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semigroup S must satisfy so that the set G, ={a eS|a (eS]N(Se], ee(aS]n(Sal}, ecE(S), is (maximal
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which e <e®. We prove that S= U G, and thus S is decomposed into a union of (disjoint) right and left simple
semigroups. In addition every QTE—EZ(IZSS of a completely regular ordered semigroup satisfying Rs - condition and Ls
- condition is a union of right and left simple subsemigroups of S, where 97 is the least complete semilattice
congruence on S. Finally we prove that the previous decompositions into unions of right and left simple semigroups

characterize equivalently an ordered semigroup satisfying both Rs - condition and Ls - condition in order to be a

completely regular ordered semigroup.
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1. INTRODUCTION

Let e be an idempotent of a semigroup S. Then the set {o.eS|a eeSNSe, eeaSNSa} is the
greatest subgroup of S having e as its identity [2, 1.4.11 PROPOSITION]. The family F of the
above sets for all idempotents of S plays a fundamental role in the decomposition of completely
regular semigroups into union of groups since every completely regular semigroup is union of
the sets of F (which means that every completely regular semigroup is union of its maximal
subgroups [2, Chapter 1VV]). The aim of the paper is to study "similar concepts" in case of ordered
semigroups. Since a semigroup without order is a group if and only if it is left and right simple [1,
81.1, 81.11], it is natural to consider left and right simple ordered semigroups instead of ordered
groups (we cannot prove properties of groups such as the existence of unit or the existence of
reverse element based on order relation). In the paper we give conditions a completely regular
ordered semigroup must satisfy so that it can be decomposed into union of left and right simple

ordered semigroups.

2. PRELIMINARIES
An ordered semigroup (S,- <) is a semigroup (S,-) endowed with an order relation < which is

compatible with the operation (that is, oo <b implies c-a<c-b and a-c<b-c for all ceS).

Throughout the following paper we always refer to ordered semigroups. We define

E(S):{eeS|e£e2} and (A]={xeS|x<y forsomeyeS} for A a nonempty subset of S. We

say that S is

e leftregular [5,7, 9] if ae(Sa” | forevery o.e$S
e rightregular [4, 7] if o e(azs] forevery o €S
e completely regular [7, 10] if o e(aZSaz] for every a.eS.

Since (aZSaZJ - (Soﬂm(azs} then every completely regular ordered semigroup is both right

regular and left regular ordered semigroup.
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Also S is
o leftsimple [6, 8] if Sc(Sa] forevery a.eS
e rightsimple if Sc(asS] forevery aeS.

A nonempty subset of S is a filter of S [3] if

i) for a,beS we have

aobeT<a,beT
i) for aeT and beS suchthat « <b wehave beT.
For a.e S we denote by N(a) the least filter of S containing o. The relation 97 on S defined as
follows [3]

af7h < N(a)=N(b)

is the least complete semilattice congruence on S (a relation o on S is a complete semilattice
congruence on S [3] if it is a congruence on S having two more properties:
1) for o,beS suchthat a<b itholds (a,ab)eo
I1) (ab,ba)ec forevery a,bes).

In [3] one can find a detailed study about 97 which plays an important role in the decomposition
of ordered semigroups as well as in the decomposition of semigroups without order [2, Chapter
I1]. We may refer here to the systematic study on decomposition of ordered semigroups given by
the author and N. Kehayopulu through many joint papers concerning complete semilattices of

ordered semigroups of various type.

3. MAIN RESULTS

Definition 1: Let (S,- <) be an ordered semigroup and e € E(S). Then
i) RG,={oeS|ae(eS], ec(aS]}
i) LG, ={oeS|ae(Se], ee(Sal}

i) G,=LG, "RG, (={aeS|ae(eS]n(Se], ee(aS]n(Sal}). o
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Since for e E(S) we clearly have e LG, "RG, =G, , then RG,, LG,, G, are nonempty
subsets of S. Also for e,f € E(S) we immediately have f e RG, (resp. f eLG,) if and only if

eeRG; (resp. e LG, ) and hence f €G, ifand only if e€G;.

As we mentioned in Introduction, if S is a semigroup without order and e is an idempotent of S,
then the set {o.eS|a eeSNSe, eeaSNSa} is a subgroup of S having e as its identity which
means that e is the unique idempotent of the previous set. We can prove it as following:

Let f be an idempotent of S such that f e{aeS|aceSNSe, eeaSNSa}. Thus eeSf and

f eeS and hence e=sf and f =et for some s,t €S. Consequently
f=et=e’t=e(et)=ef =(sf)f =sf*=sf =¢

This implies that e=f =f* fS.
From the above we observe that if e, f are idempotents of S with eeSf and f €eS then it
follows that e efS. Similarly we show that if e, f are idempotents of S such that e e fS and

f €Se, then eeSf. But, in general, an ordered semigroup does not meet such properties for

e,fe E(S). So, it is natural to assume that "similar” properties should also be kept true in the

case of ordered semigroups for the elements of the set E(S). Therefore, since clearly a

semigroup without order is an ordered semigroup with order relation the equality relation, we
give the following

Definition 2: We say that an ordered semigroup S satisfies

i) Rs - condition if for e,f € E(S) such that e (Sf] and f € (eS] we have e e(fS].
i) Ls - condition if for e,f € E(S) such that e e(fS] and f (Se] we have e (Sf].

O

By Definition 1i), ii) we immediately get that S satisfies

e Rs - condition if and only if for e,f eE(S) such that e (Sf] and f (eS| we have

f eRG, (equivalently e e RG;)
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e Ls - condition if and only if for e,f eE(S) such that ee(fS] and f e(Se] we have

f e LG, (equivalently e € LG;).

We will next prove that Rs - condition and Ls - condition together are sufficient conditions for a
completely regular ordered semigroup to be (equivalently) a union of right and left simple
ordered semigroups.

Proposition 3: Let (S,-,<) be an ordered semigroup and e,f € E(S) such that RG, "RG; #J
(resp. LG, "LG; #J). Then RG, =RG; (resp. LG, =LG;).

Proof: Since RG, "RG; #(J, then there exists o €S such that o € RG, "RG; . Consequently,
by Definition li), a<ex, e<ay, a<fz and f<aw for some X,y,zZ,weS . Therefore
f <aw <exw.Now let b e RG,. We will prove that b € RG; . Indeed:

Since b € RG, then, by Definition 1i), b<eu and e<bv.

e b<eusg(ay)u=o(yu)<(fz)(yu)="f(zyu)

o f<aw<(ex)w=e(xw)<(bv)(xw)=b(vxw)

Thus (Definition 1i)) b € RG; and so we proved that RG, c RG; . Similarly RG,; c RG..

O

Corollary 4: Let (S,-,<) be an ordered semigroup and e,f € E(S) such that G, "G, # <. Then
G,=G,.
Proof: Since G, "G, U and

G, NG, =(RG, NLG,)N(RG, NLG,)=(RG, "RG,)"(LG, NLG,)
we have RG,NRG; = and LG,NLG,;#< . Then (Proposition 3) RG,=RG; and
LG, =LG; . Consequently (Definition 1iii)) G, =G;. o
Remark 5: For e,f e E(S), by Proposition 3 and Corollary 4, we have f e RG, (resp. f LG,

or f €G,) ifandonly if RG; =RG, (resp. LG, =LG, or G, =G,). m
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Proposition 6: Let (S,-,<) be a right (resp. left) regular ordered semigroup and e € E(S). Then
RG, (resp. LG,) is a subsemigroup of S containing e.

Proof: As we mentioned above RG, is a nonempty subset of S (clearly e RG,). Now let
a,beRG, . Then (Definition 1i)) a,be(eS] and ee(aS]N (bS] . Therefore there exist

X,¥,Z,W €S such that a<ex, b<ey, e<oz and e<bw. Since S is a right regular ordered

semigroup and o €S, we have o e(azs] . Thus a < o’u for some ueS. Consequently
e<oz<a’uz=aouz < o(ex)uz=ae(xuz) < o(bw)(xuz) = ab (wxuz)

Hence ee(abS]. We also have obe(eS] because ob<exb . Therefore (Definition 1i))

ab eRG,. O

By Proposition 6 and Definition 1 we have the following

Corollary 7: Let (S,-,<) be a right and left regular ordered semigroup and e E(S). Then G,
is a subsemigroup of S containing e. o

Theorem 8: Let (S,-,<) be a right and left regular ordered semigroup and o.S. Then there
exists e € aSa.NE(S) such that o’ <a’e, o’ <ea’ and o €G,.
Proof: Since S is right and left regular ordered semigroup then there exist X,y €S such that
a<o’x and o <yo’. Now we have

yVa<yla’x = (y?’cx)ax < (y3a)(a2X)X =(y'o’)ox’ < (y?’ocz)(ouzx)x2 =y?a*x’?
Consequently ay’a” =o(y’a)a<a(y’a'x’)a=oy'a'x’e.
Similarly o*x’a < ay’a’x’a. Therefore

ay’a’ o =(ay’a®)(a’x’o) < (ay'a'x’a)(ay’a‘xa)

Then for e =ay’a’x’c. we have e e E(S)naSa. We will show that o® < a’e . Indeed:
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ocze:az(cxy3oc4xgoc):(a3 )(y ? (oc xa) ( ) (azxga)

= (ey)(yor(ox'er) 2 (ay)o(x’e) = 02 (ya' ) (x'er) 2 o (xCe) =

)
= o’ (o’ )(x%) 2 o’ar(X*0 ) = o (X ) () > cor (xa) = (X )t > oor = at®
Similarly o’ <ea’. Also
a<yo’ <y(a’e)=(ya’)e
so that o.e(Se] and since eeSa c(Sa| we have (Definition 1ii)) that o€ LG, . Similarly
o € RG, . Therefore (Definition 1iii)) a e G,. o

Immediately, by Theorem 8 and Definition 1, it follows

Corollary 9: Let (S,-,<) be aright and left regular ordered semigroup. Then

s=|JG.= URG, = [J LG =

e e e
ecE(S) ecE(S) ecE(S)

Proposition 10: Let (S,-,<) be an ordered semigroup, ecE(S) and a.eRG, (or a.€LG,).
Then ec(a),, .

Proof: Since a.eRG, then we have a.<ex and e<ay for some x,yeS. Since N(a) is a
filter of S containing o, ao<ex implies exe N(a) and this in turn implies e N(a). Since
N(a) is a filter of S and N(e) is the least filter of S containing e, eeN(oa) implies
N(e)c N(a). Similarly N(a)c N(e). Thus N(a)=N(e) which means (e,a)e9? . Thus
ee(a),. O

Since (Definition liii)) G, < RG, then, by Proposition 10, we immediately have the following
Corollary 11: Let (S,-,<) be an ordered semigroup, e cE(S) and a.€G,. Then ee(a),, .

O

Proposition 12: Let (S, <) be a right and left regular ordered semigroup and a.eS. Then

@, U Re.= U 6= | o

e e e’
ecE(S)N(a),, ecE(S)n(a),, ecE(S)N(a),,
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e (o), |J RG,: Let be(a),. By Corollary 9, beRG, for some ecE(S). It

ecE(S)N(a),,
suffices to show ee(a), . Since beRG, then, by Proposition 10, ee(b), . Since
be(a), wehave (b), =(a), . Consequently e (a),, and so we obtain ec E(S)n(a),, .

. U RG,c(a),: Let beRG, for some eeE(S)(a),, . We will prove that b e (at),, .

ecE(S)N(a),,
Since beRG, then, by Proposition 10, ee(b),, which implies that be(e),, . Since

ee(a), wehave (e), =(a), andthus be(a),.

From the above we conclude that (a.),, = U RG, . Similarly we prove that
ecE(S)N(a),,
(0),= U LG, and (a),= (J G.. O
ecE(S)n(a),y, ecE(S)n(a)y,

Proposition 13: Let (S,-,<) be a right and left regular ordered semigroup. The following are

equivalent:

i) S satisfies Rs - condition
ii) For aeS, ecE(S) suchthat ee(Sa] and o e(eS] we have o € RG, .
Proof:

i)=ii) Let aeS, ecE(S) such that e(Sa] and ae(eS]. By Corollary 9 there exists
feE(S) such that aeG;=LG;NRG, . Thus aelLG,NLG; which means that
LG, NLG,; #Q . Therefore, by Proposition 3, LG, =LG, . Then, since f eLG,, we have
f e LG, and so (Definition 1ii)) e e(Sf]. Also, since o€ RG;, then (Definition 1i)) f €(aS].

Therefore f <ay forsome yeS. Since a e (eS] then o <ex for some x €S. Consequently

f <ay<(ex)y=e(xy)
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and thus f €(eS]. So we showed that e e(Sf] and f e(eS]. But S satisfies Rs - condition.
Therefore (Definition 2i)) e €(fS] and, since f €(eS], then (Definition 1i)) we have f € RG, . It
follows, by Remark 5, RG; =RG, and hence a € RG, .

ii)=1) Let e,f eE(S) such that e(Sf] and f €(eS]. By hypothesis we have f € RG, from

which it follows (Definition 1i)) that e € (fS]. So we proved that S satisfies Rs - condition.

O
In a similar way we can prove the next

Proposition 14: Let (S,-,<) be a right and left regular ordered semigroup. The following are

equivalent:

1) S satisfies Ls - condition
ii) For aeS, ecE(S) suchthat e (aS] and o e(Se] it holds a € LG, . O
By Definition 1i), ii), Proposition 13 and Proposition 14 we immediately have the following

Corollary 15: Let (S,-,<) be a right and left regular ordered semigroup satisfying Rs - condition
(resp. Ls - condition) and oS, e€E(S) such that a € LG, N(eS] (resp. ae RG, n(Se]).
Then o eRG, (resp. a€LG,). o
Proposition 16: Let (S, <) be a completely regular ordered semigroup satisfying Rs - condition,
ecE(S), aeRG, and be LG, n(eS]. Then there exists ¢ e G, such that b<ac.
Proof: Since be LG, n(eS] and a.eRG, then (Definitions 1i), 1ii)) there exist X,y,z,w,ue$S
such that b<xe, e<yb, b<ez, e<aw and a<eu. Since S is completely regular and a,,beS
then there exist s,t €S such that o < o’sa’ and b < b*tb?. Consequently

b <b’tb® =b(btb* ) < (ez)(btb? ) = e(zbth* ) < (aw)(zbth* ) = o (wzbth® ) <

< (a28a2 )(Wthbz) = OL(OLSOLZWthbZ)

Therefore, for ¢ = asa’wzbtb?, it holds b < ac. Since

e<yb<y(ac)=(ya)c
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(i.e. ee(Sc]) and
¢ = asa’wzbth? = (aso’wzbth )b < (asa’wzbth)(xe) = (aso’wzbtbx e
(i.e. ce(Se)), it follows (Definition 1i)) that c LG, . Moreover
¢ = asa’wzbth? = a(so*wzbth? ) < (eu))(so’wzbtb® ) = e (uso’wzbth
so that c e (eS]. Therefore, since e e(Sc], ce(eS] and S satisfies Rs - condition we have, by

Proposition 13 i)=ii), ce RG,. Thus ce LG, "RG, =G, and so the proof is complete. o

By symmetry we have the following

Proposition 17: Let (S,-,<) be a completely regular ordered semigroup satisfying Ls - condition,
ecE(S), aeLG, and be RG, n(Se]. Then there exists c e G, such that b<co.. o

Theorem 18: Let (S,-,<) be a completely regular ordered semigroup satisfying Rs - condition
(resp. Ls - condition) and e e E(S). Then G, is a right (resp. left) simple subsemigroup of S.
Proof: By Corollary 7 we get that G, is a subsemigroup of S. Let a,beG,. It suffices to show
that b <ac for some ce G, . Since a € G, then (Definition 1iii)) o€ RG, . Also, since beG,,
then (Definitions 1iii), 1i)) be LG, n(eS]. By Proposition 16, there exists ce G, such that

b<ac. o
By Theorem 18 we immediately obtain the next

Theorem 19: Let (S,-,<) be a completely regular ordered semigroup satisfying both Rs -
condition and Ls - condition . Then G, is a right and left simple subsemigroup of S for every
ecE(S). O

Proposition 20: Let (S,-,<) be an ordered semigroup, e E(S) and T be a right (resp. left)

simple subsemigroup of S containing e. Then T < RG, (resp. TcLG,).
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Proof: Let aeT. Since ecT and T is a right simple subsemigroup of S we have a <ex,

e<oay forsome x,yeTcS. Hence a.e(eS] and e e(aS] and thus (Definition 1i)) o€ RG, .
O

Combining Proposition 20 and Definition 1iii) we have the following

Corollary 21: Let (S,-,<) be an ordered semigroup, e € E(S) and T be a right and left simple

subsemigroup of S containing e. Then T G, . m

Theorem 22: Let (S,-,<) be a completely regular ordered semigroup satisfying both Rs -

condition and Ls - condition and e E(S). Then

i) G, is the greatest (under the inclusion relation) right and left simple subsemigroup of S

containing e.

if) G, is maximal (under the inclusion relation) right and left simple subsemigroup of S.

Proof:

i) By Theorem 19, G, is a right and left simple subsemigroup of S. Clearly e G, . Letnow T

be a right and left simple subsemigroup of S containing e. By Corollary 21, it follows

immediately that T < G, and so the proof is complete.

if) By Theorem 19, G, is a right and left simple subsemigroup of S (containing e). Let H be a
right and left simple subsemigroup of S such that G, < H. We will prove G, =H. Indeed:

Since G, cH and eeG,, we have e e H. Therefore H is a right and left simple subsemigroup
of S containing e. By Corollary 21, it follows that H<= G, and thus G, =H. o
Proposition 23: Let (S,-,<) be a right (resp. left) simple ordered semigroup. Then S is right
(resp. left) regular.

Proof: Let o €S. Since a,a’ €S and S is right simple, we have a < a’x for some x €S. Thus

S is right regular. i
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Proposition 24: Let (S,-,<) be an ordered semigroup and T be a right and left simple

subsemigroup of S. Then there exists e € E(S) such that T G, .

Proof: By Proposition 23 we have that T is a right and left regular subsemigroup of S. Then, by

Theorem 7, we have E(T)#&. Thus there exists eeT such that ec E(T). Since clearly
E(T)cE(S), we have ecE(S). Therefore T is a right and left simple subsemigroup of S

containing e € E(S). Then, by Corollary 21, it follows that T < G,. O

Proposition 25: Let (S,-,<) be a completely regular ordered semigroup satisfying both Rs -
condition and Ls - condition and T be a subset of S. The following are equivalent:

i) T is maximal (under the inclusion relation) right and left simple subsemigroup of S.

i) T=G, forsome ecE(S).

Proof: Since the implication ii)= i) follows immediately from Theorem 22ii), we will prove
only the implication i)= ii).

i)= ii) Since, by hypothesis, T is a right and left simple subsemigroup of S then, by Proposition

24, there exists e € E(S) such that T< G, which implies T =G, because, by hypothesis, T is

maximal right and left simple subsemigroup of S and G, is (Theorem 19) a right and left simple

subsemigroup of S. o
If S is a completely regular ordered semigroup S satisfying both Rs - condition and Ls -

condition, then, by Theorem 22ii) and Proposition 25i) = ii) , we immediately obtain that the set

{G.|e€E(S)} is the set of (all) maximal right and left simple subsemigroups of S. So, by

Corollary 9, we have the next
Theorem 26: A completely regular ordered semigroup satisfying both Rs - condition and Ls -
condition is union of its maximal right and left simple subsemigroups of S. i

From the above and Corollary 4, the union mentioned in Theorem 26 is a union of disjoint sets.
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Proposition 27: Let (S,-,<) be an ordered semigroup which is a union of right and left simple

subsemigroups of S. Then S is completely regular.

Proof: Let o €S. By hypothesis, there exists T right and left simple subsemigroup of S such that

aeT. Since a,a’eT and T is right simple subsemigroup of S, we have o <a’x for some

xeT. Since x,a’ €T and T is left simple subsemigroup of S, we have x < yo.* for some yeT.
Consequently
a<a’x < oczyoc2
Thus OLE(OLZSOLZ:I. o
By Proposition 12, Corollary 4 and Theorem 19, we clearly have the following
Theorem 28: Let (S,-,<) be a completely regular ordered semigroup satisfying both Rs -

condition and Ls - condition. Then every 97 - class of S is union of disjoint right and left simple
subsemigroups of S. o

Now, summarizing all the above, we have the next fundamental Theorem about the
decomposition of a completely regular ordered semigroup into union of right and left simple
subsemigroups of it (which equivalently characterizes an ordered semigroup having both Rs -
condition and Ls — condition in order to be completely regular).

Theorem 29: The following conditions on an ordered semigroup S satisfying both Rs - condition
and Ls - condition are equivalent:

i) Siscompletely regular

i) Every 97 - class of S is a union of (disjoint) right and left simple subsemigroups of S

iii) Sisaunion of (disjoint) right and left simple subsemigroups of S.

Proof:

i)=ii) It follows immediately from Proposition 12 and Theorem 19.

il)=iii) It is clear since 97 is a (complete semilattice) congruence on S.

iii)=1) It follows immediately from Proposition 27. i
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