinality 2k. Hence if n = 6k, then
H(S'(Cn)) < 2k =2[2].

The reverse inequality can be seen as follows. Let D be any disjunctive dominating set of the
graph G = §'(C,). Consider any subset V; UV, 1 UV; 1, UV;13UV;14UV;, 5 of the vertex set of
G for any six consecutive indices i,i+ 1,i+2,i+3,i+4,i+ 5. For the disjunctive domination
of V12 UV, 3 itis clear that D must contain at least two vertices from V;UV;; 1 UV, UV 13U

Vita UViis. As this is true for any set of six consecutive sets V; in G we get |D| > 2k. Hence if
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n = 6k, then ¥4 (S'(Cy)) =2k =2[2].
¥-set of §'(Cyy) is depicted in Figure 4.

FIGURE 4. ¥ set of §'(C)2)

Let n>7 and n = 1,2(mod 6). Let n = 6k+ 1 and let D be any disjunctive dominating set
of §'(Cy). Let x € D. Without loss of generality we can assume that x € V;. Then there exists
another vertex y € D such that d(x,y) < 2. Hence either |[DN (V,—; UV, UV;)| >2 or |IDN
(ViuV,uVs)| > 2. Let [DN(ViUVLUV3)| >2. If n>7 and [DN (Vi UV, UV3)| =2, then
they will contribute at most half towards the disjunctive domination of vertices in V5 and V.
Hence D must contain at least one more vertex from their first or second neighborhood. Thus
|IDN(ViUV,U...UV5)| > 3. Now from the remaining set of vertices in §'(C,,), D must contain at
least two vertices corresponding to every set of six consecutive V;’s in {Vg, Vo, ..., Vgr11}. Thus
ID| >3+2(k—1)=2k+1=2[¢] -

Hence ¥ (S'(C,)) > 2[#] —1ifn > 6k+1.

On the other hand, D = {vg;_5,v6j—3 : j = 1,2,...,k} U{vers1} is a disjunctive dominating
set of §'(Cy) if n = 6k+ 1, 6k+2. As the number of vertices in this set is 2k + 1 we get
H(S(Cy)) <2k+1=2[2]—1.

Thus % (S'(C,)) =2[#] — 1if n = 6k + 1 or 6k + 2.

Let n = 3,4,5(mod 6). Let n = 6k+ 3 and let D be any disjunctive dominating set of S'(C,,).
For the disjunctive domination of vertices in Vi UV, U ... U Vg, at least 2k vertices are needed.
Two vertices that contribute to the disjunctive domination of V;, and V; 3 from six consecutive

sets Vi, Viy1,. provide at most half to the disjunctive domination of a vertex outside this

"7‘/i+5

set. Hence for the disjunctive domination of vertices in Vi1 U Vigri2 U Vi3 at least two more

vertices are needed in D. Thus [D| > 2k +2 = 2[#]. Hence ¥4 (S'(C,)) > 2[%] if n > 6k + 3.
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On the other hand, D = {vgj_5,v6;—3 : j = 1,2,...,k} U {vers1,vers3} is a disjunctive
dominating set of S'(C,) of cardinality 2k +2 if n = 6k + 3,6k + 4,6k + 5.
Thus 14(S'(Cy)) =2k +2 =2[%] for n = 3,4,5(mod 6).

By summing up all the above results we see that, if n > 3 then,

2[2] -1 ifn=1,2 (mod 6)

2[%] otherwise

3. CONCLUSION

In this article, we investigated the disjunctive domination number of splitting graphs of path
and cycle graphs. By applying the splitting graph operator to these fundamental graph classes,
we derived the exact values of their disjunctive domination numbers. These results provide
valuable insights into how structural transformations impact domination-related parameters.

Future research may explore similar analysis for other graph classes.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] J. Deepalakshmi, G. Marimuthu, A. Somasundaram and S. Arumugam, Domination parameters of the split-
ting graph of a graph, Commun. Comb. Optim. 8 (2023), 631-637.

[2] W. Goddard, M. A. Henning, C. A. McPillan, The disjunctive domination number of a graph, Quaest. Math.
37 (2014), 547-561.

[3] M.A. Henning, S.A. Marcon, Domination versus disjunctive domination in trees, Discr. Appl. Math. 184
(2015), 171-1717.

[4] M. A. Henning, V. Naicker, Bounds on the disjunctive total domination number of a tree, Discuss. Math.
Graph Theory 36 (2016), 153-171.

[5] F. Harary, Graph theory, Addison-Wesley Publishing Co., Reading, 1969.



SOME RESULTS ON DISJUNCTIVE DOMINATION IN GRAPHS 9

[6] M.A. Henning, S.A. Marcon, Domination versus disjunctive domination in trees, Discr. Appl. Math. 184
(2015), 171-177.

[7] T.W. Haynes, S. Hedetniemi, P. Slater, Fundamentals of domination in graphs, Marcel Dekker, New York,
1998.

[8] T.W. Haynes, S.T. Hedetniemi, P.J. Slater, Domination in graphs: Advanced topics, Marcel Dekker, New
York, 1998.

[9] E. Sampathkumar, H.B. Walikar, On the splitting graph of a graph, Karnatak Univ. J. Sci. 35/36 (1980-1981),
13-16.



	1. Introduction
	2. Main Results
	Case (i) 2n5
	Case (ii) n=6,7
	Case (iii) 8n 11
	Case (iv) n12
	Let n 0 (mod 6)
	Let n7 and n 1,2 (mod 6)
	Let n 3,4,5 (mod 6)

	3. Conclusion
	Conflict of Interests
	References

