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Abstract. Let G be a simple graph that has n vertices and m edges. Let V(G) be the set of all vertices of G and
E(G) the set of all edges of G. Let f: V(G) — {1,2,...,k} be a function that assigns to each vertex v € V(G) a
positive integer f(v) € {1,2,...,k}. This integer is called the label of v. For each edge uv € E(G) we assign a label
which is the ged (f (), f(v)). Let v¢(i) be the number of vertices labeled with i for i > 1. The function f is called
k-prime cordial labeling of G if |v¢(i) —vs(j)| < 1foralli,j € {1,2,...,k} and |ef(1) —es(0)| < 1 where ef(1)
denotes the number of edges that are labeled with 1 and e;(0) denotes the number of edges that are not labeled
with 1. In this paper we introduce the concept of the /-fold of a graph G, T;(G), and we show that the /-fold of a
path B, T;(P,), is a 4-prime cordial graph.
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1. INTRODUCTION

Let G = (V(G),E(G)) be a finite simple graph, where V(G) be the set of all vertices of G,
and E(G) is the edge set of G. Let n be the number of vertices of G and m be the number
of edges in E(G). We call such a graph an (n,m)-graph. The number of edges incident to a

vertex v € V(G) is called the degree of v, and is denoted by dg(v). We say that two vertices
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u,v € V(G) are adjacent or neighbors if uv is an edge of G, that is, uv € E(G). The concepts
of labeling of graphs has been popular in the last 65 years due to its wide range of applications.
In 2020, J.A. Gallian in [2] gave a survey and a classification of graph labeling. The concept
of Cordial labeling of graphs was introduced in [1] by Cahit. In [6], M. Sandoran, R. Ponrag
and S. Somasudaran, introduced the concept of prime cordial labeling and discussed the prime
labeling of certain graphs. In [4], M. Hailat introduced the concept of trigraph of a graph G,
T3(G), and showed that the trigraph of a path P,, T3(P,), and the trigraph of a cycle C,, T5(C;)
are 4-prime cordial graphs.

In this paper we introduce the concept of the /-fold of a graph G, T;(G), and we show that the

[-fold of a path P,, T;(P,), is a 4-prime cordial graph.

Definition 1. Let G be an (n,m)-graph and let f: V(G) — {1,2,...,k} be a function. For each
edge uv € E(G) we assign the label ged (f(u), f(v)). We say f is a k-prime cordial labeling of
Gif [ve(i) —ve(j)| < 1foralli,je{1,2,...,k} and |ef(1) —er(0)| < 1 where ef(1) denotes
the number of edges that are labeled with 1 and e;(0) denotes the number of edges that are not

labeled with 1, respectively.

Definition 2. A graph G is called k-prime cordial graph if it admits a k-prime cordial labeling
[5].

Definition 3. An /-fold of a connected graph G, T;(G), is constructed by taking / copies of G =
G1,G2,...,G; and joining each vertex v;; € G; to the neighbors of the corresponding v € G;

and vice-versa [5].
Example 1. The graph below is 73(Py)
V1
V) &

V3 ¢

V4

Figure 1
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It follows that
V(Ti(Py)) = {Vil,- -, VinVal - - s Vans -+ s Vil -+ s Vin}
and
E(Ti(Bn)) = {vijvi(jen 1 i< LIS j<n—=130{vijvg i), vijvsi—n1 <is <L2< j<n—1}
Proposition 1. : [V(T;(B,))| = In and |[E(T}(R,))| = I*(n —1).

Proof. : Since we have [ copies of P, and each P, has n vertices, therefore, |V (T;(P,))| = In.

Since deg(v;1) = deg(viy) =1 foralli=1,...,s and deg(v;j) =2l for 2 < j <n—1 then

[ n—2 1
E(Ti(P)| = % (Z(deg(m) +deg(vin))+ Y Zdeg(wj)>

i=1 j=2i=1

= %(212 +20°(n—2)) =P(n—1).

2. 4-PRIME CORDIAL LABELING OF T;(P,)

In this section we will discus the structure of the /-fold path graph, 7;(P,), and show that

T;(P,) is a 4-prime cordial graph.
Theorem 1. The I-fold path graph, T)(P,), is a 4-prime graph.

Proof. : Let us define a function f: V(T;(P,)) — {1,2,3,4}. To do that, we will divide the
discussion into four cases depending on the value of n.

Case 1: Suppose that n =0 (mod 4). That is, n = 4z. In this case we define f as follows:

fvij) =2 for 1 <i<|[5],1<j<t

fvij) =4 for 5] +1<i<2[4],1<j<t
flvij) =1 for 1 <i<l,j=2+1,243,...,n—1
fvij) =3 for 1 <i<l,j="2+2,2+4, .. n

If /is even then | 1| = L and 2| L | =1, so we assign an integer 2 or 4 to any vertex v;; such that
I<i<land 1 < j< g, as defined above. If / is odd then we assign integers to the remaining

vertices of the form v;;, 1 < j < % as follows:
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f(Vll) = 27f(V12) = 4,f(V13) = 2,f(vl4) =4...

It follows from the above assignment that,

V(1) =vr(2) = v/(3) = vs(d) = 7.

For 1 < j < 5 all edges are either labeled with 2, since 2 = gcd(2,2) = ged(2,4) or 4 =
gcd(4,4). That is the number of edges labeled with 1 or with not 1 are given as

20 (B =2)+ P+ +1?
er(1) = 5

 Pm—-4)+3% Pn-1)
B 2 2

This implies that

2(p— 2(p—
ef(O):lz(n—l)—l ( 5 h_ X 5 b,

We summarize the previous information in the table

ve(1) | ve(2) | ve(3) | ve(4) | er(0) [er(1)

In In In In (n—1) | 12(n—1)
4 4 4 4 2 2

Table 1

From Table 1, f satisfies the definition of 4-prime cordial labeling for 7;(P,) since |v/(i) —
ve(1)]=0<1and |ef(0) —ef(1)|=0< 1.

Case 2: Suppose that n =1 (mod 4). That is n = 1 + 4« for a positive integer . We define
f:V(Ti(BR)) — {1,2,3,4} as follows:

flvij) =2 for 1 <i< |5], 1< <2t

fvij) =4 for L]+ 1<i<2li],1<j<2

fvij) =1 for1 <i<l,j=2t+2,2t+4,... .4t =n—1
fvij) =3 for 1 <i<l,j=2t+3,2t+5,....4t+1=n

This cordial labeling f is defined for all v;; except v;; if [ is an odd integer and if i = 27 + 1.

To define f on these exceptions we divide the discussion into four subcases:
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Subcase 2.1: Suppose / =0 (mod 4). Then [ is an even integer and in this subcase ZL%j =1l

Therefore, f is defined for all v;; except when i = 27 + 1. For the latter case we define

Fi@ir) = L) =2, f(v3@e)) =3,

SOaan) =4 Fvsir) = Lo f i) = 4

It follows that

vr(1) = W(é)ﬂ% _ 4tl4+l _ 1<4t4+1) :%n

Vf(2)=(2t)<é)+£:@:%”

ve(3) = (2t)<§>-|-é1 :%”

vy = @(L)+ s A I
2220+2 -1 PAt+1)-12 Ph-1)

er(1) = 5 - - Sk

2(n— 2(n—
er(0) = P(n—1) - 02D 2D

We summarize the previous information in the table

ve(L) | ve(2) | ve(3) | ve(4) | er(0) [er(1)

In In In In P(n—1) | P(n—1)
4 4 4 4 2 2

Table 2

From Table 2, f satisfies the definition of 4-prime cordial labeling for 7;(P,) since |v;(i) —
vi(1)]=0<1and |ef(0) —ep(1)|=0< 1.
Subcase 2.2 Suppose I =1 (mod 4). Then [ is an odd integer and in this subcase ZL%J =/—1.

Therefore we define f for the vertices of the form v;; as:

flvig) =2 ifiisoddandi <2t +1
flvy) =4 ifiiseven and i < 2t +1
flvi) =1 ifiisoddand i > 2t +3

flvi) =3 ifiisevenandi > 2t+2
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FOin) =1 f41) =2, f(v30041)) =3
f(ais1)) =4 FOs) =1, fvu—ny@an) =4 fiie) = 1.

It follows that

Vf(l):(zf)<%)+%+t+l:@_H_,_l:#
Vf(2)=(2t)<l_71>+%+t:n(l;1)+t:ln;l
Vf(3)=(2t)<l_71>+1771+,:”(lgl)ﬂzln4—1

Note that v¢(1) +vs(2) +v(3) +vs(4) =n(l —1)+4t+1 =n(l—1)+n = nl. Also,

L 2P(—1)+22 21421 2122t PP(n—1)
B 2 22
Pn—1) Pn-1)

ef(0)=1P(n—1)— —=—

er(1)

We summarize the above result as:

ve(1) [ ve(2) | ve(3) [ ve(4) | er(0) |ep(1)

43 | In—1 | in—1 | =1 | P(n=1) | P(n—1)
7 7 7 7 2 2

Table 3

From the above table, we have [v(i) —v(1)[|=00r 1 <1 and |es(0) —ey(1)] =0 < 1, so that
the graph is 4-prime cordial graph.
Subcase 2.3: Suppose that/ =2 (mod 4). Then / is an even integer and in this subcase 2 L%J =1
This subcase is similar in calculation to Subcase 2.1.
Subcase 2.4: Suppose that / =3 (mod 4). Then / is an odd integer and in this subcase 2L%J =
[ — 1. This subcase is the same as subcase 2.2.

Case 3: Suppose that n =2 (mod 4). That is n = 2 + 4« for a positive integer . We define
f:V(Ty(P))) — {1,2,3,4} as follows:

fvij) =2 for 1 <i< 5], 1<j<2r+1

fvij) =4 for |§]+1<i<2|§),1<j<2+1
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fvij) =1 for 1 <i<l,j=2t+2,2t+4,...,4t+1=n—1
flvij) =3 for 1 i<l j=j=2+3,21+5,... 4+2=n

This cordial labeling f is defined for all v;; except v; if [ is an odd integer. We divide the
discussion to the following subcases depending on the values of /.
Subcase 3.1: Suppose [ =0 (mod 4) or / =2 (mod 4). Then [ is an even integer, and therefore

ZL%J = [, so that f is defined on all vertices of T;(B,). It follows that

(1) =vs () =vs(3) = vy () = 7

2 2 Pn—
ef(1):21 (2t—|—21)l ! :l(2 D)
Pn—1) Pn-1)

er(0)=1(n—1)— R

We summarize the above results as

ve(L) | ve(2) | ve(3) | ve(4) [ er(0) |er(1)

In In In In 2(n—1) | 2(n—1)
4 4 4 4 2 2

Table 4

From the above table, we have |v/(i) —v;(1)| =0 < 1 and |e;(0) —es(1)] = 0 < 1, so that the
graph is 4-prime cordial graph.
Subcase 3.2: Suppose that / =1 (mod 4) or / =3 (mod 4). That is  is an odd integer. In this

subcase we have to define f on v;; since 2 L%j =1[—1. We define f(v;) as follows:

(

2 ifiisoddandi <2r+1

4 ifiisevenandi<2r+1
fvij) =
1 ifiisoddandi>2r+2

3 ifiisevenandi > 2r+2
\

It follows that

(GhHe+1)+22  (Ghr 2 40
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[+2
vf(l):n I asin vy(2)

-2
vi(3) = ! , asinvy(4)

21220 +1) =12 22(5) -1 Pn—1)
es(1)= 2 T2 T2

5 Pn—1) Pn-1)
er(0)=01"(n—1)— =

We summarize the above result as:

ve(1) | ve(2) | ve(3) | ve(4) | er(1) |er(0)

nl+2 | ni+2 | ni=2 | ni=2 | P@n=1) | B(n-1)
i 1 7 7 2 2

Table 5

From Table 5, we have |v(i) —v;(j)| =00r 1 < 1foralli,j=1,2,3,4and |e;(0) —es(1)| =
0 < 1, so that the graph is 4-prime cordial graph.

Case 4: Suppose that n =3 (mod 4). That is n = 3 + 4¢ for positive integer r. We define
f:V(Ti(B)) — {1,2,3,4} as follows:

fvij) =2 for 1 <i< |5, 1<j<2r+1

fvij) =4 for | 5] +1<i<2[L],1<j<2+1

flvij) =1 for | i<l,j=20+2,2t+4,. .. 4t+1=n—3
fvij) =3 for | i<l,j=2+3,2t+5,...,4t+2=n—2

For the remaining vertices in the last two rows v(,,_1); and v,jwe divide the discussion into four
cases depending on /.

Subcase 4.1: Suppose I =0 (mod 4). Then [ = 4s where s is a positive integer. Then we

define
fOu—1)j) =1 for j=1,3,5,...,1—1
fVu-1)j) =3 for j=2,4,...,1
[
Fvj) =3 forj=13...,5-1
o [
flvnj) =2 for j==—+1,=43,...,1—1

2 2
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Flvnj) =4 forj:é+2,é+4,...,l
It follows that
ve(l) = (2;)(%) +¥ - 4”:“ _ (”—3il+3l) :%n
vf(2):(2t+1)(é)+£:w+£:%n
vr(3) = (%(%) +¥ - 4”131 _ (n—3ll+3l) :%n

! ! ! _ "
f= 2P 20) 1) 10 (=9 =
2 n— 2 n—
ef(O):lz(n—l)—l(z 1)21(2 1)

We summarize the previous information in the following table

ve(1) | ve(2) | ve(3) | ve(4) | er(0) [er(1)

In In In In Pn—-1) | 2(n—1)
4 4 4 4 2 2

Table 6

From Table 6 we have [v,(i) —v¢(j)| =0< 1foralli,j=1,2,3,4and |ef(0) —es(1)| =0< 1,
so that the graph is 4-prime cordial graph. Subcase 4.2: Suppose /=1 (mod 4). Then!=1+4s
for some positive integer s. Then we define f as we did in Subcase 4.1 by replacing [ with
I—1=0 (mod 4). Thatis f is defined for all v;; as in the previous subcase, except v;; for

1 < j < n. We define f on v;; as follows

;

2 ifj=1,3,....2t+1,j=n—1

4 ifj=2,4,.. 2 j=n
fvij) =
| ifj=2+2,2+4,... n—3

3 if j=2t+3,2t+5,....n—2

\

This implies that

vr(1) = 2t(12— b, 3(1; D,
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n=3y(_ ) oa-
:(z)éz 1)+3(14 b, 43

~_nl-3

4

2t+1)(I—-1) (I—1) 2t+42
Vf(2)= > + 1 + 5

-1 (I-1) "2+2

= (=D + 2

_In+1

4

20(1—1 3(1—1 1-3 In+1
vﬂﬂz( (2 U+»(4)+4+1:"4 +1:'1

In+1
) =—,

Note: v¢(1) +v7(2) +v5(3) +vs(4) = 2. Tt follows that, using the same idea as in Subcase 4.1,

for/l—1=0 (mod 4)

I MRt R
_ (n—1) B (n—1)
er(0) =Pn—1)— 5 — SRR

We summarize the previous information in the following table

ve(1) | ve(2) | ve(3) | ve(4) [ er(0) |er(1)

In=3 | n+l |In¥l | In Pn—-1) | 2(n—1)
4 4 4 4 2 2
Table 6

From Table 6 above, we have |vy(i) —vy(j)| =0or 1 <1 forall i,j =1,2,3,4 and |ef(0) —
er(1)] =0 < 1, so that the graph is 4-prime cordial graph.
Subcase 4.3: Suppose that / =2 (mod 4). That is [ = 2 + 4s for some positive integer s. We

define f: V(T;(P,)) — {1,2,3,4} as follows:

!
fvij) =2 for | <i< o 1<j<2+1
!
fvij) =4 for S +1<i<L1<j<2+1
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Fiaia) =1 forl <i< 4] ="
firi2)) =3 for P;Tz <i< 214—_4
fiie2)) =2 for é <i< 3(122)
Fii2)) =4 for 31;2 <igl-2

Flvj) =1 for | <i< L oi43<n=dr+3

/
fvij) =3 for§+1<i<l,2t+3<j<n:4t+3

Fva-ie2) =3

Fir2)) =4

This implies that

W“**”+Dé+ﬁjz ST e
vi(2) = (2t+1)é_|_ 4] = nl;2
vﬂazwm+mé+ﬁj+y_miz
w@%ﬂm+wé+H}H:nﬁQ

22e4+1)1 2 1,1-2 1-2.1 1

(1) = __ __ A TR
er(1) 2 7 o) 3t
—1. 4P +12-312+6]1—41—2[? -1
=P - =2 )
2 8 2
n—1 n—1

0)=012n—1)-13—)=1 :
ef(0) = Pln—1) - P(" =) = A" )
We summarize the previous results in the following table

ve(1) | ve(2) | ve(3) | ve(4) | er(1) |er(0)

nl=2 | =2 | nl+2 | 42 | BP=1) | P(n—1)
7 7 4 4 2 2

Table 7

11

From Table 7 we conclude that [v(i) —vs(j)| =0or 1< 1foralli,j=1,2,3,4 and |es(0) —

er(1)] =0 < 1, so that the graph is 4-prime cordial graph.
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Subcase 4.4: Suppose that / =3 (mod 4) That is / = 3 + 4s for some positive integer s. We
define f: V(T;(P,)) — {1,2,3,4} as follows:

[—1
fvij)=2 forl <i< — 3 — 1< j<2t+1
[+1
flvij) =4 for%ﬂgz\l L1<j<2t+1
f(vlj):2,4,2,...,4,2 for j=1,2,3,...,2t+1
[-3
Fiai12)) =1 for 1 <i< Uﬂ_T
I+1 . 2I—-6
f(Vi(2z+2):3 fOTT\lgT
20-2 . 21-9
fiig2) =2 for —— < i< ——
3]1—-5 41— 12
FWiar2) =4 for == <i< —1-3
[—1
flvij) =1 f0r1<i<T,2t+3<j<n:4t+3
o L+1 .
fvij) =3 for]1 <i< T,2t+3<]gn:4t+3
f(vij):1,3,1,3,...,3, for j =2t+4+3,2t+4,2t+5,...,4t+3

FOu—2)i2) =2
FOvu-1ya42) =3
Fiai2) =4

It follows that

[—1 [-3 -1 1-1 +1 [-3 [—1
vp(l) = (204 1) ——+1+ -z 2 "

2 R R T
vf(2):(2t—|—1)%+t+1+l;3: (n_l)(l_l):nHH_B:nlIl
vp(3) = (2t+1)lTl+t+le3+l_nl;1
vi(4) = (2t+1)171+t+$+1:nl4—1
ef(l)zw 21(%)_{__1_[2 121 _ lz(nz_l)
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We summarize the previous results in the following table
vr(1) [ v @) [ vr3) | v @) [ er(1) | es00)
nl—1 nl—1 ‘ 2(n—1) ‘ 2(n—1)
i 2 2

Note that ve(1) +v7(2) +v¢(3) +vs(4) = nl = |V(G)|. Also note that |v;(i) —v(j)| =0 or

[
1 <1foralli,j=1,2,3,4and |e;(0) —es(1)] =0 < 1, so that the graph is 4-prime cordial
graph.
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