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Abstract. We prove, among others, that an ordered semigroup contains a left (resp. right) quasi-regular
element if and only it contains a left (resp. right) regular element. It has a semisimple element if and
only if it has an intra-regular element. An element a of an ordered semigroup S is a semisimple element
of S if and only if there exists an intra-regular element b of S such that I(a) = I(b). The element a is a
left (resp. right) quasi-regular element of S if and only if there exists a left (resp. right) regular element
b of S such that L(a) = L(b) (resp. R(a) = R(b)). As a consequence, if the ideal I(a) generated by an
element a of S has an intra-regular generator, then a is semisimple. If the principal left (resp. right)
ideal L(a) (resp. R(a)) of an element a of S has a left (resp. right) regular generator, then a is a left
(resp. right) quasi-regular element of S.
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1. Introduction and prerequisites

Let S be an ordered semigroup. A nonempty subset T of S is called a subsemigroup
of Sif T> C T. For a subset H of S, we denote by (H]| the subset of S defined by
(H]:={te S|t <hforsomeh € H}. Anonempty subset A of S is called a left (resp.
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right) ideal of S'if (1) SA C A (resp. AS C A) and (2) if a € A and b € S such that b < a,
then b € A. A nonempty subset A of S is called an ideal of S if it is both a left and a right
ideal of S. The left (resp. right) ideals, and so the ideals of S are clearly subsemigroups
of S. For an element a of S, I(a), L(a), R(a), denotes the ideal, left ideal, and the right
ideal of S, respectively, generated by a (a € S), and we have I(a) = (aU SaUaS U SaS],
L(a) = (aU Sal, R(a) = (aUaS] [2]. As usual, for an element b of S, denote by < b >
the subsemigroup of S generated by b, that is, the smallest (with respect to the inclusion
relation) subsemigroup of S containing b. We have < b >= {b,0%,b%,....,0" | n € N}
(N ={1,2,.....} is the set of natural numbers). An element a of S is called intra-regular
if a € (Sa%9], equivalently, if a < xa®y for some z,y € S (cf., for example, [4]). Tt
is called left (resp. right) regular if a € (Sa?| (resp. a € (a?S]), that is, if a < za?
(resp. a < a’z) for some x € S [3]. An element a of an ordered semigroup S is called
semisimple if a € (SaSasS] [5]; it is called left (resp. right) quasi-regular if a € (SaSa]
(resp. a € (aSaS]) [5,6]. So the element a is semisimple, left quasi-regular or right
quasi-regular if a < zayaz, a < zaya, a < azxay for some x,y,z € S, respectively. An
ordered semigroup S is called intra-regular, left (right) regular, semisimple or left (right)
quasi-regular if every element of S is so.

Semisimple and left (right) quasi-regular elements of semigroups (without order) as well
as m-semisimple and left quasi m-regular semigroups have been studied in [1]. An ordered
semigroup S is a semilattice of left strongly simple semigroups if and only if every left ideal
of S is a semisimple subsemigroup of S (cf. [7; Theorem 9]). It is a semilattice of simple
and regular semigroups if and only if every bi-ideal of S is a semisimple subsemigroup
of S, equivalently, if every left ideal of S is a right quasi-regular subsemigroup of S [§].
Characterization of left (right) quasi-regular and semisimple ordered semigroups in terms
of fuzzy sets has been given in [5]. In the present paper we prove, among others, that
an ordered semigroup contains a left (resp. right) quasi-regular element if and only if
it contains a left (resp. right) regular element. It contains a semisimple element if and

only if it contains an intra-regular element. Moreover we prove that an element a of an
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ordered semigroup S is a semisimple element of S if and only if there exists an intra-
regular element b of S such that I(a) = I(b). An element a of an ordered semigroup S is
a left (resp. right) quasi-regular element of S if and only if there exists a left (resp. right)
regular element b of S such that L(a) = L(b) (resp. R(a) = R(b)). As a consequence, if S
is an ordered semigroup, a € S and b an intra-regular element of S such that I(a) =< b >,
then a is semisimple. If b is a left (resp. right) regular element of S and L(a) =< b >
(resp. R(a) =< b >), then a is left (resp. right) quasi-regular. We use the terminology
semisimple, m-semisimple instead of the terminology intra quasi-regular, intra quasi 7-
regular given for semigroups (without order) in [1]. For an ordered semigroup S, we
denote by IQReg(S) (or Sems(S)), LQReg(S), RQReg(S) the set of semisimple (intra
quasi-regular according to [1]), left quasi-regular and right quasi-regular elements of S,
respectively. It has been proved in [1] that a semigroup S is left quasi m-regular if and
only if it is m-semisimple and IQReg(S) = LQReg(S). If an ordered semigroup S is -
semisimple and IQReg(S) = LQReg(S), then it is left quasi m-regular, but the converse
statement does not seem to be true, in general. However, for an ordered semigroup S we

have LQReg(S) C IQReg(S), and if S is left quasi m-regular, then it is m-semisimple.

2. Main results

Proposition 1. Let S be an ordered semigroup. If a is an intra-reqular element of S,
then a is a semisimple element of S. If a is a left (resp. right) reqular element of S, then

a is a left (resp. right) quasi-reqular element of S.

Proof. Let a be an intra-regular element of S and let z,y € S such that a < za?y.
Then we have a < z(za’y)ay = (2%a)(ay)(ay) € SaSaS, so a € (SaSaS], and a is
semisimple. Let a be a left regular element of S and z € S such that a < za?. Then we
have a < z(za®)a = 2%aaa € SaSa, so a € (SaSal, and « is a left quasi-regular element
of S. Finally, if a is a right regular element of S and y € S such that a < a?y, then
a < a(a®y)y = aaay® € aSaS, so a € (aSaS], and a is a right quasi-regular element of S.
OJ



210 NIOVI KEHAYOPULU

Proposition 2. Let S be an ordered semigroup and a € S. If a < zayaz for some
x,y,z € S, then the element yaz is an intra-reqular element of S. If a < xaya for some
x,y €S, then the element ya is a left reqular element of S. If a < axay for some x,y € S,

then the element ax is a right regular element of S.

Proof. Let a < xayaz for some z,y, z € S. Then we have

yar < ylsayaz)s = (yw)alyas?) < (yo)(zayaz)(yaz?)
= (ya2*a)(yaz)?z, where yr’a,z € S,

so the element yaz is an intra-regular element of S.

Let a < xaya for some z,y € S. Then we have

ya < ylzaya) = (yx)a(ya) < (yz)(zraya)(ya)
= (y2®a)(ya)?®, where yz’a € S,
so the element ya is a left regular element of S.
Similarly, if a < axay for some x,y € S, then
ar < (azay)r = (ax)a(yz) < (ax)(azay)(yz)

= (ax)*(ay*r), where ay’z € S,

so the element ax is a right regular element of S. 0
By Propositions 1 and 2 we have the following

Theorem 3. (cf. also [5]) An ordered semigroup has a semisimple element if and only
if it has an intra-reqular element. An ordered semigroup contains a left (resp. right)

quasi-regular element if and only if it contains a left (resp. right) reqular element.

Remark 4. If a is an intra-regular element of an ordered semigroup S, then I(a) = (SaS].
In fact: First of all, (SaS] C (aUSaUaSUSaS] = I(a). Let now t € I(a). Then t < a or
t <paort<aqort<paq for some p,q € S. On the other hand, since a is intra-regular,
there exist z,y € S such that a < za®y. If t < a, then t < xa’y € SaS, and t € (SaS].

If t < pa for some p € S, then t < pra’*y € SaS, sot € (SaS]. If t < aq for some
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q € S, then t < wa*yq € SaS, so t € (SaS]. Finally, if t < paq for some p,q € S, then
t < pra*yq € SaS, and t € (Sas].

Theorem 5. Let S be an ordered semigroup. An element a of S is a semisimple element

of Sif and only if there exists an intra-regular element b of S such that I(a) = I(b).

Proof. =—>. Let a be a semisimple element of S. Then a < xayaz for some x,y,z € S.
By Proposition 2, the element yaz is an intra-regular element of S. In addition, we have

I(a) = I(yaz). In fact: First of all,
I(yaz) = (yaz U Syaz UyazS U SyazS] C (SaS| C I(a).

Let now t € I(a). Thent < aort < paort<aqort<paqfor some p,qge S. If t <a,
then ¢ < zayaz € Syaz. Then t € (Syaz] C I(yaz), so t € I(yaz). If t < pa for some
p € S, then t < p(xayaz) € Syaz, and t € (Syaz] C I(yaz), so t € I(yaz). If t < aq for
some g € S, then t < (zayaz)q € S(yaz)S, and t € (S(yaz)S| C I(yaz), t € I(yaz). If
t < pagq for some p,q € S, then ¢t < p(zayaz)q € S(yaz)S, so t € (S(yaz)S| C I(yaz),
and t € I(yaz).

<. Let a € S and b an intra-regular element of S such that I(a) = I(b). Then
I(a) = I(b) and b < xb*y for some x,y € S. Then we have

a € I(b) C I(zb%y) = (zb’y U Szb’y U 2b’yS U Szb*yS] C (SH*S).

Since b € I(a), we have b < a or b < pa or b < qa or b < pagq for some p,q € S. If b < q,
then b? < a?, a € (SV?S] C (SaS], so a € (Sa*S], and a is an intra-regular element of
S. Then, by Proposition 1, a is a semisimple element of S. If b < pa for some p € S,
then b* < papa, then a € (Sb?S] C (SpapaS] C (SaSaS], so a € (SaSaS], and a is
semisimple. If b < ag for some ¢ € S, then b? < agaq, a € (Sb?S] C (SaqaqS] C (SaSas],
a € (SaSaS], and a is semisimple. If b < paq for some p,q € S, then a € (Sbv*S]| C

(SpagpaqS] C (SaSaS], and a is semisimple. O

Theorem 6. Let S be an ordered semigroup. An element a of S is a left quasi-reqular

element of S if and only if there exists a left reqular element b of S such that L(a) = L(b).



212 NIOVI KEHAYOPULU
Proof. —>. Let a be a left quasi-regular element of S. Then a < zaya for some

x,y € S. By Proposition 2, the element ya is a left regular element of S. Moreover we

have L(a) = L(ya). In fact: First of all,
L(ya) = (ya U Sya] C (Sa] C (aU Sa] = L(a).

Let now t € L(a). Then t < a or t < pa for some p € S. If t < a, then t < zaya € Sya.
Then t € (Sya] C (ya U Sya] = L(ya), and t € L(ya). If t < pa for some p € S, then
t < p(raya) € Sya, and t € L(ya).

<. Let a € S, b a left regular element of S such that L(a) = L(b), and = € S such
that b < xb®>. Then we have a € L(b) C L(xb?) = (xb* U Szb?] C (Sb?]. Since b € L(a),
we have b < a or b < pa for some p € S. If b < a, then a € (SVv?] C (Sa?], a € (Sa?],
and a is a left regular element of S. By Proposition 1, a is a left quasi-regular element of
S. If b < pa for some p € S, then a € (Sb?] C (Spapa] C (SaSal, and a is again a left
quasi-regular element of S. O

The right analogue of Theorem 6 also holds, and we have

Theorem 7. Let S be an ordered semigroup. An element a of S is a right quasi-reqular

element of S if and only if there exists a right reqular element b of S such that R(a) = R(b).

Theorem 8. Let S be an ordered semigroup and a,b € S. If I(a) =< b >, then
I(a) = 1(b). If L(a) =< b > (resp. R(a) =<b>), then L(a) = L(b) (resp. R(a) = R(D)).

Proof. Let I(a) =< b >. As I(b) is an ideal of S containing b, it is a subsemigroup of S
containing b. On the other hand, < b > is the smallest subsemigroup of S containing b,
so < b>C I(b), and I(a) C I(b). Let now t € I(b). Thent < bort < zbort < by or
t < xzby for some x,y € S. If t < b, thent <be<b>=1I(a), and t € I(a). If t < xb for
some z € S, thent <azbe S <b>=SI(a) CI(a),sot € I(a). If t <by for some y € S,
then t <by e<b> S =1(a)S C I(a), and t € I(a). If t < zby for some z,y € S, then
t<azbyeS<b>S=S5Ia)SCI(a),and t € I(a).
Let now L(a) =< b >. L(b) as a left ideal, it is a subsemigroup of S, thus

L(a) =< b>C L(b).
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Let now t € L(b). Thent <bort < zbforsomez € S. Ift <b, thent <be<b>= L(a),
and t € L(a). If t < xb for some x € S, then t < 2zb € S < b >= SL(a) C L(a), and
t € L(a). In a similar way we prove that R(a) =< b > implies R(a) = R(b). O
By Theorems 5,6,7 and 8 we have the following
Theorem 9. Let S be an ordered semigroup and a € S. If b is an intra-regular element of
S such that I(a) =< b >, then a is a semisimple. If b is a left (resp. right) reqular element
of S and L(a) =< b > (resp. R(a) =<b>), then a is left (resp. right) quasi-regular.
For the sake of completeness, we keep the notation given for semigroups (without order)

in [1] and, for an ordered semigroup S, we denote by IQReg(S), LQReg(S), RQReg(S)

the set of semisimple, left quasi-regular and right quasi-regular elements of S, respectively.

Remark 10. We have LQReg(S) C IQReg(S) and RQReg(S) C IQReg(S). In fact, if
a € LQReg(S), then a € (SaSa] i.e. a < zaya for some z,y € S, then a < zay(zraya) €
SaSaS, so a € (SaSaS], and a € IQReg(S). If a € RQReg(S), then a < axay <
(axay)zay € SaSaS, and a € IQReg(S).

Proposition 11. Let S be an ordered semigroup. If a € IQReg(S), then there exist

x,y € S such that a < (xay)"az™ for everyn € N.

Proof. Let a € IQReg(S). Then there exist x,y,z € S such that a < xayaz. Then we

have
a < (zay)az = (vay)(rayaz)z = (ray)’az?
< (zay)*(zrayaz)z* = (vay)*az’
< < (zay)"az"
for every n € N. O

Definition 12. An element a of an ordered semigroup S is called 7w-semisimple if there
exists n € N such that the element a” is a semisimple element of S, that is, if a power of
a is semisimple. An element a of an ordered semigroup S is called left (resp. right) quasi
m-regular if there exists n € N such that the element a™ is a left (resp. right) quasi-regular

element of S i.e. if a power of a is left (resp. right) quasi-regular. An ordered semigroup
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S is called m-semisimple, left quasi m-regular or right quasi m-regular, respectively, if every

element of S is so.

Theorem 13. Let S be an ordered semigroup and a € S. If a is left quasi w-regular (or
right quasi w-reqular), then it is w-semisimple as well. ”Conversely”, if a is w-semisimple
and IQReg(S) = LQReg(S), then a is a left quasi w-reqular element of S. If a is m-
semisimple and IQReg(S) = RQReg(S), then a is a right quasi m-reqular element of
S.

Proof. Let a be left quasi m-regular element of S. Then there exists n € N such that

a" € (Sa™Sa™|. Then we have
a" € (Sa"S(Sa"Sa"]| = (Sa"S(Sa"Sa")] C (Sa"Sa"™S],

so a is a m-semisimple element of S. Let now a be a m-semisimple element of S and
IQReg(S) = LQReg(S). Since a is m-semisimple, there exists n € N such that a" €
(Sa"Sa"S]. That is a" € IQReg(S) (= LQReg(S)). Then a™ € LQReg(S) which means
that the element «a is a left quasi m-regular element of S. Finally, let a be m-semisimple
element of S, IQReg(S) = RQReg(S), and a" € (Sa"Sa"S] for some n € N. Then
a" € IQReg(S) (= RQReg(S)), and a is a right quasi w-regular element of S. O

Theorem 14. If an ordered semigroup S is left quasi w-reqular (or right quasi w-regular),
then it is w-semisimple. ”Conversely”, if S is m-semisimple and IQReg(S) = LQReg(S)
(resp. IQReg(S) = RQReg(S)), then it is left (resp. right) quasi w-regular.

Problem. Find an example of a left quasi m-regular ordered semigroup having a semisim-

ple element which is not left quasi-regular.

REFERENCES

[1] S. M. Bogdanovié¢, M. D. Ciri¢, Z. Lj. Popovié¢, Semilattice Decompositions of Semigroups, Faculty
of Economics, University of Nis, 2011, i-viii, 321 pages. ISBN 978-86-6139-032-6.

[2] N. Kehayopulu, On weakly prime ideals of ordered semigroups, Math. Japon. 35, no. 6 (1990),
1051-1056.

[3] N. Kehayopulu, On right regular and right duo ordered semigroups, Math. Japon. 36, no. 2 (1991),
201-206.



SEMISIMPLE AND LEFT QUASI-REGULAR ELEMENTS OF PO-SEMIGROUPS 215

[4] N. Kehayopulu, On intra-regular ordered semigroups, Semigroup Forum 46, no. 3 (1993), 271-278.

[5] N. Kehayopulu, Characterization of left quasi-regular and semisimple ordered semigroups in terms
of fuzzy sets, Int. J. Algebra 6, no. 15 (2012), 747-755.

[6] N. Kehayopulu, Left quasi-regular and intra-regular ordered semigroups using fuzzy ideals, Quasi-
groups and Related Systems 20 (2012), 171-181.

[7] N. Kehayopulu, M. Tsingelis, Ordered semigroups in which the left ideals are intra-regular semi-
groups, Int. J. Algebra 5, no. 31 (2011), 1533-1541.

[8] N. Kehayopulu, M. Tsingelis, On ordered semigroups which are semilattices of simple and regular

semigroups, Comm. Algebra, to appear.



