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1. Introduction and preliminaries

The investigation and characterization of digraphs that are Cayley graphs of certain algebraic
structures have a long history. There are rich results of research on the Cayley graphs of groups.
In recent years, stimulated by the interesting results, the Cayley graphs of semigroups have
also been considered by various authors, see, for example, [1, 3, 5, 7, 10, 11, 12]. The Cayley
graphs of semigroups are closely related to the finite state automata and have many valuable
applications, see [4, 9].

If S 1s a semigroup, and 7 is a nonempty subset of S, the so-called connection set, then the

Cayley graph Cay(S,T) of S relative to T is usually defined as the graph with vertex set S and
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edge set E(Cay(S,T)) consisting of those ordered pairs (x,y), where xt =y for some 7 € T, see
[1,5].

In 2012, Zhu [14] first introduced the concept of generalized Cayley graphs of semigroups
and discussed their fundamental properties, and then studied a special case, the universal Cayley
graphs of semigroups.

Following [14], Zhu [15] continued discussion of generalized Cayley graphs of semigroups.
The Cayley D-saturated property of generalized Cayley graphs of semigroups was considerd.
In addition, for some basic graphs and their complete fission graphs, the author described all
semigroups whose universal Cayley graphs are isomorphic to these graphs.

In this paper, we continue the research of Cayley graphs of semigroups. First, we consider
the relation between Cayley graphs of direct products of semigroups and then describe Cayley
graphs of O-direct union of semigroups.

Now we are in a position to present the main definitions and notations of this paper.

Throughout the paper, for a graph I, denote by V(I') and E(I) its vertex set and edge set,
respectively.

Recall that if S 1s an ideal of a semigroup 7', then we call T an ideal extension of S. For any

semigroup 7T, let

7l T if T has an identify,
TU{l} otherwise,

where 1 is an extra identity element, see [2].

Definition 1.1 LetI'= (V,E), I'; = (V;, E;), i = 1,2 be three graphs. We call I the direct product
of I'y and I, if the following two conditions hold:

@V =VixVa={(vi,»m) |vieV;, i=1,2};

(b) ((a1,b1),(az,by)) € E if and only if (a1,ay) €V} and (by,b;) € V5.

Definition 1.2 Let 7 be an ideal extension of a semigroup S and p C 7! x T'!. The Cayley graph
Cay(S,p) of S relative to p is defined as the graph with vertex set S and edge set E(Cay(S,p))
consisting of those ordered pairs (a,b), where xay = b for some (x,y) € p. We also call the
Cayley graphs defined in this way the generalized Cayley graphs, in order to distinguish them

from the usual ones.
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Definition 1.3 Let / be an index set. Assume that {Sy }¢e; is a class of semigroups such that Sy,
has a zero element 0 for any a € I, and S N Sg = {0} for any a # 8 € I. Let S = UgesSq. For
any a,b € S, we define

ab if there exists & € I such that a,b € Sq,
ab =

0  otherwise.

Then S is a semigroup with the above operation. And S is called a O-direct union of {Sq }aer-

Definition 1.4 Let 7; be an ideal extension of a semigroup S;, p; C Ti1 x Tl i=1,2and p C

(Ty x T)! x (T; x T»)". For any x1,y; € Tll, X2,y2 € Tzl, if the following four conditions hold:

(0.1) ((x1,x2), (v1,32)) € p & (x1,1) € p1, (x2,32) € p2,
0.2) (1, (v1,32)) € p = (Lyr) € 1, (1,32) € P2,
(0.3) ((x1,%2),1) € p & (x1,1) € p1,(x2,1) € po,
0.4) (L)ep<(1,1)€p1,(1,1) € po,

then we call p connecting p; to p; by the means of direct product.
Let A be aset. If p C A X A, then p is called a relation on set A. We define the domain

dom(p) of p by
Domp ={x€A|Iy€A,(x,y) €p},
the image Im(p) of p by
Imp={ycA|3IxcA,(xy) €p}
and let

IDp = Imp UDomp.

2. Cayley graphs of direct products

In this section, we consider the relation between Cayley graphs of direct products of semi-

groups and direct products of Cayley graphs of semigroups, establish the following result.
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Theorem 2.1 Let Sy, Sa be semigroups, S = S| X Sy and T an ideal extension of S. Let T; be an

ideal extension of S;, p; C Ti1 X Tl-l, i=1,2andp C (T xT))' x (T} x Ty)". Then

Cay(S,p) = Cay(S1,p1) x Cay(S2,p2).
Proof. For simplicity, we will assume that I = Cay(S, p), I'; = Cay(S;, p;), i = 1,2. Obviously,
V(F) = V(Fl X Fz).

By using Definition 1.2 and Definition 1.4, we have

((a1,a2),(b1,b2)) € E(T) if and only if one of (0.5),(0.7),(0.9),(0.11) holds.

(1)

(0.5) 3((x1,%2), (y1,¥2)) € p, (x1,%2)(a1,a2)(y1,y2) = (b1,b2)
& (xaryi,xa2y2) = (b1,b2)

(0.6) & xjary1 = by,xazyr = by, I(x1,y1) € p1,(x2,¥2) € p2
= (Cll,bl)GE(Fl),(az,bz)EE(Fz)
= ((al,az),(bl,bz)) GE(F] sz).

(i1)

0.7) (1, (v1,x2)) € p, 1(a1,a2)(y1,¥2) = (b1,b2)

& (laiyr, lazyz) = (b1, by)
(0.8) <~ 1a1y1 = b1,1a2y2 = bz,ﬂ(l,yl) € pl,EI(l,yz) € P2

= (al,bl) GE(F]),(az,bz) S E(Fz)

< ((a1,a2),(b1,b2)) € E(I'y xI'p).
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A((x1,x2),1) € p, (x1,x2)(a1,a2)1 = (by1,b3)
(x1a11,xa,1) = (by,b2)

xiail = by, xa31 = by, 3(x1,1) € p1,3(x2,1) € p2
(a1,by) € E(T'1),(az,b2) € E(I'2)

((al,az), (bl,bz)) S E(Fl X Fz).

A(1,1) € p,1(ay,a2)1 = (b1,b7)

(lajl,laxl) = (by,b7)

lai1 = by, lal = by, 3(1,1) € p1,3(1,1) € ps
(a1,by) € E(T'1),(a2,b2) € E(I'2)

((a1,a2),(by1,by)) € E(T') xI').

Conversely, if ((aj,az),(b1,b2)) € E(T'; x I';), then one of (0.6), (0.8), (0.10), (0.12) hold-
s. Therefore, we find that (0.5) and (0.6), (0.7) and (0.8), (0.9) and (0.10), (0.11) and (0.12)

are equivalent to each other. Thus one of (0.5), (0.7), (0.9), (0.11) holds. Hence we have

((ay,az),(b1,b2)) € E(T'). This completes the proof of Theorem 2.1.

3. Cayley graphs of O-direct union of semigroups

Let us begin by introducing the notion of concentric graph.

Definition 3.1. Assume that I'y = (Vj, Ey) is a graph and a € Vy. Let E; = {(vo,a) | vo € Vo},

E =EyUE; and V =V,. The new graph I' = (V,E), denoted by C(I'y; a), is called a concentric

graph converging to the point a.

Now we give the main results of this section. In what follows, the symbol / will always mean

an index set with |7| > 1 (unless otherwise specified).



6 QIANQIAN MENG
Theorem 3.2. Assume that {Sq } ey is a class of semigroups such that Sy, has a zero element 0
forany o € 1, and So N Sg = {0} for any o # B € I. Let Ty, be an ideal extension of So and S,
T the O-direct union of {Sq }acr, {To }acr, respectively. Set p C T x T, If there exist at least
two elements 1, 0 € I such that IDp NS¢, # 0, i =1, 2, then

Cay(S,p) = U C(Cay(Sa;pa);0),

ael

where pg, = p N (T4 x T)).

Proof. First of all, it is clear that V (Cay(S,p)) =V (U C(Cay(Sq,pa);0)).

ael
Note that for any a,b € S, we have

(a,b) € E(Cay(S,p)) if and only if there exists (x,y) € p such that xay = b,

where p C T! x T,
Suppose that IDp NSy, # 0 and IDp N Sq, # 0. And let x4, =IDp NSy, Xq, = IDP N Sq,.

By Definition 1.2, there exist (xq,,X) € p or (x,xg) € p, i = 1,2 such that
xg;ax = 0,xaxq; = 0.

So a converges to the point 0. Thus, according to Definition 3.1, Cay(Sg,, pe) also converges

to the point 0. Hence E(Cay(S,p)) = E( U C(Cay(Sq,pw);0)). This completes the proof of
acl

Theorem 3.2.

Proceeding as Theorem 3.2, we can prove the following two theorems.

Theorem 3.3. Assume that {S¢ }aer is a class of semigroups such that for any o € I, So has a
zero element 0, and for any o # B € I, Sy, NSpg = {0}. Let Ty be an ideal extension of Sq and
S, T the O-direct union of {S¢ }acr, {Ta}act respectively. Set p C T x T'. If there exists o € I

such that IDp C Sq and IDp NSy # 0. If IDp N Sy has a nonzero element, then

Cay(S,p) = Cay(Sa, Pa) U Uﬁ#aC(Cay(SB ) PB); 0).

Theorem 3.4. Assume that {Iy}qer is a class of semigroups such that Eq NEg =10 and Vg N
Vg = {0} for any a2 # B € I. For any « € I, we can define a semigroup on the set Vo, and let Ty

be an ideal extension of Sq. It is clear that for any o # B € I, To N Tg = {0}. Let pg € T)xT)
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and p = \J pa. If there exist a # B € I such that both IDpq and IDpg have at least one nonzero
ael
element, then Cay(S,p) = U C(Cay(S«,Pa);0). .
acl
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