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Abstract. In this study, using the bijective correspondence between numerical sets and Young diagrams, we
express the rook polynomials of the Young diagrams corresponding to certain families of numerical semigroups
and the complements of these Young diagrams.
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1. INTRODUCTION

Let N be the set of positive integers and Ny = NU {0} be the set of non-negative integers.
For a given subset A C Ny, the set A is called a numerical set if 0 € A and the set Ny \ A is finite.
Moreover, if the numerical set A is closed under addition, that is, ifa+b € A for all a,b € A, then
A is called a numerical semigroup. Numerical semigroups are used in the study of problems that
arise in many areas of mathematics. In particular, they play an important role in understanding
topics such as algebraic geometry, commutative algebra, combinatorics, and number theory, as

well as the Frobenius problem and the analysis of linear Diophantine equations.
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A Young diagram is a left-aligned arrangement of boxes in columns, in which the number of
boxes in each column is not less than that in the adjacent column to its right. Young diagrams
are combinatorial objects with many applications in representation theory. There is a bijective
correspondence between Young diagrams and numerical sets. This bijective correspondence
was presented in [1]. Subsequently, many studies have been carried out using this bijective cor-
respondence. For example, thanks to this bijective correspondence, various algebraic properties
of numerical semigroups have been studied in detail and characterized in different works [2-9].

Let B be a chessboard consisting of squares arranged in rows and columns. Each square is
located at the intersection of a row and a column. A rook is a chess piece that can move along
rows and columns. The rook placement problem involves placing ¢ rooks on the board B such
that no two rooks share the same row or the same column. In other words, there is no more
than one rook in any given row or column. We can also express this intuitive definition in the
following form, which we will use throughout this article. For e, f € N, let M, ¢ [F>] denote the
set of e x f matrices whose entries are 0 and 1. Let B be an element of M, s [F,], and write
B= (b,; j). Under this interpretation, a placement of # rooks on B corresponds to a selection of
t independent 1’s in B. By “independent,” we mean that no two or more of the selected 1’s are
in the same row or the same column. The rook polynomial of a board B is defined as given in

Equation 1.
(1) Rs(x)=Y 1, (B)¥.
t=0

Here, the coefficient r, (B) represents the number of placements of 7 rooks on B. For any board,
we have ro (B) = 1, and r (B) is equal to the number of cells in B. Rook polynomials, one of the
important tools of combinatorics, are used effectively in the theory of restricted permutations.
In addition, they have been extensively studied in various areas of mathematics, such as group
representation theory, enumeration of matrices over finite fields, and hypergeometric series.
Stier and Sezgin investigated the rook polynomials of Young diagrams associated with almost
symmetric Arf numerical semigroups and the complements of these Young diagrams [6]. Siier
determined the rook polynomials of Young diagrams associated with certain numerical semi-
groups generated by three elements [10]. In this study, we investigate the rook polynomials of

Young diagrams associated with certain families of numerical semigroups and the complements
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of these Young diagrams. Young diagrams are a useful tool for visualizing the structure of nu-
merical semigroups and examining their various properties. Rook polynomials, on the other
hand, are important combinatorial objects that allow us to count specific arrangements. The
study of numerical semigroups through Young diagrams and rook polynomials contributes to a
better understanding of the algebraic and combinatorial properties of these structures. This ap-
proach allows us to examine the structural properties of numerical semigroups from a different
perspective and to uncover new relationships.

The structure of the article is as follows: In Section 2, we present the definitions and theorems
necessary to arrive at our main results. In Section 3, we present the rook polynomials of Young
diagrams associated with certain families of numerical semigroups and the complements of

these Young diagrams (see Theorem 3.1, Theorem 3.3, Theorem 3.4, 3.6, and Theorem 3.7).

2. PRELIMINARIES

Let A be a numerical semigroup. Every numerical semigroup is finitely generated. Hence,

there exist finitely many elements ay,...,a, € A such that
n
) A={Y ma;i|a;i € A,y € No,n € N}.
i=1
The elements ay,...,a, are called generators of A, and A is denoted by A = (ay,...,a,). If no
proper subset of ay,...,a, generates A, then A is said to be minimally generated by ay,...,a,.

Let A be a numerical set. The elements of Ny that do not belong to A are called the gaps
of A, and the set of all gaps of A is denoted by G(A). The number of elements in G(A) is
called the genus of A and is denoted by g(A). If G(A) = 0, then Ny itself is considered a
numerical set. Otherwise, if G (A) # 0, A is referred to as a proper numerical set. Additionally,
the largest element of G (A) is called the Frobenius number of A and is denoted by F(A). The
number C(A) = F(A) + 1 is called the conductor of A. Elements smaller than C (A) are called
the small elements of A. If A has n small elements, 0 = ap < a; < --- < a,—1 and is expressed
as A ={0,ay,...,a,—1,a, = C(A),—}. In this notation, the arrow indicates that all subsequent

integers are elements of A.
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Let A be a numerical set. We can draw a Young diagram associated with A. This Young
diagram is obtained by drawing a continuous, polygonal path starting from the origin in Z?2.

Starting with a = 0, the following steps are performed:

(1) if a € A, a unit-length line segment is drawn to the right.

(2) if a ¢ A, a unit-length line segment is drawn upward.

These operations are repeated until a = F(A). The polygonal path obtained at the end of this
process, the region bounded by the y-axis and the line y = g(A) is a Young diagram formed
by unit squares. This Young diagram is called the Young diagram associated with A, and is
represented by Yy. It is clear that each Young diagram corresponds to a unique proper numerical
set A. Therefore, the mapping A — Y4 defines a bijection between the set of proper numerical

sets and the set of Young diagrams.

Example 2.1. Let A ={0,3,6,8,—} be a numerical semigroup. The set of gaps of A is G(A) =
{1,2,4,5,7}, the genus of A is g(A) =5, and the Frobenius number of A is F(A) =1. The

Young diagram associated with A is shown in Figure 1.

|

Yy

FIGURE 1. The Young diagram Y, associated with the numerical semigroup A = {0,3,6,8,—}

Theorem 2.2. [11, In Chapter 7] Let R, f (x) denote the rook polynomial of a rectangular e x f

board. Hence,

min(e,f)
3) Rjx)= Y (f) <{ >r!x’.
t=0

Definition 2.3. [12] Let B be a board. A subboard N of B has the property n; j = be (i) ()

with injective mappings € and &) from the row and column indices of N to the row and column
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indices of B. The board N with this property is represented by a matrix (nl'7 j) over [Fy. Further-
more, if i is in the image of € and j is in the image of &, N contains a row i and a column j of

B.

Definition 2.4. [12] Let B be a board and N be a block of B. If the following conditions are

satisfied, then we say that N is a subboard of B.

e If N contains any rows i, i" of B and does not contain any column j of B, then b; j = b, i

e IfN does not contain any row i of B and contains any columns j, j' of B, then b; j = b, Iz

Formally, an s x t block N is a subboard of B consisting of the intersection of a set of s rows
and a set of t columns. All cells outside this block are the same. Keep in mind that each cell is

actually a 1 x 1 block.

Definition 2.5. [12] Let B be a e X f board and N an s x t block of B. For 0 < j < min(s,t),

board By ; is expressed as follows.

e Remove j of the s rows contained in N from B.
e Remove j of the t columns contained in N from B.

e Remove all the cells of N from B.

By, ; is termed the j inclusion board of B relative to N. By, ; is well-defined because the

relevant rows and columns remain unchanged except for the removed block N.

Example 2.6. Let the gray region shown in Figure 2 be a subboard of the Young diagram Yy

given in Example 2.1, and denote this board by N.

FIGURE 2. The subboard of the Young diagram ¥Y,_ 368 1 (shown in gray)

For0<j<2, (YA)NJ is given as follows in Definition 2.5.
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Theorem 2.7. [12, Theorem 3.5] Let B be a e X f board and N an s x t block of B. Let ry (N) be
the coefficient of the x* term in the rook polynomial of N. Moreover, let By j be the ™ inclusion

board of B relative to N, for 0 < j < min (s,t). In this case,

min(s,) .
4) Rp(x) = Z ri(N)x'Rgy ; (x).
j=0

Example 2.8. Let’s find the rook polynomial of the Young diagram Y, given in Example 2.1.
As stated in Example 2.6, let us consider the board N corresponding to the gray region, which
is a subboard of the Young diagram Y. From Theorem 2.2, the rook polynomials of rectangles

(Ya)n.o (Ya)y 1> and (Ya)y 5 are found as follows.

R(YA)N,O (x) =1+5x

R(YA)N,I (X) =1 +4X

R(YA)N,Z (X) =1 + 3)6.

It can be easily calculated that the rook polynomial of N is Ry (x) = 1 +4x +2x2.

From Theorem 2.7, the rook polynomial of Y4 is obtained as follows.

Ry, (x) = Z ri(N)x'Ryy,,, ; (%)
= ro(N)x° Ry )yo ()11 (N))CIR(YA)N_1 (x)4+r2(N) sz(YA)N.Q (x)
= 1(145x) +4x(144x) +2x% (14 3x)
= 14+9x+18x* +6x°.
Notice that the rook polynomial of the Young diagram Y, remains unchanged when the dia-

gram is rotated by 90, 180, or 270 degrees clockwise or counterclockwise, or when a symmetry

is applied with respect to the x or y axes.
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Definition 2.9. [13] The complement of a Young diagram is found by completing a rectangular
grid with a width equal to the number of boxes in the first row and a height equal to the number

of boxes in the first column.

Throughout this paper, the complement of the Young diagram Y, corresponding to a numeri-

cal set A will be denoted by Yy:.

Example 2.10. The complement of the Young diagram Y, given in Example 2.1 is the gray

region in Figure 3.

FIGURE 3. The complement of ¥4_ (3¢5 ) (shown in gray)

3. MAIN RESULTS

In this section, we determine the rook polynomials of several families of numerical semi-
groups that have been previously studied in the literature. For the first two families, it was
shown that they are not A-minimal with respect to a given integer partition A [14]. The last
family consists of Sally type numerical semigroups, for which the Gorenstein and symmetry

properties were studied in [15].

Theorem 3.1. Leta > 9 and A, = (a,a+1,...,2a—>5). Then
(1) Ry, (x) =1+ (5a—13)x+ (10a* — 62a+ 88) x* + (10a® — 108a* + 362a — 360) x*
+ (5a* — 824 + 475a* — 1118a + 840) x*
+ (a® —23a* +201a® — 817a® + 1478a — 840) x°

(2) Ry, (x) =X (1) ().

Proof. Let a > 9 and A, = (a,a+1,...,2a —5). In this case, it is clear that A, = (a,a +
l,...,2a—5) ={0,a,a+1,...,2a—5,2a,—}. When we draw the Young diagram Y4, of the

numerical semigroup A,, we obtain the shape shown in Figure 4.
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a+3

FIGURE 4. The Young diagram Y, _ (4 4+1,....24-5)

As shown in Figure 5, let the subboard of the Young diagram Y, be the gray colored region,

and denote this region by the board M.

a+3

FIGURE 5. The subboard of the Young diagram Yy, —(, 411,... 24—5) (shown in gray)

The subboard M is a block of size 4 x (a —4), and for 0 < j < 4, the boards (Y4,),, j are

obtained as follows according to Definition 2.5.

a+3 a+2q — a+1 — as — a—1 —

{]
{]
A
{]
{]

<
=
=
=

Applying Theorem 2.2, the rook polynomials of rectangles (Ya,)u, 0o (Ya)r 1> (Yau)ps 2

(Ya.) s3> (Ya,) 4y 4 and M are obtained as follows.

&) Riyp o ®) =1+ (a+3)x.
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(6) Ry () =1+ (a+2)x.
) Ry, () =1+ (a+1)x.
(3) Ry, s () = 1 +ax.

9) Ry, )y, (¥) =14 (a=1)x,

Ry (x) = 1+ (4a—16)x+ (6a* —54a+120)x* + (4a’ — 60a* +296a — 480) x°

(10) + (a*—22a° +179a* — 638a + 840) x*

Using Theorem 2.7, the rook polynomial of the Young diagram Yy, is as in Equation 11.

Ry, (x) = Z rj(M)X¥' Ry, ), ()
= ro (M)x R(YAa)M,o (x) +r <M)x1R(YAa)M,1 (x) +n (M> XZR(YAa)M‘Z (x>
(11) + (M) x3R(YAa)MA’3 (x)4rqs (M) x4R(YAa)M74 (x).

Let’s substitute Equations 5, 6, 7, 8, 9, and 10 into Equation 11. Then, Ry, (x) becomes as

shown in Equation 12.

4
Ry, (x) = ;) M)x'Ry, ), (%)

= no(M)Rey, ), ) +ri(M)x'Rey, ) () +r2 (M)Ryy, ), (%)

+ r3(M) st(YAa)Mﬁ (x) + 14 (M) x4R(YAa)MA (x)

= Ix°[1+(a+3)x]+ (4a—16)x[1+ (a+2)x]

+ (6a* —54a+120)x* [1+ (a+ 1)x] + (4a® — 60a* +296a — 480) x* [1 + ax]
+ (a* =224’ +179a* — 638a+840) x* [1 + (a— 1)x]

= 1+ (5a—13)x+ (10a> — 62a+88) x* + (10a® — 108a* + 362a — 360) x°
+ (5a*—82a° +475a> — 1118a+840) x*

(12) + (a5 —23a* +201d% — 817a% + 1478a—840> ©
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Now let’s find the rook polynomial of the complement of Y4 ,. The complement of Yy, is the

region shown in gray in Figure 6.

a+3

BB

FIGURE 6. The complement of Yy _(; 441,...24—5) (Shown in gray)

From Theorem 2.2,

O

Example 3.2. Let a =9 and Ag = (9,10,11,12,13) = {0,9,10,11,12,13,18,—}. The Young

diagram Y, corresponding to the numerical semigroup Ag is as shown in Figure 7.

FIGURE 7. The YOUIlg diagram YA9:<9,10711,12,13>

From Theorem 3.1, Ry,  (x) = 1+ 32x+ 340x” 4 1440x° +2280x* + 960x° and Ry,, (x) =
9
1 4 40x + 560x% 4 3360x> + 8400x* + 6720x°.

Theorem 3.3. Leta >4 and A = 2a+1,2a+2,...,3a+1). Let Ry (x) =10(T)+1t, (T)x+
tr (T) X%+ -+ 41441 (T) x*T! be the rook polynomial of Y. Then, the coefficients of Ry, (x) are

given as follows:
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tar1(T) =2a(a+ 1) and for0< j<a

/ 2—k
ti(T) = ka(M) (aJ;—k ) (jik) (j—k)!.
k=0
Where my, (M) = (]16) (zka)k!fOI’k = 0,1, and mi (M) =0 for k > 1.

Proof. Leta>4andA = (2a+1,2a+2,...,3a+1). It can easily be seen that A = (2a+ 1,2a+
2,...,3a+1)={0,2a+1,2a+2,...,3a+ 1,4a+2,—}. In this case, the Young diagram of 4,

denoted by Yy, is as shown in Figure 8.

a+2

S

3a

FIGURE 8. The Young diagram Ys_ 241 124+2,... 3a+1)

The Young diagram Y, in Figure 8 is first rotated 90 degrees counterclockwise; then, when
we take its symmetry with respect to the x-axis, we obtain the board shown in Figure 9. Let us

denote this board by T'. Note that the rook polynomials of Y4 and T are identical.

@ 1)
O[T

FIGURE 9. The board T

Let Ry (x) =10 (T) + 11 (T)x+ 12 (T) x> 4 - + 1441 (T) x**! be the rook polynomial of 7.
Let the gray colored region shown in Figure 10 be a subboard of the board 7. Denote this
subboard by M.

The subboard M is a block of size 1 X 2a, and for 0 < j < 1, the boards T, ; are obtained as

follows according to Definition 2.5.
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3a
a+2 @

-]

FIGURE 10. A subboard of the board T (shown in gray)

a

a
——N— —N—

L L

—_—
Tuo Tt

From Theorem 2.2, the rook polynomials of rectangles Ty, Ty.1, and M are found as fol-

lows.
4 fa+2)\ (a
(13) RTM’O(x):tZZ)( t )(t)t!xf.
a +1
(14) Riy, (x):tzé(al )(‘t’)t!x’.
(15) Ry (x) = mo (M) +my (M)x.

Where my (M) = (;) (3¢)k! for k=0, 1.

From Theorem 2.7, the rook polynomial of T is as in Equation 16.
1
Ry, (x)=Rr(x) = ) m;(M)x'Ry,, (x)
j=0
(16) = mp(M) xORTM,o (x) +my (M)leTM,l (x).

Let’s substitute Equations 13, 14, and 15 into Equation 16. Thus, Rz (x) is given by Equation
17.

1
Rt (X) = ;)mj (M) ijTM,j <x>

= my(M) XORTM,O (x) +my (M)leTM,l (x)
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— o (M)X° [ﬁ‘b (ajz) (f)t!x’ +m <M)x[§6 <ajl> <‘;)t!xf]

+ {mo(M)(“Zz) )a!—i—ml(M)(zi—i)(ail)(a—l)!}x“
an  + {ml(M)(aZI> )a!}xaH.

From Equation 17, we can easily write the coefficients of Ry (x) as follows.
o 1,11(T)=2a(a+1)!
o ;(T)=Xi_om(M) (125 (%) (=R for0< j<a.
Note that my (M) = 0 for k > 1, since it is not possible to place 2 or more rooks on the board

M. U
Theorem 3.4. Leta >4 and A = 2a+1,2a+2,...,3a+1). Then

a1 24\ fa+1
Ry, x) =Y (I)( . )t!xl.
=0

Proof. Let a >4 and A = (2a+ 1,2a+2,...,3a+ 1). We know that the Young diagram Y4
corresponding to A = (2a+ 1,2a+2,...,3a+ 1) is shown in Figure 8. The complement of Y4

is the region shown in gray in Figure 11.

By Theorem 2.2,

O

Example 3.5. Leta =5 and A = (11,12,13,14,15,16,) = {0,11,12,13,14,15,16,22, —}. In

this case, the Young diagram Y4 corresponding to A is shown in Figure 12.
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i N |

.....

FIGURE 12. The YOUIlg diagram YA:<11712,13714,15,16>

By Theorem 3.3, the rook polynomial of Y4 is obtained as follows.

Fork=0,1, my(M) =1 and m; (M) = 10.

j=0=1 (T) =1

j= 1= 0 (1) = Sgm ) () (50 (1=K = mo () () () 11+ (1) () ()01 =
1.35+10.1 = 45

j=2= 0(1) = S om M) (174 (%) @~ 0t = mo (1) () ()20 +m (M) (§) ()11 +
my (M) () (3)0! = 1.420+ 10.30 +0.1 = 720

j=3=6(T) = Sicgm (M) (33) (5) B k)t = mo (M) (5) (3)3! +m1 (M) (5) (5)2! +
my (M) (3) G) 11 +m3 (M) (3) (3)0! = 1.2100 + 10.300 +0.25 +0.1 = 5100

j=4=u(T) = homM) (120 (o) 4=kt =mo (M) (3) (34! +mi (M) (§) 3)3! +
my (M) (3) (3)2! + ms (M) (1) () 1! + ma (M) (3) (3)0! = 1.4200 + 10.1200 + 0.200 + 0.20 +
0.1 = 16200
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j=5 = 15(T) = Tome (M) (5 (%) (5= )t = mo () (3) ()51 +m1 (1) (§) ()4 +
my (M) (3) 3)3!+m3 (M) (5) 3)2! +ma (M) () ) 1! +ms (M) (3) (3)0! = 1.2520+ 10.1800 +
0.600+0.120+0.15+0.1 = 20520
16 (T) = 10.6! = 7200.
Therefore, Ry, (x) = 1 +45x+720x? 4+ 5100x> + 16200x* +20520x° +7200x°. Furthermore,
by Theorem 3.4, Ry,, (x) = 1+ 60x -+ 1350x% 4 14400x + 75600x" + 181440x” + 151200x°.

Theorem 3.6. Leta >4 and A, = (a,a+ 1,a+4,...,2a—1). Then
Ry, (x) =1+ (2a+7)x+ (a*+10a+7) x* + (4a® +4a—2) x* + (24> — da+2) x*.

Proof. Leta >4 and A, = (a,a+ 1,a+4,...,2a—1). In this case, it is clear that A, = (a,a +
l,a+4,....,2a—1)={0,a,a+ 1,a+4,...,2a+2,2a+4,2a+5,—}. The Young diagram of

A, is shown in Figure 13.

a+2

O

FIGURE 13. The Young diagram Yy (4 41 1,4+4,...24-1)

As shown in Figure 14, let the subboard of the Young diagram Yy, be the gray colored region,

and denote this region by the board M.

a+2

a+2

[]
FIGURE 14. The subboard of the Young diagram Yy — (4 4+1.4+4,...2a—1) (shown

in gray)

The subboard M is a block of size 1 x (a—1), and for 0 < j <1, the boards (Yy,),, ; are

obtained as follows according to Definition 2.5.
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a+2 a+1

From Theorem 2.7, the rook polynomial of the Young diagram Y, is as in Equation 18.
1
Ry, (x) = ) rj(M)x'Ry, ) (x)
j=0

(18) = ro(M) XOR(YAa)M‘O (x)+r1 (M)XIR(YAu)M,l (x).

Let the gray-shaded region below be a subboard of the boards (Y4,), o and (Ya,), ;. and

denote it by N. Note that the rook polynomials of N and M are the same.

" -l
-l K
—_——

(Yaa)mo

The subboard N is a block of size (a—1) x 1, and for 0 < j < 1, the boards ((YAa>M O>N
’ J

and ((YAQ) M’1>Nj are obtained as follows according to Definition 2.5.

From Theorem 2.2, the rook polynomials of rectangles <(YAQ)M’O)NO’ <(YAa)M,O>N1’

<(YAa)M 1>N K <(YAQ)M I)N v M and N are obtained as follows.

)

(19) R (x) = 1+9x+ 18x* + 6x°.
(

(YA“)M*())N,O

_ 2
(20) R<(YAa)M,O>N’1 (x) =1+6x+6x".
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(21) R<(YA ) (x) = 1 +6x+6x%.
(22) R<(YA ) (x) = 1 +4x+2x%.
(23) RM(x):RN(x):1+(a—1)x.

From Theorem 2.7, the rook polynomials of the boards (Yy,),, o and (Ya,),, ; are as given in

Equations 24 and 25, respectively.

1
Ry, )0 ) j;or, (N)x'R (o), (x)
7o (

(24) = N)xR <(YAu)M,0)N_O (x)+r (N)x'R ((YAa)M,()>N‘1 (x).
1 .
R(YAa)MJ <x> - Z T (N) XJR((YA ) ) (x)
’ jZO a/M,1 N,j
(25) = 1 (N)XOR<(YAQ)M|) (x)+r1 (N)X1R<(YAa)M1> (x)

Substitute Equations 19, 20, 21, 22, and 23 into Equation 24 and 25, we obtain Equations 26
and 27.

1
prm— 7 j
R¥s)ur0 (x) ng) rj (N)x'R ( (YAa)M,o>NJ (x)
ro (

N)x0R< (x)+r1 (N)le< (x)

(YA“)M*())N,I

= 1 (149x+ 18x2+6x3) +(a—1)x(1 —|—6x+6x2)

(YAu )M’O)N,O
(26) = 1+ (a+8)x+(6a+12)x* 4 6ax’.

1
— . J
R(YAa)M,l (x> j;or] (N)X R((YAII)MJ)NJ ()C)
ro (

N)xOR(( (x)+r (N)XIR((YAa)M,1> (x)

Vi)
Aa)u N0 N1

= 1Ix(14+6x+6x%) + (a—1)x (1 +4x+2x%)

(27) = 14 (a+5)x+(“4a+2)x* +(2a—-2)x°.
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Substituting Equations 23, 26, and 27 into Equation 18, the rook polynomial of Y4, is obtained

as given in Equation 28.

Ry, (x) = Zr, )x/R ndar; @)
= roM)x° Ry )0 ) 11 (M)le(YAa)M’1 (x)
= 1O (1+(a+8)x+ (6a+12)x* +6ax’)
+ (a—Dx(1+(a+5)x+(4a+2)x*+(2a—2)x)
= 1+ (2a+7)x+ (a*+10a+7)x* + (4a* +4a—2) x°
(28) + (2a* —4a+2)x*

UJ
Theorem 3.7. Let a > 4 and A, = (a,a+ 1,a+4,...,2a—1). Let Ry, (x) = mo(M) +
my (M) x+my (M)x*>+---+mgy1 (M) x*t! be the rook polynomial of Yyr. Then, the coefficients

of Ry,, (x) are given as follows:

mg (M) = (a—l)!(a3—2a2+3a—2), mgy1 (M) = (a—l)!(a2—3a+2) and for 0 < j <

L () () o

Where ni.(N) = (“,") (})k! for k =0,1,2, and ny (N) = 0 for k > 2.

a—1

Proof. Leta >4 and A, = (a,a+1,a+4,...,2a—1). We know that the Young diagram Yy,
corresponding to A, = (a,a+ 1,a+4,...,2a— 1) is shown in Figure 13.

The complement of Yy, is the gray-shaded region shown in Figure 15.

a+2

FIGURE 15. The complement of Y, _ 1y 441,4+4,...24—1) (Shown in gray)
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By rotating the board Y4/ by 90 degrees clockwise and then taking its symmetry with respect
to the x-axis, we obtain the board shown in Figure 16. Let us denote this board by M. Fur-
thermore, let N denote the gray-shaded region, which is a subboard of M. Note that the rook

polynomials of Y4 and M are identical.

BER

FIGURE 16. The subboard of M (shown in gray)

Let Ry (x) = mo (M) +my (M)x+my (M)x* + -+ +mg 1 (M) x**! be the rook polynomial
of M.

The subboard N is a block of size (¢ — 1) x 2, and for 0 < j < 2, the boards My ; are obtained

as follows according to Definition 2.5.
D D D D D D

From Theorem 2.2, the rook polynomials of rectangles My o, My, 1, My >, and N are found as

follows.
a—1 .
(29) Ruyo (¥) = Y (“j 1> (“ t 1)t!xt.
t=0
ol ra\ fa—1\
(30) Rupy, (x) =) (t)< ) )t!x
t=0
al /a1 —1
31) Ry, ()= Y (“t )(“t )t!x’.
t=0

(32) Ry (x) =no (N) +ny (N)x+ny (N)x%.



20

MEHMET SiRIN SEZGIN

Where my (N) = (“,") () k! for k=0, 1,2.

From Theorem 2.7, the rook polynomial of M is as in Equation 33.

RYA’ (x) = RM (x)

(33)

2
Z n; (N> 'ijMN,j (x)
=0
no (N) xORMN,O (x) +m (N)XIRMN.J (x)

na (N) XZRMNJ (x).

Substituting Equations 29, 30, 31, and 32 into Equation 33, the rook polynomial of M is

obtained as given in Equation 34.

RM ()C)

_|_

(34) +

Ll (V) (ail) (Z:D (a—1)!'4+ny(N) (Z:;) <Z:;> (a_z)!} y
Lz (N) (Z: D (Z: D (a— 1)3} sy

From Equation 34, we can easily write the coefficients of Ry (x) as follows.
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o my(M)=(a—1)!(a®>—2da*>+3a—2)
o mgy1 (M) =(a—1)!(a*—3a+2)
o mj(M)= Zk oMk (N) (a+1 k)( )(] k) for0<j<a-—1.

Note that ng (N) = 0 for k > 2, since it is not possible to place 3 or more rooks on the board

N. 0J

Example 3.8. Let a =5 and As = (5,6,9) = {0,5,6,9,10,11,12,14,—}. In this case, the

Young diagram corresponding to As is shown in Figure 17.

FIGURE 17. The Young diagram Y4 s ¢ o)

From Theorem 3.6, we have Ry, (x) = 1+17x+82x>+118x” +32x*, and from Theorem 3.7,
Ry, (x) is given as follows.

For k- 0,1,2,n9(N) =1, n (N) =8, and na (N) = 12,

j=0=my(M)=1

J= 1= m (M) = Shom (V) (§5) (4 (=R = mo ) (§) (11 +m (V) () (0t =
1.24+8.1 =32

j=2 = m(M) = Som ) (D6 @01 = mo ) () (G2 +m ) () (11 +
na (N) (3) (5)0! = 1.180 +8.20 + 12.1 = 352

j=3 = ms (M) = Tgm ) 8 (1) G=R = no ) () (D3t +m () () ()21 +
na(N) (1) (D11 +n3(N) (§) (5)0! = 1.480+8.120+ 12.16 +0.1 = 1632

j= 4= maM) = Tome ) (8 (1) =R = no ) () (D41 +mi (V) () ()31 +
na(N) (5) (5)2! +n3(N) (3) () 11+ na (N) (§) (5)0! = 1.360 + 8.240 + 12.72 + 0.12 + 0.1 =
3144

ms (M) =2112

me (M) = 288.

Therefore, Ry,, (x) = 1+ 32x+4352x + 1632x" + 3144x* +2112x° +288x°.
5
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4. CONCLUSION

In this study, the rook polynomials of Young diagrams associated with certain families of
numerical semigroups and the complements of these Young diagrams have been presented.
This study may shed light on further investigations into the relationship between numerical

semigroups and rook polynomials.
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