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Abstract. In this paper we consider the semigroups of quasi-open transformations. A map f between topological
spaces X and Y is quasi-open if for any non-empty open set U C X, the interior of f(U) in Y is non-empty. We
give abstract characterizations of semigroups of continuous quasi-open transformations defined on an open set of

Euclidean n-space and semigroups of quasi-open mappings defined on a certain class of topological spaces.
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1. Introduction

Investigation of topological spaces by algebraic methods plays an important role in modern
mathematics. The basic method is to investigate topological spaces via groups, rings, semi-
groups and other structures of mappings. This allows one to recast statements about topological
spaces into statements about algebraic structures. Many researchers have focused their efforts
on the characterization of topological spaces by semigroups of continuous, open, closed, quasi-
open mappings defined on these spaces [2], [3],[5], [6], and [7].

In this paper we investigate semigroups of quasi-open mappings. A map f between topolog-
ical spaces X and Y is quasi-open if for any non-empty open set U C X, the interior of f (U) in

Received October 2, 2014



2 FIRUDIN KH. MURADOV

Y is non-empty. If f and g are both continuous and quasi-open, then the function composition
is also continuous and quasi-open. Let CQ (X) denote the semigroup of continuous quasi-open
mappings from a topological space X into itself with composition of functions as the semi-
group operation. It is obvious that if X and Y are homeomorphic then the semigroups CQ (X)
and CQ(Y) are isomorphic. We wonder if X and Y are homeomorphic whenever CQ (X) and
CQ(Y) are isomorphic. In general, the answer is no. Let X denote any set with more than one
element and § € X. Consider the topological spaces Y = (X, 1) and Z = (X, 12) where 7 is the
trivial topology and 7, = {0,{&},X}. Evidently CQ (Y) and CQ (Z) are isomorphic but Y and
Z are not homeomorphic.

In this paper we also investigate semigroups of quasi-open mappings in light of lattice-
equivalence. Let Q(X) denote the semigroup of quasi-open maps of a topological space X .
If Q(X) and Q(Y) are isomorphic, must X and ¥ be homeomorphic. Let X denote any set
with more than two elements containing the elements 17,&. Consider the topological spaces
Y=(X,11)and Z = (X, ) with 7 = {®,{n},X} and ©» = {©,{n},X\{&},X}. Evidently
Q(Y) and Q(Z) are isomorphic but ¥ and Z are not homeomorphic.

The purpose of this paper is to give abstract characterizations of semigroups of continuous
quasi-open transformations defined on an open set of Euclidean n-space and semigroups of

quasi-open mappings defined on a certain class of topological spaces.

2. A characterization of semigroups of continuous quasi-open mappings

We denote by R" the n-dimensional Euclidean space with standard topology.

Theorem 2.1. Let X and Y be open subsets of R" and R™ respectively, (n,m > 1). The semi-

groups CQ (X) and CQ (Y) are isomorphic if and only if the spaces X andY are homeomorphic.

Proof. It is obvious that if X and Y are homeomorphic then CQ (X) and CQ (Y are isomorphic.
Specifically, if 4 : X — Y is a homeomorphism between X and Y, then f — hfh~! is an iso-

morphism between CQ (X) and CQ (Y). The necessity of the condition follows from Lemmas
2.2-2.7.
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Throughout this paper, ¢ denotes an isomorphism between semigroups CQ (X) and CQ (Y).
Without loss of generality we can assume that X and Y are bounded open sets.
We denote by CQp (X) a subset of CQ (X) consisting of all f € CQ(X) for which f(X) C Ky
for some compact subset of X. The set CQ (X) is an ideal of CQ (X).

Lemma 2.2. Let f,g € CO(X). Then, from g(X) C f(X) it follows that g(Y) C @ f (Y). In

addition, if o f € CQy(Y) then og(Y) C @ f (Y).
Proof. Let /(¢ f) = 7' (@f) for some 5,7 € CQ(Y). Since @ is an isomorphism, there exist

2,7 € CQO(X) such that 6= @ and 7= @7. Then (@) (@f) = (¢7)(@f) and ¢(sf) = @(7f).
Again, because @ is an isomorphism we get »f = 7f. From g(X) C f(X) it follows that for

any point x; € X there is a point x, € X such that g(x;) = f(x2). Then

7g(x1) = 2(g(x1)) = 2(f(x2)) = 22/ (x2) = Tf (x2) = T(f (x2)) = T(g(x1)) = Tg (™),

which shows that g = 7g. But since ¢ is an isomorphism we have @(3cg) = @(7g) and

o(2)0(g) = ¢(1)@(g). Hence ' ¢(g) = T'9(g).

Now suppose that the condition ¢g (Y) C ¢ f (Y) does not hold, i.e. the set g (Y)\ @ f (Y) is

not empty. Let y' = (@g)y be an arbitrary point of @g (Y)\ @ f (Y). Since the set g (Y)\ @ f (Y)

is open there exists a closed n-ball E C @g(Y)\ ¢f(Y) centered at y'. Let ¢ be any homeo-
morphism of E, which is constant on the boundary and ¢(y') # y’. Then the transformation
Y:Y — Y defined by

y, if yeY\E,

¢(v), if y€E,

Y(y) =

is continuous and quasi-open.
Now let 5 be a homeomorphism of Y. Then for the transformation 7/ = 5y and for every

y € Y we have

T(@f)y="7(@f)y) =#v((9f)y) = ((¢f)y) = ((@f))y.

But for the point y' = (@g)y € g (Y) \ ¢ f (Y) we have 5/ (y') # t/(y’). Consequently,

(4 (9g))y =5 ((9g)y) = #(Y) # 7' () =T ((9g)y) = (7'(9g))y.

This contradiction proves the first assertion.
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Now let ¢ f € CQy(Y). For the second assertion notice that ¢ f (Y) is a closed and bounded

set but ¢g (Y) is an open set.

Lemma 2.3. Let f, g be arbitrary elements of CQy(X) such that f(X)Ng(X) # 0 and ¢f,pg €
CQo(Y). Then

Int (@)Y N(9g)Y | #0.

Proof. Let E be a closed n-ball in f(X)Ng(X), let E; be a closed n-ball containing X and
let T denote the homeomorphism from E; onto E. Now let T denote the restriction of this

homeomorphism to X. Clearly, T € CQy(X) and we have 7(X) CE C f(X), ©(X) CE C g(X).

By Lemma we must have (¢7)(Y) C (¢f)f(Y) and (¢7)(Y) C (9g)f (Y), ie., (p1)(Y) C
(07 (Y)N1(9g)f (Y). Therefore Int | (@f)¥ N (pg)Y | #0.
Let x € X and f; € CQ(X) for k = 1,2,.... We say that the sequence {f;},_, of mappings

converges to x if the following three conditions are satisfied

(1) fi €CQu(X), (@fk) €ECQ(Y) fork=1,2,...,

2) fir1(X) C fi(X) and (@ fi1)(Y) C (@fi)(Y) fork=1,2,...,
(3) M fil(X) = {x}.

Lemma 2.4. Let x € X. There exists a sequence { fi} ., converging to x.

Proof. Let x € X. Note that the set CQg (Y) is an ideal of CQ (Y). Then the set ¢~ (CQy (Y))
is an ideal of CQ (X) and hence

CQy(X) -9~ 1(CQy(Y)) C CO(X),
CQy(X) -9~ (CQ(Y)) C o' (CQy(Y)).

6]

First, let us show that there exists # € CQy(X) such that x € h(X) and ¢h € CQp(Y). Let
d € @ 1(CQy(Y)), let Ef be a closed n-ball containing X and let E; be a closed n-ball such
that E; C d(X). Further, let E and Evz be two closed n-balls in X centered at x such that
Evz C Evl . There exists a homeomorphism 3¢ from E;| onto E such that 3¢(E;) = Evz . Let sz be the
restriction of this homeomorphism to X and let 42 = s«d. From (1) it follows that # € CQy(X ) and

he @ 1(CQy(Y)). Hence oh € CQy (Y). Since E» C d(X) and 32(E,) = E, we have x € h(X).
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Now, let E3, E4 be closed n-balls in 4(X) centered at x such that x € E4 C E3. There exists
a homeomorphism 3¢; from Ej onto E3 such that 3¢ (E,) = E4. Let f] be the restriction of this
homeomorphism to X and let x; = f; ' (x). Clearly f; € CQo(X), x| € E» and x € f;(X). Since

f1(X) C E3 C h(X), it follows from Lemma that ¢ f1 (Y) C @h(Y) and from ¢h € CQ( (Y) we
get 9 f1 € CQo(Y).

To the point x; there corresponds a mapping h; € CQoy(X) such that oh; € CQy(Y) and
x1 € hi(X). Let Evg be a closed n-ball in /1 (X) centered at x;. Clearly x € f) (EN3> Then let us
choose closed n-balls Es, Eg in f] <Ev3) N Ey4 centered at x such that x € Eg C E5. There exists
a homeomorphism 3z, from E; onto Es5 such that 36 (E,) = Eg. Let f, denote the restriction of
this homeomorphism to X and let x, = f; ' (x). Clearly f» € CQy(X), x2 € E; and x € f>(X).
By the definition, we have f>(X) C Es C f1(X) but then f2(X) C Es C fi(X) and by Lemma
©fr € COy(Y). Let ¢; denote the element fl_lfz € CQo(X). Clearly fic; = f». Since ¢1(X) C
fihx) c E3 C hy(X), it follows from Lemma that @c; (Y) C @h; (Y). From @h; € CQy (Y)

we get ¢y € CQp (Y). Then there exists a compact subset K, in ¥ such that ¢c;(Y) C Ky, .

Since ¢ is an isomorphism, we have (@f1) (¢ci) = @fo. Thus @f2(Y) = (@f1) (¢c1)(Y) C
(@/1) ((9c1) (Y)) € (@f1) (Kope,) = (9f1) (Kpe,) C @1 (Y) and hence condition 2 holds.

This process yeilds the sequence {fi },_converging to x. Indeed, the constructed sequence

{fx}r_, satisfies the conditions 1 and 2. This sequence satisfies the condition 3 if the sequence

{ri}r_, converges to 0, where ry is the radius of the corresponding closed n-ball Ej.

Lemma 2.5. Let x € X and let { fi}._, be the sequence converging to x. There exists a unique
point Ox €Y such that the sequence { @ fi. };._, converges to 0x and the point Ox does not depend

on the choice of the sequence { fi} ;.

Proof. The sequence {@f;},_, satisfies the conditions 1 and 2. Indeed if (¢ ;) € CQo(Y) then

! (¢ f1) = fr and therefore ! (©fi) €CQY(X). If (@ fir1)Y C (@fi)Y then (9~ (@ fiy1))X C
(0~'(@f;))X. Let us show that

() Mez1 (@) (Y) = M1 (@) (V).

For sake of contradiction, suppose that there exists a point y such that y € N;>_, (¢ f;)Y but

y & N, (@fi)Y. Then there exists a natural number m such that y € (¢ f,,)Y \ (¢ f,)Y. Since
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(¢fm+l)y - ((me)Y and y ¢ ((me)Y we must have y ¢ ((pfm—i-l)Y and hence y ¢ ﬂ?:l((Pfk)Y

contradicting the assumption that y € N;”_, (¢ fx)Y. The set N2, (@f)Y is not empty as the
intersection of nested closed sets and therefore the set N>, (@ f¢)Y is not empty.

Now let y € N2, (@fx)Y. Suppose that the set N7, (@ f)(Y) contains another point y'. Let
{h;(}::l be a sequence which converges to y. Since y € (¢f;)Y and y € /,(Y) for any i, j, it

follows that

3) yE(@fi)(Y)NRH;(Y)

for all naturals i, j and "2 A} (Y) = N7, A, (Y) = {y}. Then there exists a natural number m
such that y' ¢ h}.(Y) whenever k > m. Let i; denote the mapping ¢~ (;). Then (p~'h )X C
((p_lh;.)X and hence hj;1(X) C hj(X). Now suppose that x ¢ i;X for some natural j. Then

x ¢ hj1X and hence there exists a natural number i such that

4) fiX)Nhj(X) = 0.

From (3) it follows that y € (@f;)(Y) N1},

(Y) and by Lemma we get f;(X)Nhj1(X) #0
which contradicts (4). Thus for any natural number j the point x belongs to /;(X). Since the
sequence { fi },_,converges to x we must have f(X) C h;(X) for every natural number k > k;,

for some k;. By Lemma we get (@ f;)(Y) C 2(Y) for k > k; and therefore y' ¢ (¢ fi)(Y) for

k > kj, j > m. This contradiction proves that the set N°_, (¢ fx)(Y) consists of one point and

(PR = e (@RI (Y) = ).

Let us denote the point y by 6(x) and prove that the point 6(x) does not depend on the
choice of the sequence {fi};_;. Let {gx},_, be another sequence converging to x. Then for
any natural number k there exists a natural number i; such that f;(X) C gx(X) whenever i > i.
By Lemma we have (¢ f;)(Y) C (¢g)(Y). Since the set N, (¢f;)(Y) consists of one point y,
theny € (¢f;)(Y) for any natural number i, and y € (@g;)(Y) for any natural number k as well.

We can similarly show that
Mi=1(9gi) (V) = iz 1 (@) (Y ).

Hence N7, (@fi)(Y) =Ny, (0gr)(Y) = "2, (@gk) (Y) = {y}, i.e. the point y = 6(x) does not

depend on the choice of the sequence { fr},_;.
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Let 6 : X — Y denote the function which maps a point x € X to the pointy = 0(x) € Y.

Lemma 2.6. Let f be an element of CQy(X) such that f € CQo(Y). If x € f(X) then 0(x) €
of(Y) .

Proof. Let x € f(X) and {fi},_, be a sequence converging to x. Then there exists a natural
number i, such that f;(X) C f(X) for all k > i. The sequence {f;},_; also converges to x and
by Lemma it follows that the sequence {@f; },_;converges to y, where y = 0(x) € (¢f;)(Y).

Since f;(X) C f(X), by Lemma it follows that (¢ f;)(Y) C (¢f)(Y) and therefore y = 6(x) €
ef(Y) .

Lemma 2.7. The function 0 : X — Y is a homeomorphism.

Proof. The map 6 : X — Y is surjective. Indeed, let y be any point in ¥ and { f,é}:zl be a
sequence converging to y. Then the sequence {(p_l f,i}:’:lconverges to some point x in X such
that Ox = y.

Let us show that 0 is injective. Suppose that Ox; = Ox, =y’ for some x1,x; € X, x1 # x. Let
{fi}r_, and {gx},_, be the sequences converging to x; and xy, respectively. Then the sequences
{@fi}r_, and {@gi};_ converge to y', but then the sequences {@~' (¢ fi)},_, = {/fi}i, and
{(p’l((pgk)}::] = {8k} -, must converge to a unique point. Hence x| = x, contradicting the
assumption that x; # x,.

Let us now show that @ and 6! are continuous. Let U be any open neighborhood of
Ox, E be a closed n-ball in Y centered at 6(x) such that E C U, and {fi},_, be a sequence
converging to some point x. Then it follows from Lemma that ">, (@ fi)(Y) = {6x} and
(@ fie1)(Y) C (@f;)(Y). Therefore (¢ f;)(Y) C E for some natural k. Since x € f;(X) and the
set f1(X) is an open set, there exists an open neighborhood V of x, such that V C f;(X). Then

it follows from Lemma that 8(V) C 0(fiX) C (¢f)(Y) C E C U. Thus the function 6 is

continuous. A similar proof shows that 8! is continuous and thus 6 is a homeomorphism.

3. An abstract characterization of semigroups of quasi-open maps
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A topological space X is said to be a Tp-space if for every point & in X the set {E} ~{&}
is closed [4]. We denote the set {E} < {&} by {&}. Obviously, each Tp-space is Ty-space and

each Tj-space is Tp-space.

Lemma 3.1. Let X be a Tp-space with no isolated points and let & € X and let a,b be arbitrary

elements of Q (X). The condition

(5) Vf,8 € Q(X), fa=ga— fb=gb
is necessary and sufficient for b(X) C a(X).

Proof. If the condition b(X) C a(X) is satisfied, then for every x € X there exists a point & € X
such that b(x) = a(§). Then

So, condition (5) holds.

Now let condition (5) hold for some a,b € Q(X). Suppose that the set (X )\a(X) is not
empty. For any point & = b(x) in b(X )\a(X) there exist f,g € Q(x), such that f (&) # g (&) but
f(x)=g(x) for all x € X\ {&}. Indeed, select a point & in X and consider the map f: X — X
defined by

m if ng,
flx) =
x if x#£&,
and the map g : X — X defined by
2 if x:é,
8(x) =
x if x#¢&,

where 1] # 1 are any fixed points in X \ {£}. The maps f and g are quasi-open and we have
F (&) #g(&) but f(x) =g(x) for all x € X\ {£{}. Then for every x € X the point a(x) is in
X\ {&} and therefore fa(x) = f(a(x)) = g(a(x)) = ga(x). But for & = b(x) € b(X)\a(X) we
have fb(x) = f(b(x)) = f(§) # g(&) = g(b(x)) = gb(x) which contradicts to (5).

Lemma 3.2. Let X and Y be Tp-spaces with no isolated points and let ¢ : Q (X) — Q(Y) be an
isomorphism between semigroups Q (X) and Q(Y). If a(X) C b(X) for some a,b € Q(X) then
(pa)(Y) C (ob)(Y). Hence if a(X) = b(X) for some a,b € Q(X) then (¢pa)(Y) = (ob)(Y).
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Proof. Suppose that b(X) C a(X). If f(@a) = g(@a) for some elements f,g € Q(Y) then
there exist f,g € Q(X) such that f'= ¢f and g= @g. Then (¢f)(pa) = (¢g)(¢a) and since
@ is an isomorphism, @(fa) = ¢(ga) and fa = ga. We have fb = gb, by Lemma . Again,
since @ is an isomorphism, then (¢ f)(@b) = (¢g)(¢@b) and therefore f(@b) = g(@b). Because
flob) = g(@b) is true for every f;g’ € Q(Y) satisfying the condition f{@a) = g(@a) it follows
from Lemma that (¢b)(Y) C (@a)(Y). In the same way, we could show that if a(X) C b(X)
then (@a)(Y) C (¢b)(Y).
Let X be a Tp-space with no isolated points that has an open base, each element of which is
an image of X under a quasi-open mapping and let A be a class of all such spaces. For instance,
the open subsets of the a-cube I*, a > 1, the set R of real numbers with Zariski topology and

any topological space X, |X| > X, with cofinite topology belong to the class A.

Lemma 3.3. Let X € A and let U be any open subset of X. Then there exists a quasi-open

mapping a € Q(X) such that a(X) =U.

Proof. Let X € A and S is an open base of X. Suppose that U is an open subset of X and
i : U — X is the inclusion map, which is open map. Let V; € S and V; C U, then there exists a
quasi-open mapping f from X onto V;. Consider the restriction of f to X \ U. Since restriction
of a quasi-open map to an open set is quasi-open, this map is quasi-open. Denote by g the
extension of this mapping to X \ U obtained by assigning all boundary points of U to any fixed

point in U. The mapping a : X — U defined by

i(x), if xeU,
a(x) =
g(x), if xeX\U,

is a quasi-open map and a(X) = U.
Let X be a topological space. The family O(X) of all open sets of X is a complete distribu-
tive lattice if set inclusion is taken as the ordering. By the duality principle for ordered sets,

two topological spaces X and Y are homeomorphic if and only if lattices O(X) and O(Y) are

isomorphic [4].

Lemma 34. Let XY € A. If the semigroups Q (X) and Q (Y) are isomorphic then the lattices
O(X) and O(Y) are lattice-isomorphic.
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Proof. Let U be any open subset of X. By Lemma there exists a quasi-open function a € Q(X)
such that a(X) = U. Since the semigroups Q (X) and Q (Y) are isomorphic there exists a quasi-
open function @’ € Q(Y) such that pa = da'. Let a’(Y) = U’. We define a map 6 from O(X)
to O(Y) by assinging to each open set U C X the set U’ C Y. The map 6 does not depend on
the choice of @ € Q(X). Indeed , if a(X) = U and b(X) =V then Lemma says that (¢a)(Y) =
(pb)(Y) =U’. Let U and V be any two different open subsets of X. By Lemma there exist
two quasi-open functions a,b € Q(X) such that a(X) = U and b(X) = U. Since the semigroups
Q(X) and Q(Y) are isomorphic it follows from Lemma that (¢a)Y # (¢b)Y. Hence 0 is
bijective. Now suppose that U’ is an arbitrary open set in Y. Since the semigroups Q (X) and
Q(Y) are isomorphic it follows from Lemma that there exists an open set U C X such that
0(U) =U’. Again it follows from Lemma that if U CV then 6(U) C 6(V). From Theorem

2.1 of [4] it follows that the topological spaces X and Y are homeomorphic.

Theorem 3.5. Let X,Y € A. The semigroups Q (X ) and Q (Y) are isomorphic if and only if the

spaces X and Y are homeomorphic.

Proof. It is obvious that if X and Y are homeomorphic then Q (X) and Q (Y) are isomorphic.
Specifically, if / is a homeomorphism from X onto Y, then f — Afh~! is an isomorphism from

Q(X) onto Q (Y). The proof of the necessary condition follows from Lemmas -.
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